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§2. Subspaces

Vector Spaces

1. Intro To Vector Spaces

A vector space over a field F is a set V with two operations:
+: V xV — V,denoted with (x,y) — x +y

-1 FxV — V,denoted with (A, x) — A-x = Ax

satisfying (for all x,y,z € V,A, u € F)
l.x+y=y+x

(x+y)+z=x+(y+2)

dJ0eV,x+0=x

V x,3x" such that x + x' = 0.

1-x=x

Aux) = (Ap)x

(A4 p)x = Ax + ux

Alx+y)=Ax+ Ay

® N o G o WD

Proposition 1.2

O -xy =0p,and ' = (1) - x

2. Subspaces

A subset H C V is a subspace if it’s closed under the operations, i.e. H is a vector space. This
is often denotedas H < V

Given any subset S C V, the span of S, denoted Span S or (S), is

{Mx1+ -+ Axy | A € F,x; € S,n € N}

Remark 2.3.

(S)= | H

SCH<LV
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A subset S C V is linearly independent if Ayx; + -+ + Ayxy, with A; € F,x; € S implies
A = -+ = Ay = 0. Otherwise, S is linearly dependent.

Lemma 2.5

(a) A single vector v € V is linearly independent if and only if v # 0

(b) {x,y} islinearly dependent if and only if one is a scalar multiple of the other.

3. Bases

A basis of a vector space V is a linearly independent subset B that spans V

We say V is finite dimensional if there exists a finite set S such that Span(S) = V

Remark 3.3. A set B is a basis of a vector space V if and only if every v € V has a unique representation
as a linear combination v = Y[ | Aix;, for x; € B. Hence, bases provide coordinate systems on vector

spaces.

Our goal is to show that every vector space has a basis

3.1. Finite Dimensional

‘ Linear Dependence Lemma 3.4 ’

Let vy,...,0, be a list of linearly dependent vectors in V. Then, there exists some r €
{1,...,n} such that v, is a linear combination of vy,...,v,_1. Furthermore, (vy,...,v,) =

<v],...,6r,...,’0n>

Proof. Let Ayvq + - - - + Ayv, = 0, and by linear dependence we may assume that not all A; = 0.

Let r be the largest index such that A, # 0. Then, A1 = --- = A, = 0, and it follows that
A A
A101+"‘+)\r0r:0:>Ur:_*lvl‘f‘"'—l—(— rlvril)
Ay Ay
O
‘ Theorem 3.5 ’

‘ Every finite dimensional vector space has a basis. ’

Proof. Letvy,...,v, be a spanning set of V. If they are linearly independent, we’re done. Other-
wise, by the linear dependence lemma we may remove one element, while maintaining the same
span. Inductively, we can repeat this process until the list is linearly independent, and still spans
V. O
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‘ Proposition 3.6

Let V be finite dimensional and u3, . . ., u,, be a linearly independent list in V. Then, there exists
Um+1, ..., Un such that uy, ..., u, is a basis of V. In other words, we can always “complete” a

linearly independent list to a basis.

Proof. Let vy,...,v, be a basis of V. Then, uy,...,uy,v1,...,0, spans V. By using the linear de-
pendence lemma, it can be reduced to a basis, and note that we won’t remove any of the elements

ui, ..., Uy because none are in the span of the previous. O

Proposition 3.7

Ifvq,...,04 span V and wy, ..., wy, are linearly independent, then m < n.

Corollary 3.8

Any two bases of a finite dimensional vector space V have the same number of elements.

The number of element in a basis is the dimension of V, denoted dim V or dimg V.

Corollary 3.10

If V is finite dimensional and W < V, then W is finite dimensional with dim W < dim V, with
equality if and only if W = V.

3.2. Infinite Dimensional

Let { A;}ic; be a family of nonempty sets.

A choice functionis a f : I — UA; such that f(i) € A;, foralli € I. The set of all such choice
functions is called the Cartesian product of {A;}.

The Axiom of Choice

The cartesian product of any family of non-empty sets is non-empty

A partial order on a set A is a relation < which is reflexive, antisymmetric (x < y and y <

x = x = y), and transitive.

A subset B of A is a chain if B is totally ordered,i.e. x <yory < xforall x,y € B.
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A subset B C A has an upper-bound M € Aifb < M forallb € B. Anelementa € A is

maximalifa <x — a =x.

Zorn’s Lemma 3.15

Suppose P # @ is a partially ordered set such that every chain in P has an upper bound. Then,

P has a maximal element.

Theorem 3.16

Every non-zero vector space has a basis.

Proof. Let P = {all linearly independent subsets of V'}. Since V is non-zero, there exists v # 0 €
V,so {v} € P, hence P # @.

Let C be a chain in P, with the partial ordering of set inclusion. Let X = Uc for all ¢ € C. Pick
v1,.--,0n € X, s0 there exist ¢y, ..., ¢, € C with v; € ¢;. Since C is a chain, there must be some ¢;
containing all the other c;. Thatis, vy,...,v, € c;, so as we know ¢; € P, it follows that vy, ..., v, is
linearly independent. It therefore follows that X is linearly independent, and therefore an upper-
bound of C. Thus, by Zorn’s Lemma, P contains a maximal element B which is a maximal linearly

independent subset of V. By this maximality, we must have (B) = V, hence B is a basis. O

Note that this argument can also be used to show any linearly independent set S C V can be

extended to a basis.

4. Linear Maps

Given two vector spaces V, W over the same field F, a linear map T : V — W is a function
with T(x+y) = T(x) + T(y) and T(Ax) = AT(x).

Proposition 4.2
T(0) = 0.

Theorem 4.3
If T : F" — F™ is linear, there exists a matrix A € M, ,(F) such that T(x) = Ax for all x € F".
In particular, A = (Tel e Ten) , where ey, ..., e, are the standard basis vectors.

cosf —sinf

Example 4.4. The matrix A = |
sinf cos®

) corresponds to rotation in R? by an angle 6.

Remark 4.5. Composition of linear maps corresponds to matrix multiplication.

Remark 4.6. Let V have basis B = {b; }ic;. Then, a linear map T : V. — W is completely determined by
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the values T (b;), for i € 1. Conversely, for any family of vectors {w; }ic; in W, there exists a unique linear
map T : V. — W with T(v;) = w;.

Given a linear map T : V — W, we define the kernel and image of T to be
kerT={veV|T(v)=0}
Img(T) = {T(0) | 0 € V}
Note thatkerT < VandImgT < W.

Proposition 4.8

T is injective if and only if ker T = {0}.

Let T : F* — F be represented by matrix A. Then, we call ker T the null space and Img T the
column space of A. Moreover, dim ker is the nullity, and dim Img is the rank.

A linear map T : V — W is an isomorphism if there exists a linear inverse map S : W — V,
where ToS =idy,So T =idy

Proposition 4.11

Suppose V and W are finite dimensional, with dim V = dim W. TFAE:
(i) T:V — W is an isomorphism.
(ii) T : V — W is injective.

(iii) T : V — W is surjective.

Theorem 4.12
IfdimV =un,then V & F",

5. Direct Sums and Products

Let V and W be vector spaces over the same field F.

The external direct sum V & W is the vector space V x W = {(v,w) | v € V,w € W} with the

expected operations.
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Theorem 5.2
IfdimV,dimW < oo, thendimV & W = dim V + dim W.

Let V be a vector space. Then, given any two subsets A, B C V, we define the internal direct
sumtobe A+ B={a+b|ac Abc B}

If A and B are subspaces, then A + B is a subspace as well.

Given Uy, U, subspaces of V, we say that V is the direct sum of U; and U if every v € V has
a unique expression as v = U1 + Us.

In this case, we get an isomorphism V — U; & Uz by (13 + uz) — (u1,u). Conversely, an
external direct sum V & W can be viewed as an internal direct sum, with U; = V& 0,U; =
0® W, subspaces of V& W.

In practice, the 2 notions of direct sums are the same.

Proposition 5.5

Suppose Uy, U, are subspaces of V. Then, TFAE:
1. V=U 1o U
2. U1NU, ={0}and V = U + L.

Proof.

( <= ) For an arbitrary v € V, suppose v = uq + up = u} + u). Then, u; — uj = up — ), and it
follows that u; — uj, up — uj € Uy N Up. Thus, u; = 1] and uy = u}, proving the representation of
v is unique. Hence, V = U; © U,

(= )IfV = U; & Uy, then clearly V = U; + U,. Moreover, for any v € U; N Uy, we know
v =0v+0 = 0+4+0v. Asboth 0,v € Uj; N Uy, it follows by uniqueness of representation that
v=0. O

Given U a subspace of V, another subspace U’ of V is called the compliment of U if V =
uou’

Proposition 5.7

If V is a vector space an U < V, then there exists U <VsuchthatUgp U =V

Proof. Let {u;};c; be a basis of U. Then, we may extend this linearly independent list to a basis of
Vi {bi}ier U{bj}jes. It follows that U = <{b}e]}> is the compliment of U. O
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5.1. Infinite Direct Sums and Products

Let {U;};cs be a family of vector spaces over the same field F.

The direct product [];; U; is identified with the Cartesian product of the U; with pointwise

operations as expected.

The direct sum @ U; is the subspace of []U; consisting of all elements []a; such that only
i€l
finitely many 4; are non-zero.

Proposition 5.10

V = @ U; if and only if every v € V has a unique representation as a finite sum v = ) ;; a;
icl

6. Quotient Spaces

For a subspace U of V, we may define an equivalence relation ~on Vbya ~b <= a—b €

U. The equivalence class of some v € V is
{yeV]iy~vt={yeV|y—-v=ucl}={v+u|ucl}

We define this to be the U-coset of v, denoted v + U.

The quotient space of V mod U is theset V/U = {v+ U | v € V}, with operations

(v+U)+ (@' +U)=(v+d)+U
AMo+U) = Ao+ U

These operations are well defined.

Proposition 6.2

If U’ is a compliment of U, the map U’ — V/U by x — x + U is an isomorphism. That is,
u=v/u

Corollary 6.3

If V is finite dimensional, then dim(V /U) = dim(V) — dim(U)

First Isomorphism Theorem 6.4

Let T : V — W be linear. Then, T : V/kerT — Img T mapping v + kerT — T(v) is an
isomorphism. Thatis, V/ ker T = ImgT.




§7. Universal Properties 11

Proof. Letv,v' € V. Then,
v+kerT =0 +kerT <= T(v—0)=0 < To=T0 <= T(v+kerT)=T(v' +kerT)

showing T is well defined an injective. Surjectivity is trivial. O

Corollary (Rank-Nullity) 6.5

If T:V — Wislinear, dim V < oo, then dimImg T < oo, and

dimV = dimker T + dimImg T

Second Isomorphism Theorem 6.6

Let U,W < V. Then, (W + U)/U = W/(W N U)

Proof. Let ¢ : W — (W + U)/U be defined by ¢(w) = w + U. An arbitrary element of (W +
U)/U is of the form (w + u) + U, but note that (w + u) + U = w+ U. Thus, ¢ is surjective.
Moreover,

wekerg < ¢(w)=U <= w+U=U <= wel
It therefore follows that ker ¢ = W N U. Thus, by the first isomorphism theorem,
W/(WNnU) =W/kerp =Imgep = (W+U)/U,

as desired. 0

Corollary 6.7
If dim U,dim W < oo, then

dim(U+ W) = dimU + dim W — dim(U N'W).

In particular, dim(U + W) < o0

7. Universal Properties

Let U < V be a subspace. Then, there exists a canonical projection map 77 : V. — V /U defined
naturally as 77(v) = v+ U.

The Universal Property of Quotient Spaces 7.2
For U <V, the pair (V /U, i) satisfy
(i) U Ckerm

(ii) For any vector space W and map T : V — W such that U C ker T, there exist a unique
linear map f: V/U — W such that fo m=T.

That is, the diagram below commutes.
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(S

1% 7 s V/
i!fN

\ T \
W
Proof. (i) is trivial. Let T : V — W be such that U C kerT. Let ]7 : V/U — W be defined by

flo+U)=T(v).lfv+U =19+ U, thenletv = v’ + u, and it follows that

flo+U)=T(0) =T +u)=T() = f(v'+ U)

hence fis well defined. Moreover, it’s clear by the definition of fthat fo 7t = T. Uniqueness
follows from the fact that the desired property of fis essentially how we defined it. This proves
(ii). O

Universal Property of Direct Products 7.3

Let {U; }ic] be a family of vector spaces. Then, for any j € I we have the projection morphism
i : TTU; — U; defined naturally by 77;((u;)icr) = u;

Now, for any vector space V and family of morphisms f; : V' — U;, there exists a unique map
f: V — T1U; such that 7t; 0 f = fifor all i € I. That is, the diagram below commutes.

[1U;
iel
A
iy .
// 1
1% fi > U;

Proof. Letf: V — T1U; be defined by f(v) = (fi(v))ier. Then, it’s easy to see how 71;(f(v)) =
7i((fi(0))ie1) = fj(v). -

Universal Property of Direct Sums 7.4

For each i € I, we have a natural inclusion p; : U; — @ U; given by u; — u;.
iel

So, for any V and maps f; : U; — V, there exists a unique f: @U; — V defined by fo pi = fi.

That is, the diagram below commutes.

@ U;
. iel
i AN
- pi
k// \
1% fi Ui

Proof. Similar O
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8. Hom(V, W)

Given vector spaces V, W, we define
Hom(V,W):={T:V — W | T linear}

with the expected addition and scalar multiplication.

Proposition 8.2

If dim V = n and dim W = m, then dim Hom(V, W) = mn.

Proof. Recall that V = F", W =2 F. In particular we may identify Hom(V, W) with Hom(F", F"")
by associating the map T : V — W to its matrix representation A ¢ My (F). That is,
Hom(V, W) = Hom(F", F™"), and the claim follows. O

Define V* := Hom(V, F), which we call the dual space of V.

Theorem 8.4
Let dim V' = n, with basis vy, ..., v,. Then, there exists a dual basis v7, ..., v;, of V* satisfying
1 i=j
v} (v)) = -
0 i#j

Proof. Since vy, ..., v,, these definitions of vj, ..., v}, are uniquely defining. Now, suppose A0} +

-+ + Ayuy = 0. Then, for an arbitrary v;, we have
0= (/\1?)1‘ 4+ 4 AnU;)(U]) = )\]v;k(v]) = /\]

proving linear independence. Moreover, let ¢ € V* be arbitrary, and ¢ is defined by
¢(v1),...,¢(vy). Then, for any v = a101 + - - - + a,v, € V, we have

¢(v) = a19(01) + - -+ anp(vn) = (@(01)01 + - - + ¢(00)0)(0),

ie. ¢ = ¢@(v1)v] + -+ ¢(vn)v;. Thus, v], ..., v} span V*, and we have proved it’s a basis. [

Corollary 8.5

If dim V' = n, then dim V = dim V*, and furthermore V = V* with the isomorphism v; — v;.

Note that this isomorphism is not “canonical”, as it requires the choice of a basis.

Theorem 8.6

Let dim V = n. Then, there exists a natural isomorphism A : V — V**

Proof. For any v € V, we may consider v € V** defined by X(f) = f(x). One can verify that the

operation v — 0 is an isomorphism. Now that in this instance, we did not have to select a basis
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of V. 0

9. Coordinate Systems

Given a vector space V and an ordered basis B = {by, ..., b, }, we obtain an induced coordinate
isomorphism V — F”" defined by (A1by + - -+ + Apby) — (Aq,...,Ay). In particular, for v =
A1by + - - - + Auby,, we write

(0)g = (Aq,...,An)

Let V have two bases B = {by,...,b,} and B' = {b},...,b,}. Every element in V has a
coordinate representation in each of these bases, so we can consider the map from F" to itself

defined by this change of basis.

Precisely, we define the change of basis matrix (id)p g : F* — F" by

(id)pp = ((b)p - (b)w)-

Then, we have (id)g p'(v)p = (v)p . This is also called the transition matrix.

Example 9.3. We may consider the change from the standard basis E = {ey, ..., e, } in F" to an arbitrary

-1
basis B = {by,...,by}. Observe (id)gp = (id)g’}S = (bl e bn)

When we’re changing basis, we’re simply altering how we represent the vectors in one basis to
another. However, we can consider changing the basis while also applying a linear map to the
vectors. That is, we have a vector in one basis, and we’re transforming it into the image of that
vector in another basis. This is useful for linear maps whose domain and co-domain are not the

same space.

Let T : V. — W be a linear map, B = {by,...,b,} be abasis of V, and C = {c1,...,cn} be a
basis of W. Furthermore, define (T)g ¢ : F" — F" to be

(Tse = ((Th)e - (Tbu)c)

Then, (T)p ¢ is the unique matrix satisfying (T)p,c(v)p = (Tv)c.

Theorem 9.5
Let E be the standard basis of F"*, and E’ the standard basis of F. Then,

(T)pc = (id)p,c(T)g,p (id)pE

Proof. (T)p,c with the unique map sending (v)p to (Tv)c. Well, observe

(id)p,c(T)gp (id)pEe(v)p = (id)p c(T)gp (v)E = (id)p c(Tv)p = (Tv)c
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so the equality follows from uniqueness. O

Special Case

Let T:V — V, and let B be a basis for V. We use the shorthand notation (T)gp = (T)p. Let A

be the matrix equivalent to T. Then,
(T)B = (id)E,B (T) EE (id)B,E =P AP
where P = (bl e bn>.
(T)p represents something very natural: given an operator on any (finite dimensional) vector
space, we create a matrix representing the linear map on a fixed basis. This is helpful for linear

operators on vector spaces other than F”, and extends the theory of matrices to all operators

on finite dimensional spaces.

Two matrices A, B are similar if there exists P € GL,(F) such that A = PBP~L.

As discussed in the special case previously, similar matrices represent the same map with respect

to different coordinate systems.

‘ Theorem 9.7 ’
Let T : V — W be linear. Then, there exists bases B of V and C of W such that (T)gc =

I
( " 8) ,wherer = rank T

0

Remark 9.8. Let V have dimension n. Then, Hom(V,V) = M, (F), but this isomorphism depends on a
choice of ordered basis for V. But, if f : My (F) — F is a function satisfying f(PAP~) = f(A), then f
doesn’t depend on the choice of basis of V, so we can view f as a well defined map on Hom(V,V) — F.
Namely, set f(T) = f((T)p), and the basis B does not matter.

Example 9.9. det : M,(F) — F satisfies det(PAP~') = det(A). Therefore, there is a well defined

notion of determinant of a linear map. Similar case for trace.

10. Eigenvectors and Eigenvalues

A subspace W < V is T-invariant if T(W) C W.

A non-zero vector v € V is an eigenvector with eigenvalue A given T(v) = Av.

Remark 10.3. The span of an eigenvector is a 1 dimensional T-invariant subspace.
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Proposition 10.4
A is an eigenvalue of T <= ker(T — AI) # {0} <= det(T — AI) =0.
Note in particular that ker(T — AI) is the set of all A-eigenvectors of T (and 0). We call this the

A-eigenspace.

For a variable x, the polynomial pr(x) = det(T — xI) is called the characteristic polynomial
of A

Remark 10.6. The characteristic polynomial of similar matrices is invariant. Moreover, pr(x) = x" —
(TrT)x" '+ 4 (=1)"detT
Proof. det(PAP~! — xI) = det(P(A — xI)P~!) = det(A — xI) O

Remark 10.7. The roots of det(T — xI) are values for x which make the determinant of T — xI equal to
0. These are precisely the eigenvalues of T. In particular, the characteristic polynomial of T is the unique

monic polynomial of degree n whose roots are all the eigenvalues of T, with multiplicity.

11. Diagonalizable Operators

T : V — V is diagonalizable if V has a basis of eigenvectors for T. Equivalently, T can be

represented by a diagonal matrix.

Proposition 11.2

Let Tvy = Moy, ..., Top = Agog. If Ay, ..., A are distinct, then vy, ..., vy are linearly indepen-

dent. That is, eigenvectors with distinct eigenvalues are linearly independent.

Theorem 11.3
Let T : V — V be linear, dimV = n. Let Ay,..., A be distinct eigenvalues of T, and let

W; = ker(T — A;I). Then, TFAE:

1. T is diagonalizable
2. pr(x) = (x — A% - (x — Ag)%, with d; = dim(W;)
3. V=W D---d W

Remark 11.4. Let A be an eigenvalue of T, and m be the dimension of the corresponding eigenspace. Then,

m < d, where d is the multiplicity of A.

‘ Corollary 11.5 ’

‘ If T has n distinct eigenvalues, then T is diagonalizable. ’
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0 1 0
0 1
Example 11.6. Consider the matrix C = | * - . - :|. Observe that an eigenvector
0 -+ -~ 0 1
do a; - e Ay

(v1,...,0n) must satisfy v, = Avy,v3 = Avy,..., 05 = Av,_1, as well as Av, = a101 + - - - + 4,0y
In particular, eigenvectors of C must be of the form (a, Aw, .. .,A”fltx), where A" = ag+ A+ -+
ay A" L Let f(x) = x" —a,_1x""! — -+« —ayx — ag. Then, the eigenvalues of C are roots of f. So, as
f is monic of degree n, we have f = pc(x). We call C the companion matrix of f(x). This proves that
any monic polynomial in F[x] of degree n is the characteristic polynomial of some A € M, (F).

Example 11.7. Consider the Fibonacci sequence Fy = 0,F; = 1,F,4o = F,11 + F, forn > 0. We can

()= 5 )= () ()

01
Thus, if we let A = (1 l)’ we have

Pn — A anl :Az Fn—Z — .= A" FO — A" 0
Fui1 Fy Fi 1 F 1

2

then write

1-5

Once can compute the characteristic polynomial of A, pa(x) = x* — x — 1, which has roots ¢1 = =2

_ 146 1

1
and @ = =522, and corresponding eigenvectors ( ) , < ) Therefore, we know by change of basis
1 P2

with these eigenvectors as a basis that

-1
a1 1\ (o 0\ (1 1
1 92/ \0 @2/ \p1 2
-1
an— (VLY el O (1 1) 1 PP g2 —1
p1 92) \0 ¢3) \o1 ¢ P2— @1 \ g™t @bt ) \ =1 1

1 ( Plpr — Pign % — ¢t )

=91 \ @ity — @it @it — it

Thus, we may multiply this matrix by <(1)) , and the first component will be exactly F,. Thus,

Fie Y (= 1+v5)" [(1-v5"
L — 4’2—(/’1—% 5 - 5

‘ Theorem 11.8 ’

Let V be a complex vector space, T € Hom(V, V). Then, there exists a basis B of V such that
(T)p is upper triangular.
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12. Inner Products

In this section, we only consider vector spaces over R or C.

Let V be an R-vector space. An inner product on V is a function (,) : V x V — R satisfying
(i) Linearity in the first variable
(ii) Symmetry (hence linearity in the second variable as well)

(iii) (x,x) > Oforall x # 0.

Let V be a C-vector space. A hermitian inner product (,) : V x V — C satisfies
(i) Linearity in the first variable
(i) (x,y) = (y,x) (hence conjugate linearity in the second variable)

(iii) (x,x) > O0forall x # 0.

The norm or length of a vector x is ||x|| = 1/(x, x)

Proposition 124
@) [[Ax[| = [A[-[|x]|
@) ||x|| > 0ifx #0
(iii) (Cauchy-Schwartz Inequality): | (x,y) | < |[|x]|| - ||y]|

(iv) (Triangle Inequality: ||x +y|| < ||x|| + |||

Proof.
(iii) For x # 0, HxH2 Hsz — | {x,y) ]2 = 1 H(HyH)Zx — <x,y>yH7~ > (. The rest is left as an

[Ix[*

exercise.

@) [lx +yll* = (x+yx+y) = [P+ (xy) + vx) + [II? = 2] +2Re (x,y) + ||yl
< 1l 20l -yl + I = (] =+ [yl

The angle 0 between vectors x and y in an IR-vector space is given by cos 0 =

Two vectors x, y are orthogonal if (x, ) = 0. A set S of vectors is orthogonal if any two mem-

bers are orthogonal. S is orthonormal if it’s orthogonal and consists of unit vectors (vectors
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[ with norm 1). ]
Proposition 12.7
An orthogonal set is linearly independent. Furthermore, if x = ayuq + - - - + a,u,, then for
allk € {1,...,n}, (x,ux) = ar (ug, ux), hence a5 = &'Z‘k)). Linear independence follows, since

x = 0 immediately implies a; = 0 from this formula, forall k € {1,...,n}.
In general, if x € Span(uy, ..., u,), then

(x, u;)
= L

n
i=1 t

Gram-Schmidt Orthagonalization 12.8

Letuy, ..., u, beabasis of an F-vector space V. Then, there exists an orthogonal basis vy, . .., v,
such that vy € Span(uy,...,u;) forallk € {1,...,n}.

Proof. We induct on n = dim V. The base case is clear, so suppose u,...,u,+1 is a basis of the
n + 1 dimensional vector space V. Let W = Span(uy,...,u,). By the inductive hypothesis, we
have an orthogonal basis vy, ..., v, of W such that v, € Span(u,...,uy) forallk € {1,...,n}.

Now, consider our desired v, 11 = uy41 + A101 + - - - + A0, noting that v, 1 # 0 by the assump-
tion that 1,11 & Span(uy,...,u,). Then, the desired condition (v, 41, vx) = 0 means

(i1, ) + M (O, ) = 0 = A = —

Taking such Ay,...,A,, we get an orthogonal basis. That is, in general,

<uk+1l 01> <uk+1lvk>

T P [[ok] 2

O

Remark 12.9. From an orthogonal basis, we may obtain an orthonormal basis by dividing each vector by

its norm, i.e. "normalizing” all the vectors.

For some v € V, a vector w € W < V is called the orthogonal projection of v € V onto W if
v—w L W.

Proposition 12.11
| |

‘ For any v € V, there exists a unique orthogonal projection of v onto W, denoted proj, (v) ’
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Proof. Let ey, ..., e, be an orthonormal basis of W, and we’re looking for a specific w = Aje; +

-+ - 4 Agek. In particular, we require (w — v) L ¢; for all i, hence
0= </\]€1 + 4 Al — U,€i> =\ — <U,€i> — A= <U,€i> .

This gives us uniquely determined coefficients, namely
k

projy (v) = ) (v,ei) e;

i=1

O
The orthogonal compliment of a subspace W is
Wt={veV|(v,w)=0wecW}
Proposition 12.13
V=WaWw

13. Orthogonal and Unitary Transformations

Let F = R (resp. C), and equip F" with the standard (resp. hermitian) inner product. We say
A € M, (F) is orthogonal (resp. unitary) if its columns form an orthonormal basis of F"

The adjoint of a matrix A is defined to be A* := A

Theorem 13.3
Let A € M, (F). Then, TFAE

(i) A isorthogonal/unitary
(i) AA*=A"A=1
(iii) A preserves the inner product, i.e. (Ax, Ay) = (x,y).

(iv) Ais alinear isometry, meaning it preserves distance, i.e. d(Ax, Ay) = d(x,y).

Proof. Exercise. O

As usual, we can extend the notion of unitary and orthogonal matrices to linear maps.

If V is a standard (resp. hermitian) inner product space, we say T € Hom(V, V) is orthogonal

(resp. unitary) if (Tx, Ty) = (x,y) for all x,y € V. This is equivalent to (T)p being orthogonal
(resp. unitary) with respect to any orthonormal basis B.
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Example 13.5. Let A € M, (R) be orthogonal, so AA" = I. It's known that det(A) = det(A"), hence
det(A)? = det(I) = 1, therefore det(A) = +1. We say A is orientation preserving if det(A) = 1,
and A is orientation reversing if det(A) = —1.

Now, consider the case when A € My (R), letting A = (Ael Aez> . As the columns are assumed to be
orthonormal, we know that if the first column is (x,y), then x> + y* = 1. It follows that x = cos 0 and
y = sin 6 for some 6 € R. It then follows by the necessary othonormality of the columns that either

—sin6
(a) Aey = ( o >, so A is the orientation preserving rotation by 6
cos

(B) Acy — ( sin 6

9) , 50 A is the orientation reversing reflection about some line.
— cos

Recall the definition of an isometry from earlier:

An isometry or rigid motion m : R” — R” is a function that preserves distances. That is,
d(m(a),m(b)) =d(a,b) foralla,b € R".

Theorem 13.7

(a) An isometry m : R" — R" with m(0) = 0 is linear. Hence, it is left multiplication by

some orthogonal matrix.

(b) Furthermore, every isometry of IR” is the composition of an orthogonal map and a trans-

lation T, for some v € R" (so T,(x) = x + v)
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Groups

14. Basics of Groups

A set G is a group if it’s equipped with a binary operation - : G x G — G satisfying
1. (ab)c = a(bc)

2. There exists an identity element e € G such thatae = ea = aforalla € G.

1

3. For every a € G there exists a~! € G satisfyingaa ! =a la=e.

A group is abelian if multiplication is commutative, i.e. ab = ba for all a,b € G. Abeliean

groups are often denoted additively, and the identity is denoted by 0.

Example 14.3. (Z,+),(Q,+), (R*,-), (C*,-) are all abelian groups.

Example 14.4. Given a set A, we can define S(A) = {f : A — A | f is bijective}, i.e. the set of all
permutations of the elements of A. Then, (S(A), o) is a group under composition.

‘ For A ={1,...,n}, (S(A), o) is the symmetric group S, ’

Note that S3 is non-abelean, and in fact is the smallest non-abelian group

Example 14.6. Let F be a field. Then, we have various matrix groups. These include

1. GL,(F) = {A € M, (F) | A s invertible }. This is called the general linear group.

2. SL,(F) ={A € GL,(F) | det A = 1}.. This is the special linear group

3. Given any finite dimensional F-vector space V, we have the group of linear automorphisms
Aut(V) = {T € Hom(V,V) | T is invertible}. By choosing a basis B of V, we can identify
Aut(V) = GL,(F).

4. When F = R, we have the orthogonal group O(n) = {A € GL,(R) | AA! = I}. Moreover, we
have the special orthogonal group SO(n) = O(n) N SL,(R)

5. When F = C, we have the unitary group U(n) = {A € GL,(C) | AA* = I}. Moreover, we have
the special unitary group SU(n) = U(n) N SL,(C)
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Proposition 14.7

If G is a group, then
@

The identity element of G is unique
(i) E

ach a € G has a unique inversea~! € G
a ) l=aforallae G

ab)™' =b1la~lforalla,b € G

(ii

)
)
) (
) (

(iv

Proof. (ii): Given a with inverses a’,a”, we have a’ = a’e = a'(aa") = (a'a)a” = ea’ = a" O

‘ Cancellation Laws 14.8

(i) ax =ax’ — x =«

(i) xa =xa — x=x

15. Subgroups
| |

A non-empty subset H of a group G is a subgroup if it’s closed under the group operations

multiplication and inversion.

Note that this definition implies e = aa~! € H

Lemma 15.2
| |

Let H be a nonempty subset of a group G which is finite and closed under multiplication.

Then, H is a subgroup of G.

Proof. Given a € H, we must show that a~! € H. We have a,4?,... are all in H, and since H is
finite, there exists r,s with ¥ < s such that 4" = a°. Then, 2" = ¢, so a(asfrfl) = (asf“l)u =
e. ]

Example 15.3. 1. Every group has the trivial subgroups {e} and G

2. Subgroups of Z.: Suppose H is a non-zero subgroup of Z. Then, let n be the smallest positive number
in H. We claim that H = nZ = {nz |z € Z}.

Proof. Since n € H and H is closed under the group operations, the entire subgroup nZ C H.
Conversely, if a € H, we may divideaby n: a = kn +r with0 <r <n. Then,r =a —kn € H, so

by minimality of 7, we must have » = 0. Hence, every a € H is a multiple of n. ]

Application: Given a,b € Z both positive, let aZ + bZ be the subgroup of Z generated by {a,b}.
That is, aZ + bZ = {ax + by | x,y € Z}. Since this is a nonzero subgroup, we must have that
aZ + bZ = dZ for some d € Z*. We claim thatd = ged(a, ).

Proof. Indeed, d | asincea=a-1+b-0 € dZ, hence a = dk for some k € Z. Similarly, d | b.
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Now, if ¢ | a,¢ | d, then we must have ¢ | d, since d € aZ + bZ, so d = ax + by. O

If G is any group and a € G, we can consider the subgroup generated by a. Let (a) = {a' : i €

Z}. 1f there exists some a € G such that G = (a), we say that G is cyclic.

Example 15.5. For cyclic groups, there are two cases:
1. Ifall powers a', i € Z are distinct, then G is an infinite cyclic group

2. Ifa" = a° withr < s, then a°~" = 1. Hence a" = 1 for some smallest positive integer n, and so
(a) = {1,a,a%,...,a" '}. We in some cases call this group C,. Note that C, is realized by the
group of n’th roots of unity in C, which we denote y, = {z € C : z" = 1} = {2™/1 | k =
0,1,...,n—1}

The order of a finite group G, denoted |G| or 0(G), is the number of elements in G. The order

o(a) of an element a € G is the order of the cyclic subgroup (a). So, 0(a) = min{k > 1 | a* =

e}.

Let G be a group, W C G be a subset. Then, the subgroup generated by the subset W, denoted
(W), is the smallest subgroup of G containing W. Concretely, it consists of all products of

elements of W and their inverses.

The Klein group V is the smallest non-cyclic group. It is realized as a subgroup of GL,(RR) by

+1 0 . . .
V= o +1/( Note that any 2 non-identity element in V generate V.

The group GL,(F) has the Borel subgroup B consisting of all upper triangular matrices.

16. Cosets and Lagrange’s Theorem

Fun fact: Lagrange invented his theorem before groups were invented

Given H < G (”H is a subgroup of G”), we define an equivalence relation x ~y <= x7 1y €
H. We say that x conguent to y modulo H, and write x =y (mod H)

The equivalence class of x is the (left) coset of x, i.e. theset [x] = {y € G: x ~y} = {y |
xly=heH}={xh|heH}=xH.
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Note

We could have used xy~! € H in the above definition, and this leads to the right cosets Hx

Proposition 16.2

The inversion map x — x~! gives a 1 — 1 correspondence between left and right H-cosets,
since H!' = {h™! | h € H} = H, hence (xH)~! = Hx~!. We'll use left H-cosets. The two

notions coincide for abelian groups

Example 16.3. If G = (Z,+4),H = nZ, then x =y (mod H) <= x =y (mod n). The cosests are
nZ,1+n2,...,(n—1)+n.

‘ Proposition 16.4 ’

Thereis a1 — 1 correspondence between any two (left) H-cosets. Furthermore, the cosets form

a partition of G.

Proof. The cosets partition G because they are equivalence classes. Given any two cosets aH and
bH, the map f : aH — bH sending ah — bhis 1 — 1 and onto by the cancellation law. O

‘ Lagrange’s Theorem 16.5 ’

‘ Let G be a finite group, and H < G. Then, |H| divides |G| ’

Proof. If k is the number of left H-cosets, then G is partitioned into k subsets, each with |H| ele-
ments. Hence, |G| = |H| - k O

The number of left (or right) H-cosets is the index of the subgroup H in G, denoted |G : H|.
Hence, |G| = |H| - |G : H|

Corollary 16.7

(a) If Gis a finite group and a € G, then o(a) | o(G).
(b) If |G| < 0 and a € G, then al®l = .

(c) If G is a finite group with prime order, then G is cyclic.

Given any two subsets A, B of a group G, we define AB = {ab |a € A,b € B}. Let G/ H denote

the set of all left H-cosets of G. We want to make this set into a group, with multiplication of

cosets.

Suppose this were the case. Then, for any ¢ € G, A := ¢Hg 'H must equal another H-coset.
Clearly, ¢ € A, so as the H-cosets partition the group G, we must have A = H. Thatis, gHg 'H =
H — ghg_1 € Hforallge G,h € H.
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A subgroup N < G is a normal subgroup if for each n € N and ¢ € G, gng~! € N. Equiva-
lently, ¢qN¢g~ ! C N

Proposition 16.10

The following are equivalent, for N < G
1. N is a normal subgroup of G, denoted N <G
2. ¢gNg ' =Nforallge G

3. Every left coset of N is also a right coset of N in G.

Proof. (i) = (ii): Assume gNg~! C N. Then, N = ¢(¢"'Ng)g~! C gNg~ .

(i) = (iii): gNg™ ' = N <= ¢N = Ng.

(iii) = (i): Given any ¢ € G, we have gN = Nux for some x € G. We must therefore have
Nx = Ng since g € gN = Nx and g € Ng. Hence, we get (i) ]

We can therefore define a group structure on G/N when N is normal in G, setting (aN)(bN) =
a(Nb)N = a(bN)N = abN.

‘ The above defines the quotient group G/N ’

Example 16.12. If G is abelian, then every subgroup of G is normal, so we always get a quotient group.

Example 16.13 (Modular arithmetic). Let G = Z, H = nZ. So, Z/nZ = {0,...,n — 1}, where
X :=x (modn).

(Z/nZ)* consists of the multiplicatively invertible elements in Z/nZ \ {0}, which are exactly

the equivalence classes coprime to n. This makes (Z/nZ)* a multiplicative group with order

p(n).

Fact

Normal subgroups are exactly the kernels of group homomorphisms.

A map ¢ : G — G’ between two groups is a homomorphism of groups if it preserves the

group operations: ¢(ab) = ¢(a)¢(b) for alla,b € G. Furthermore, if ¢ is bijective, we say it is

an isomorphism.
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We write Hom(G, G’) := the set of all homomorphisms G — G’. An isomorphism G — G is

called an automorphism of G, and these form a group Aut(G)

Example 16.17. For any homomorphism ¢ : G — G', p(e) = €' and ¢(x)~! = ¢(x71).

The kernel of ¢ is the set of ¢ € G such that ¢(g) = ¢/, and the image is Img ¢ = ¢(G)

Check

ker ¢ is always a normal subgroup of G.

First Isomorphism Theorem 16.19

For any homomorphism ¢ : G — G’ of groups, G/ ker ¢ = Img ¢, with the map gker ¢ —
(8)-

Proof. Same as for vector spaces. O
Example 16.20. 1. For any field F, SL,(F) = ker(det : GL,(F) — F*), so we have a normal
subgroup of GL,(F). Furthermore, GL,(F)/SL,(F) = (F*,-)
2. If N < G, then we have a projection map 7w : G — G/N by g — gN, and N = ker ¢. This helps
show how normals subgroups are equivalent to the kernels of homomorphisms

3. Consider S' = {z € C : |z| = 1} < C*, both of which are groups under multiplication. We have
C* — Rxo by z — |z|,and ker ¢ = S1. So, C*/S' = R

‘ Universal Property of Quotient Construction 16.21 ’

Given any group hom f : G — G’ such that N C ker f, there exists a unique map f: G/N —
G’ st fo 7t = f. That is, the following diagram commutes.
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17. Products of Groups

Given two groups Gi, G, we define G; X G; as a cartesian product of the sets, with the group

operation defined component-wise.

Note

Gy := G x {e2}, and G, := {e1} x G, are normal subgroups of G; x G.

Question

Given two subgroups H and K of a group G, when is HK a subgroup?

Proposition 17.2
HKis a subgroup of G <= HK = KH

Proof. If HK < G, then HK = (HK)~! = K"'H~! = KH. Now, suppose HK = KH. Observe
(hik1)(hoka) = hy(kih2)ka = hy(hsks)ka = haky
(hik) ' =k tht = WK

So, HK is a group O

‘ Corollary 17.3 ’

‘ If H K < Gand H or K is normal in G, then HK < G ’

Proof. Say H <1 G. Then, HK = UHk = UkH = KH. So, HK is a subgroup by the above proposi-
tion O

Let H,K be subgroups of G. Then, we say G is the internal direct product of H and K if
(i) H and K are both normal
(i) G=HK
(iii) Given any g € G, we can write ¢ = hk for h € H and k € K in a unique way

This definition generalizes to more than 2 subgroups.

Lemma 17.5

Suppose G = Nj - - - Ni is an internal direct product of its subgroups N; < G. Then, for each
i # j,wehave N; N\ N; = {e}, and fora € N;,b € N;, ab = ba.

Proof. Suppose x € N; N N;. Then, x =e---e-x;-e---e =e---e-xj-e---e, we by uniqueness
of representation, x = e. If a € N;, b € Nj, consider the commutator [a,b] == aba='b~1. We then
have [a,b] = (aba=')b~! = a(ba~'b~'). Observe aba~! € Njand ba~'b~! € N; by normality. So,
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the commutator lies in N; N N; = {e}. Thus, ab = ba. O

Remark 17.6. If Ny, ..., Ny are normal subgroups of G, we need a stronger condition than N; N N; = {e}
fori # j to ensure that the product is a direct product. Namely, we need N; N (N7 - - - Nj_1Nj41 - - - Ni) =

{e}.

Theorem 17.7
| |

Suppose G is the internal direct product G = Nj - - - Ni. Then, G is isomorphic to the external
direct product Ny x - - - x Nj.

Proof. The map ¢ : G — Nj X --- X Ni sending x1---x; +— (x1,x2,...,%) is well defined
by uniqueness. Furthermore, ¢ is clearly bijective. Moreover, @((x1---x¢)(y1---yx)) =
@(x1y1 - - - XkYx) by the previous lemma. This maps to

(11, xkyk) = (X1, x0) (Yo yk) = @(x1 - x) @Y1 - - - k)

Because of this theorem we do not distinguish between internal and external direct products.

Example 17.8 (On Homework). If C,, is cyclic of order n, show that if gcd(m,n) = 1, then Cy, x C,, =
Cinn.

‘ Second Isomorphism Theorem 17.9 ’

If M and N are subgroups of G with N < G, then there is a natural isomorphism MN/N =
M/MNN

Proof. Let ¢ : M — MN/N map m — mN. Then, ¢ is clearly surjective, and

kerp={meM|me N} =MNN.

Thus, the first isomorphism theorem gives M/M NN = MN/N. O
‘ Corollary 17.10 ’
‘ If M and N are as above and are both finite subgroups, then |MN| = mg%" ’

18. Inner Automorphisms of a Group

Let G = GL,(F). Then, for a fixed P € G, we have the map A — PAP~! an automorphism. We

want to generalize this.

Let G be a group, and ¢ € G. We define Ty : G — G by Ty(x) = gxg~'. Then, T, € AutG, i.e.

it’s an isomorphism from G to itself. We call T, the inner automorphism given by g.
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Note
Ty o Ty(x) = g(hxh™1)g™ = (gh)x(gh) ™' = Tg(x). So, Ty 0 Ty, = Ty,

Let Z(G) be the group of all inner automorphisms of G, under composition. We then have a
morphism ¢ : G — Z(G) sending g — Tg.

What is the kernel of ¢?
kerp = {g€ G| Ty(x) =x} = {g€G|gx=xgx € G} =Z(G), the center of G. Thus,

‘ Proposition 18.3 ’
| AsImgy = Z(G), we have Z(G) = G/Z(G). |

Example 18.4. For G = GL,(F), we showed in HW 1 that the center of Z(G) = {Al, : A € F*} = F*.
So, Z(GL,(F)) = GL,(F)/F* =: PGL,(F). We can think of GL,(F) as linear automorphisms on F",
and by analogy PGL,(F) are algebraic automorphisms of P(F") = P% 1, which is n — 1 dimensional

projective space.

19. Symmetry

Let M,, be the group of all isometries or rigid motions R"” — R".

Recall

Any m € M, has representation as m = T, o p, where 7,(x) = x + v is a translation by v, and

p € O(n).

Let F C R” be a subset. A symmetry of F is a rigid motion m with m(F) = F. The set of all

symmetries of F form a subgroup of M,, which is the group of symmetries of F.

Goal

Find all possible finite groups of symmetry of plane figures.

Theorem 19.2

Let G be a finite subgroup of M,,. Then, there exists x € R" fixed by all g € G, i.e. g(x) = x for
allg € G.

Proof. Given any point s € R"”, consider the orbit Os under the action of G. That is, O, := {g(s) |
g € G}. Any g € G permutes the set O;, since O is a finite set and g is injective on R”, hence is

injective on Os.
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‘ Lemma 19.3 ’

Let S := {s1,...,5,} be a finite set in R™. Let p := %(sl + -+ +s,) be the center of gravity
of S. Then, if s/ = g(s;) for ¢ € My, and g(p) = p/, then p’ = L(s) +--- +s),). That is, rigid

n

motions send centers of gravity to centers of gravity.

Proof. Since g = T, o p, it suffices to consider the 2 cases:
(i) g = pislinear. Then, g(p) = g(1¥s) =1ysi=p.
(i) ¢ = 7. Then, 7y(s;) =s;+ v, 50 Tw(p) =p+ov=7p.
O

Now, to prove the theorem, notice that the lemma implies any g € G fixes the center of gravity of

Os. O

20. Finite Subgroups of O(2)

By the theorem, any finite subgroup of M, has a fixed point 0. By choosing coordinates so that o
is the origin, we reduce to G < O(2).

Theorem 20.1
If G is a subgroup of O(2), and |G| < oo, then

(i) G = Cy, the cyclic group of order n generated by the rotation py, where 6 = 27r/n
(ii) G = Dy, the dihedral group of order 2n, generated by a rotation py for & = 277/n, and a

reflection r about the line through the origin 0. We can choose coordinates so that 7 is a

1 0
reflection (0 ) about the x-axis.

Corollary 20.2

If G is a finite subgroup of M, then for a suitable choice of coordinates, G becomes one of the

groups C, or D,,, where C, is generated by p>,/,, and D, by p2/, and r. Whenn > 3, D, is

the group of symmetries of an 7 sided regular polygon.

Example 20.3. 1. C; ={1},D1 ={1,r},Co ={1,p.}, D2 = {1, pr,1,pz 0t} = V4

‘ Proposition 20.4 ’

D, is generated by two elements x and y satisfying the relations x” = 1,y> = 1,and yx = x~ly.

The elements of D, are exactly {1,x,x%,...,x" 1, xy,x%y,...,x" "1y}, so |D,| = 2n.

Proof. Welet x = py,/, and y = r. Clearly, x, y satisfy the given relations... O
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Exercise

1—3 1—2

Ifx=42—-1 andy=<2 -1 arein Sz, check that ¥ = 1,y2 =1,andyx = xily, hence

3—>2 3—>3

Proof. Proof of Theorem 20.1. Let G < O(2), |G| < oo.

Case 1: G < SO(2), i.e all elements in G are rotations. If G = {1}, we're ok, so assume G is
non-trivial. Let § = min{a > 0 | p, € G}, which exists as G is finite. Then, G = (pg). [Indeed, if
pa € G, then a + n6 + B, where 0 < B < 0. So, pg = pa(pg) " € G = B = 0 by definition of 6.]
Thus, G is a finite cyclic group C,,.

cosf sind

) has a square of
sinf —cos®

Case 2: G contains an element of the form pg o r. Since pgor = <

0/2 0/2
1, it must be a reflection as it is orthogonal. In fact, check that py o r cos(0/2) = cos(6/2) ,
sin(6/2) sin(6/2)

cos(0/2)
sin(6/2)
assume v € G. Let H := G N SO(2), the subgroup of rotations in G. By case 1, we get that H

so per is a reflection about the line ( ( ) ). Adjusting coordinates if necessary, we may

is cyclic, generated by py where 6 = 271/n. Hence G contains all products pjr/ for 0 < i < n,
0 <j<2 550D, CG. Now, if x is an arbitrary orientation reversing element of G, then xr &
SO(2)NG = H,so x € H, C Dy. Thus, G = D,,. d

Theorem 20.5

Every finite subgroup of SO(3) is one of the following:
1. The cyclic group C, of rotations by multiples of 27t /n about a line through the origin.
2. The dihedral group D,
3. The tetrahedral group of 12 rotations carrying a regular tetrahedron to itself. (A4)

4. The octahedral group of 24 rotations of a cube or regular octahedron (S4)

5. The icosahedral group of 60 rotations of a regular dodecahedron or icosahedron. (As)

In every dimension, the tetrahedron generalizes to the simplex, the cube generalizes to the hy-

percube, and the regular octahedron generalizes to the convex hull (+ey, ..., ey).
Remark 20.6. The tetrahedron, cube, and octahedron have analogues forms in all dimensions. The only
other regular polytopes are

1. Dimension 3: case (5)

2. Dimension 4: (Schliifli, 1842) The 24-cell, 120-cell, 600-cell, bounded by 24 octahedra, 120 dodeca-
hedra, and 600 tetrahedra respectively.

3. That’s it lol
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21. Group Actions

Let G be a group and X be a set. We say that G acts on X (on the left) if there exists a map
G x X — X, givenby (g, x) — g - x, satisfying

(i) eex=xforallx € X

(i) (9182) x=2g1-(g2-x)forall g1, € G, x € X.
We also say that X is a G-set.

Example 21.2. 1. The group M, of rigid motions of the plane R? acts on the set of points, the set of

lines, the set of triangles, etc.
2. Any group G acts on itself by
o Left multiplication
* Conjugation (inner automorphisms)
3. If H is a subgroup of G, then G acts naturallyon G/H by g - (xH) = gxH.
4. Forany set X, S(X) acts on X.

5. The group G of rotational symmetries of the cube acts on the set of (1) faces of the cube; (2) edges of
the cube; (3) vertices of the cube.

6. Suppose X is a connected manifold with universal covering space p : X — X. Fix a base point

x € X. Then the fundamental group 7t1(x) acts on p~1(x). For example, p : R — S', 0 — ¥ ..

7. Suppose K is a finite field extension of Q. We have a ring of "integers” Ok in K such that Ox NQ =
Z. Any prime ideal P of Ok lies above a rational prime p € Z if PNZ = pZ. Forany p € Z,
there exist finitely many prime ideals Py, ..., P, above p. If K/Q is a Galois extension, then the
Galois group G acts transitively on the set of these r prime ideals. For example, K = Q((,), and
then Ox = Z[{y], and the Galois group if G = (Z/nZ)*.

Permutation Representations 21.3 ’

Let G be a group and X be a set. There is a 1 — 1 correspondence between actions of G on
X and group homomorphisms G — S(X). Such homomorphisms are called permutation

representations of G

Proof. If G acts on X, then for any ¢ € G, define 77, € S(X) by #,(x) := g - x. Check that 17, is a
bijection and the map g — 7, is a group homomorphism G — S(X). Conversely, given a group
homomorphism ¢ : G — S(X), we define an action of G on X by g-x = ¢(g)(x). Check that

these two processes are inverse to each other. O

A G-action is faithful if the corresponding map G — S(X) is injective. This means that g - x =
xVxeX = g=c.
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‘ Cayley’s Theorem 21.5 ’

‘ Every group G is isomorphic to a subgroup of S(G). In particular, if |G| = n, then G < S, ’

Proof. Note that the action of G on itself by left multiplication is faithful, so we get an injection
G — S(G). O

Let X be a G-set. Then, for any x € X, the orbit of x, denoted O, is the set O, = {g¢x | g € G}.
Oy is itself a G-set. Furthermore, the orbits for a G-action are equivalence classes for the

equivalence relation x ~ y <= x = gy for some g € G.

Proposition 21.7

The orbits of X partition the set X. Every x € X lies in exactly one orbit, namely O,.

If X consists of just one orbit, we say that G acts transitively on X. So, this occurs if and only
if Vx,y € X,3g € Gsuchthaty = g-x.

If x,y € X lie in the same G-orbit, we often say they are conjugates under the G-action.

For x € X, the stabilizer G, of x is the subgroup G, := {g € G| g-x = x}

Theorem 21.11

(a) If X is a transitive G-set and x € X, then there is a natural bijection ¢ : G/Gy — X which
maps ¢Gy — g - x, which is compatible with the G-action, that is ¢(¢C) = g - ¢(C) for
every coset C. Thus, G/Gy and X are isomorphic as G-sets. In particular for an arbitrary
G-action, we have G/ Gy = Oy for any x € X.

(b) If X is any G-set, then Ggr = gGxg ! forall g € G, x € X. So, the stabilizer subgroups of

points belonging to the same G-orbit are conjugate.

Proof.
(a)

¢G, = ¢Gy = ¢ '¢ €G = ¢ J(x) =x < g¢g-x = ¢ x. This shows ¢ is
well defined and injective. If y € X, there exists g € G such that y = g - x by transitivity, so
y = ¢(g - Gy), thus ¢ is surjective. Finally, it’s easy to check that ¢ respects the G-action.

(b)
Gpx={uecGlugx=gx}={uecG|(glug)x=x} ={ucG|gluge G} =gGg! O

Example 21.12. 1. Let M be the group of rigid motions of R%. If p € R? is any point, then M, =
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M., () = Mot ' = 7,0(2)7, !, by part (b)
2. (Exercise) Let h = {z € C | Im(z) > 0} be the upper half plane in C, and G = SLy(R).

a b g L .
For g € (c g € G weletg-z= Z;ts Check that this defines a transitive G-action on h.

cosf —sinf

The stablizer subgroup of i = \/—1is K := G; = { <
h=SLy(R)/K

> |6 € IR}. Therefore,

sinf cos®

Corollary 21.13

For any G-action on a finite set X, we have the counting formulas:

X|= ) 10« =) IG: G,

orbits

where the sum is over distinct orbits, and

|Ox| = |G|/|Gx| <= |G| = 10| |Gy, Vx € X

Example 21.14. 1. A group is simple if its only normal subgroups are {e} and itself. If H is any
proper subgroup of a simple group G, we get an injection G — Sy, where k = |G : H| (Just consider
the G-action on the coset space G/H <= amap G — S(G/H))

2. Check: If H and K are subgroups of G, then the G-sets G/ H and G /K are isomorphic if and only if
H and K are conjugate subgroups of G.

3. Suppose G is a finite group and H and K are two subgroups of G. We compute |HK|. Consider
X = G/K and consider the action of H on X by left multiplication. Then, the orbit of K in
G/K under the H-action is HK. Therefore, |HK| = |K|-(# of H-cosets that lie in this orbit). The
stabilizer Hy of the coset K is H N K, hence the orbit in question includes |H : H N K| cosets of K.

H|-|K
Thus, |HK| =

22. Conjugacy Classes in G; The Class Equation

Recall the conjugation action of a group G on itself is defined by g - x = gxg~ 1.

The stabilizer of an element x € G under the action of conjugation is called the centralizer of
x, denoted Z(x). Thatis, Z(x) = {g € G | gx = xg}.

The orbit O, of x under the G-action is the conjugacy class Cy = {y € G | y = gxg~! for some
g € G}
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The Class Equation 22.3

By the counting formula, |G| = |Z(x)| - |Cx|, s0 |Cx| = |G : Z(x)]
We also have the class equation: let xy, ..., x, be all the representatives of distinct conjugacy

classes, then
n n
Gl =) [Cul =) [G: Z(x)].
i=1 i=1

Furthermore, any element in the center of G only has itself in the orbit. Therefore, we can let
g1, ---,gm be all representatives of non-central conjugacy classes, and then
m
Gl =1Z(G)| + }_ |G : Z(gi)]
i=1
Note by assumption that |G : Z(g;)| > 2.

Remark 22.4. All the integers on the right hand side of the class equation divide |G|, and |Z(G)| > 1.

Example 22.5. G = Dj has conjugacy classes {1}, {r,1*},{s,sr,sr?}. The class equation is 6 = 1 +
2+ 3.

Example 22.6. If X is the set of nilpotent matrices in M, (F) and G = GL,(F) acting on X by conjuga-
tion, then the G-orbits are given by Jordan canonical form. We'll prove this later.

A group G is a p-group if |G| = pF, p prime.

Proposition 22.8

The center Z(G) of any p-group G is non-trivial.

Proof. If Z(G) = {1}, then the class equation for G reads p* = |G| = 1+ ¥L|G : Z(g:)|, but
|G : Z(g;)| = p" for some k; > 1, which is a contradiction. O

‘ Corollary 229 ’

‘ Every group of order pz for a prime p is abelian. ’

Proof. Suppose |G| = p?. If Z(G) = G, then G is abelian. Otherwise, we have |Z(G)| = p. Let
x € G, and we'llshow Z(x) = G. Ifx € Z(G), we're ok, and otherwise wehave 1 C Z(G) C Z(x),
which implies Z(x) = G. O

Corollary 22.10

If |G| = p?, then
(i) G = Cpp is cyclic, or
(i) G=Cp, xCy

Proof. We know that G is abelian. If G contains an element of order p?, then G is cyclic. Otherwise,
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the order of any non-identity element x of G is p, so pick x # 1, set H; = (x). Picky € G\ Hy,
and Hy = (y). Then, H; <G and Hy < G by G being abelian. Furthermore, H; N Hy = {1}, and
since H; C HiH,, we have HiHy = G. So, G = Hy x Hy = C) X Cp. O

Remark 22.11. Groups of order p> are more complicated

There is Cp3, sz X Cp, Cp X Cp x Cp, which are distinct. However, there are also some non-abelian
groups. In fact, for any prime p, there are exactly two non-isomorphic non-abelian groups of

order p.

Example 22.12 (p = 2). When p = 2, there are 2 non-abelian groups of order 8. They are the dihedral
group Dy, and the quaternion group Q = {+1,+i,+j,+k | (=1)x = —x,i®> = > = k* = ijk = —1}.
Q has only one element of order 2, so Q 2 Dj.
0 V-1 0 1
Here is a presentation of Q using matrices: Let a = b = . Then, a* =
v-=1 0 0

1,a% = b?, and ba = a®b. We get that Q = (a, b). Prove this classification as an exercise.

If p is odd, then the non-abelian groups of order p* are

Heis(Z/pZ) = { |a,b,c € Z/pZ}

o O =
[
= a <

b
G, = (g 1) |la,b € Z/p*Z,a=1 (modp)}

Note that when p = 2, the Heisenberg group and G, are both isomorphic to Dy.

23. Conjugacy Action of G on Subgroups

G acts on the set X = { subgroups of G} by conjugation: g - H := gHg .

The stabilizer of a subgroup H under this action is Gy = {g € G | ¢Hg™! = H}, which we

call the normalizer Ng(H).

Remark 23.2. Clearly, H <A N(H), and one can check that N(H) is the largest subgroup of G which

contains H as a normal subgroup.

Corollary 23.3

The number of conjugate subgroups of H equals the index of the normalizer Ng(H) in G.

Notation

If G acts on a set X, then let X© denote the set of fixed points {x € X | gx = x}. Then,
X[ = [XC| + Xjo,5110i] = [XC] + X6, 26 |G : Gyl
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24. The Sylow Theorems

The Sylow theorems give a partial converse to Lagrange’s theorem.

Suppose |G| = p"m, where gcd(p, m) = 1. A p-Sylow subgroup of G is a subgroup of order p".
A subgroup of G is called a Sylow subgroup if it is a p-Sylow subgroup for some p dividing
|Gl

First Sylow Theorem 24.2

For every prime p dividing |G|, G has a p-Sylow subgroup

Proof. Let |G| = p"m, r > 1 and p t m. Let X be the collection of all subsets of G of cardinality p".
Thatis, X := {A C G : |A| = p"}. G acts on X by left multiplication A — g - A.

‘ Lemma 24.3 ’
The cardinality |X| = (p;;") # 0 (mod p).

Proof.

<P’M> _pm(p'm—1)---(p'm—p" +1)
r’ pro(pr—1)---1

Note that for each integer k with 0 < k < p’, p' | (p'm —k) < p' | (p" — k). (Indeed, if we
write k = p/l,j < r,ptl, then p'm —k = p'm — p/l = p/(p"~/m — 1)). This implies that all powers

of p in the numerator are exactly canceled by the powers of p in the denominator. O

Now, write X as a union of G-orbits O. Then, |X| = Y| O]|. Since p { | X|, there exists some orbit
O with |O] # 0 (modp). Let A € O be a subset of O with 1 € A. (Such an A lies in every
orbit). Consider G4. We have G4 C G4 - A = A = |Ga| < |A| = p". On the other hand,
|G| = |O| - |Ga4l. So, as p 1 |O|, we must have p" | |G4|, showing |G4| > p". Hence, |Ga| = p’, so
G4 is a p-Sylow subgroup. O

Remark 24.4. A variant of this arqument shows that G has a subgroup of order p' for eachi € {1,...,r}.

‘ Corollary (Cauchy’s Theorem) 24.5 ’

‘ If p divides |G|, then G contains an element of order p. ’

Proof. Let H be a p-Sylow subgroup of G, and x € H, x # 1. Then, |x| = p* for some k > 1.
Hence, (x” )P = x?' = 1, and by minimality of order x* ' # 1, showing |x? "' | = p. O

‘ Second Sylow Theorem 24.6 ’

‘ Any two p-Sylow subgroups of G are conjugate. ’

Proof. We’ll show something stronger: Let H < G be any p-subgroup of G and P be a p-Sylow
subgroup. We claim that there exists x € G such that H C xPx~ 1.
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Consider G/P, the set of all P cosets xP in G, and the left H-action on G/P by h - xP = hxP for all
xP € G/P. By the counting formula, recalling |G| = m - p" = m|P|, we get that
m=|G/P|=|(G/P)"|+ Y |H:H,.
H;#H
Since H is a p-group all |H : H;| are non trivial powers of p. So, modulo p, this implies 0 # m =
|(G/P)H| (mod p). We deduce in particular that (G/P)", the set of H-fixed points, is not empty.
So, there exists xP fixed by all h € H. That is,

1

hxP=xP = x 'hx € P = hexPx ! = H C xPx!

Corollary 24.7

(i) All Sylow p-subgroups of G are isomorphic
(ii) Let P be a p-Sylow subgroup. Then, P <G <= P is the unique p-Sylow subgroup.

(iii) The number of p-Sylow subgroups is |G : Ng(P)|, where P is a p-Sylow subgroup, and
note that |G : Ng(P)| divides |G]|.

(iv) Any p-group in G is contained in a p-Sylow subgroup.

Corollary 24.8

Let p be a prime, and let |G|, denote the highest power of p that divides |G|. Then, the number

of p-Sylow subgroups of G divides |G|/|G],.

Proof. We know that the number of p-Sylow subgroups of G is |G : Ng(P)|, where P is any one
of them. Moreover, |G : Ng(P)| - |[Ng(P) : P| = |G : P| = |G|/|P| = |G|/|G|,. Thus, |G : Ng(P)|
divides |G|/ |G|, as desired. O

Corollary 24.9

Any element of order p in G is contained in some p-Sylow subgroup.

Third Sylow Theorem 24.10

The number of p-Sylow subgroupsis =1 (mod p).

Proof. Let X be the set of all p-Sylow subgroups, and let P be one of them. Then, P acts on X by
conjugation, and for this action, we have | X| = |X?| (mod p) by the counting formula (recall that
all the other terms are divisible by p). We claim that | X”| = 1, in other words X = {P}.

Indeed, suppose Q € X, so xQx~! = Q forall x € P. Thatis, P C Ng(Q). Now, Q is a p-Sylow
subgroup of Ng(Q), and Q < Ng(Q). Hence, P = Q. O

Note that the number of p-Sylow subgroups must be 1 mod p and must divide the order of |G|,

which is a fairly strong condition.

Example 24.11. Every group of order 15 is cyclic:
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Proof. The number of 3-Sylow subgroups divides 15/3 = 5 and is = 1 (mod 3), so there exists a
unique 3-Sylow subgroup H. Similarly, the number of 5-Sylow subgroups divides 15/5 = 3 and
is=1 (mod5), so there’s a unique 5-Sylow subgroup K. The uniqueness implies H, K < G, and
clearly HNK =1, HK = G,s0 G= H x K= C3 x C5 = Cys. O

This generalizes to groups of order pq with g # 1 (mod p).

Example 24.12. Any finite abelian group is the direct product of its Sylow subgroups.

Proof. 1f Py, ..., Py are the distinct Sylow subgroups of an abelian group A, then Py, ..., P, < A by

~

A being abelian. Moreover, P, N (P; - - - P; - - - P) = 1 by order considerations, foralli = 1,...,k.
Furthermore, P, P; - - - P, = A, also by cardinality considerations. So, G = P; X - -+ X Py. O

Later: we'll classify all finite abelian groups.

25. The Symmetric Group

Recall that S, = S({1,...,n}), with order n!.

A permutation ¢ € S, is a cycle of length r, or an r-cycle if there exists distinct integers
a,...,a4, € [1,n] such that o(a;) = a;4; fori < r, and o(a,) = ay, while o(x) = x for all
x & {ay,...,a,}. We write ¢ = (a; - - - a,), and we note that any r-cycle can be written like this

in r different ways. We say that two cycles are disjoint if no number is moved by both of them.

Proposition 25.2

Any two disjoint cycles commute. Moreover, any ¢ € S, has a (unique) decomposition as a

product of disjoint cycles.

Proof. (Sketch): Given any w € S,. we consider the subgroup (w) generated by w. The cycles in

the decomposition of w correspond to the orbits of the (w)-action on the set {1,2,...,n}. O

Example 25.3. ¢ = 46835217 € Sg has cycle decomposition (14387)(26).

A transposition in S, is any 2-cycle (ij).

Proposition 25.5

Every w € S, is a product of (not necessarily disjoint) transpositions (in a non-unique way)

Proof. Any r-cycle (aj - - - a,) satisfies (a1 - - - a,) = (aa,)(a1a,-1) - - - (a1a2). O
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A permutation is even if it can be written as a product of an even number of transpositions.
Otherwise, it is odd.

We'll prove that this notion is well defined.

26. Conjugacy in S,

Proposition 26.1

Let o, T € S;;, and suppose that ¢ has cycle decomposition

o= (maz---ag)(biby- - by,) - -

Then, tot~! = (t(a1) - - - (t(ax,)) (t(b1) - - - (t(bx,)), hence two elements of S,, are conjugate if

and only if their cycle decompositions have the same orders (i.e. ¢ and T have the same cycle

type). The number of conjugacy classes in S, equals the number of integer partitions of n.

Proof. Tt suffices to check that 7(ij)T™

= (7(i)7(j)) for any transposition (1]) (easy) Alterna-
tively, observe that if o(a) = b, then ot~ !(7(a)) = T(b). Hence, if the pair “ab” appears in the

cycle decomposition of o, then the pair 7(a)7(b) appears in the cycle decomposmon oftor™!. O

‘ Corollary 26.2 ’

‘ If n > 3, then Z(S,,) is trivial. ’

Example 26.3 (Class Equation for S4). The conjugacy classes are 1, the 6 transpositions, the 3 transpo-
sition products, the 8 three cycles, and the 6 four cycles. So, |Ss| =24 =1+3+6+6+8

Back to the proof that “even” and “odd” are well defined.

Proof. We consider the Vandermonde product A(x) = [Ti<icj<u(xi — x;), where x1,...,x,
are variables. If f(xy,...,x,) is any polynomial in xi,...,x,, the symmetric group S, acts

on f by permuting the variables. That is, 0 - f(x1,...,x,) = f(xg(l),...,xg(n)). So, observe

_ 11 oA =+A
oA = Tli<icj<n(Xo(i) — Xo(j)) = £A. Now, define ¢ : S, — {£1} by ¢(0) = L on R
— oA\ = —
We claim ¢ is a group homomorphism. Indeed, (¢7)(A(x)) = TTi<icjcn(Xor(i) = Xor(j) =
o (ngkjgn(xr(i) — xr(j))). It follows that ¢(0T) = ¢(0) (7).
Next, we claim that for any transposition T = (ab), T(A) = —A. This is obvious when 7 = (12),

and in general, if T = (ab), let w € S, be any element such that w(1) = a,w(2) = b. Then,
w(12)w~! = (ab). Since ¢ is a homomorphism, it follows that

plab) = 9(w)p(12)p(w) ! = ¢(12) = ~1
Finally, if ¢ € S, is any permutation, and ¢ = Ty ... T, where each T; is a transposition, then

@(0) = ¢(11) - - - ¢(1x) = (—1)F, hence the parity of k depends only on . O
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The alternating group A, = ker ¢, i.e. the group of all even permutations in S,,.

Proposition 26.5
ISy : Ay| =2,and A, < S,,.

Simplicity of As (Galois) 26.6

As is a simple group.

Proof. We have |As| = 60 = 22-3-5. The number of Sylow 5-subgroups of As is a divisor of
60/5 = 12 and is = 1 (mod5). Since any 5-cycle is As generates a Sylow 5-subgroup, we see
that the number of Sylow 5-subgroups if 6. Hence, the number of elements of order 5 in As is
6-(5—1) = 24. These are the 5-cycles (1xyzw) where xyzw is a permutation of 2345.

Similarly, As could have 1,4, or 10 Sylow 3-subgroups, and by inspection we see the number is

10. These 10 subgroups given 10 - (3 — 1) = 20 elements of order 3 in As.
Choose i € {1,...,5},let{a,b,c,d} ={1,2,3,4,5} \ {i}, and define

Vi := {1, (ab)(cd), (ac)(bd), (ad)(bc)} < As.

Each V; is a Sylow 2-subgroup of As, and V; N V; = {1} for i # j, and by inspection cVic ™! = V,;
for all o € As. Therefore, Vi, ..., V5 are the only Sylow 2-subgroups of As. It also follows that As
has 5- (4 — 1) = 15 elements of order 2. One checks (exercise) that any 2 such elements of As are

conjugate to each other.

Now, let N < As be nontrivial. If N contains an element x of order 5, then it contains the Sylow
5-subgroup generated by x, hence (since N is normal) all of the Sylow 5-subgroups of As are in
N. That is, N either contains all 24 elements of order 5 or none of them. Similarly, N contains
all 20 elements of order 3 or none of them, and N contains all 15 elements of order 2 or none of
them. But then the cardinality is 1 + | X|, where X is a nonempty subset of {15,20,24}. Also, |N|
divides 60, so we deduce that |[N| = 60, thus N = As. O

27. Finite Simple Groups

Lemma 27.1
| |

‘ As is the only nontrivial proper normal subgroup of Ss. ’

Proof. Suppose H < S5,{1} # H # Ss. If H # As, then H ¢ As because As is simple, so
HAs = Ss. The second isomorphism theorem gives HA5/H = As/(H N As). Therefore, H N As
is a proper normal subgroup of As, hence H N As = {1}. It follows that |HAs|/|H| = |As|, hence

|H| = 2. But, no subgroup of order 2 in S5 can be normal. O
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‘ Theorem 27.2 ’

‘ Any simple group of order 60 is isomorphic to As. ’

Proof. Let G be a simple group of order 60. If G has a subgroup H with index |G : H| = n, then
the left action of G on G/ H gives a homomorphism from G to S(G/H) = S,,. Since G is simple,
ker ¢ = 1 or G, but clearly ker ¢ can’t be G. So, ¢ is injective. Thus, if n < 4, then |S,,| < 24 < 60,
so G couldn’t be a subgroup of S,,. We deduce that H = G or |G : H| > 5.

We now claim that G has a subgroup of index 5, and hence G is isomorphic to a subgroup of Ss.
This claim will prove the theorem, since G would have index 2 in S5, hence G < S5, and we use

the lemma.

Suppose G does not have a subgroup of index 5. The number of Sylow 2-subgroups of G divides
60/4 = 15. Since this number equals |G : N(P)| for any Sylow 2-subgroup P, by our hypothesis,
and the previous analysis, we deduce that the number is exactly 15. Let H; and H, be distinct
2-Sylow subgroups of G, and suppose there exists 1 # t € Hy N Hp. Then, |Z(t)| > 4, because Hy
and H, are distinct and abelian, both contained in Z(t). Also 4 divides |Z(t)| since H; C Z(t).
It follows that |G : Z(t)| < 5. Previous analysis and our assumption shows that Z(t) = G, but
then t € Z(G), so G has a nontrivial center, contradicting the fact that G is simple. Therefore,
no two of the 15 2-Sylow subgroups of G have a non-trivial element in common. Hence, G has
15- (4 — 1) = 45 elements of order 2 or 4. But, G is simple, so G must have more than 1 5-Sylow
subgroup, this G has 6 5-Sylow subgroups, and hence 24 elements of order 5. Bad! ]

Remark 27.3. It is a relatively easy (and tedious) exercise to show that the only simple groups of order
< 60 are the cyclic groups of prime order. Hence, As is the smallest non-abelian simple group. The
non-abelian finite simple group of next smallest order is PSLy(IF7), which has order 168. (Note: As =
PSL,(F5) = PSLy(Fy4))

Classification of Finite Simple Groups, 1984, 15000 pages 27.4

1. (Z/pZ,+), p prime

2. A,,n>>5

3. Finite groups of Lie type, such as PSLy(Z/pZ), p > 5 prime.

4. 26 others, known as sporadic groups. The smallest is the Matthieu group M;j; of order

7920, and the largest is the monster group of order ~ 10>

A composition series for a group G is a normal series 1 = G; < --- <1 G; < Gp = G such that

each G;;1 is a maximal proper normal subgroup of G;, i.e. G;/Gj1 is a nontrivial simple group

for all i > 1. These quotient groups are the composition factors of the series.

Remark 27.6. Clearly, finite groups have a composition series.
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Jordan-Hdlder Theorem 27.7

Let G be a finite groupand 1 = Gs <--- <G <Gp = Gand1 = H;<---<<Hy <Hp = G be
two composition series for G. Then, s = t, and there exists a permutation i — j of [1,s] such

that G;/G;11 = Hj/Hj;1 forall 1 <i <s. Thus, the composition factors G are determined up

to isomorphism.

Proof. We prove this by induction on |G|. This is trivial for groups of small order. We have to
cases:

1. G1 = Hj: The claim is clear by induction

2. Gy # Hi:
Since Gy, H; < G, we have G1H; <G As G € G1Hj, we have G1H; = G by maximality of Gy

=

as a normal subgroup. So, by the 2nd isomorphism theorem, we get G/Gy = H;/(G1 N Hy) and
similarly G/Hy = G1/(G1 N Hj). Let Ky := Gy N Hj. Then, K, is a maximal normal subgroup
of both G; and H;. Let1 = K, < --- < K3 < K; be a composition series for K,. We then have the
following 4 composition series:
(1) Gs<---<Gr<1G1 <Gy =G
(i) K, <-- <Ky <Gy <Gy =G
(iii)) K, <---<Ky<tHy <tHy =G
(iv) Hi<---<Hy < H1 <tHy = G
By our first case above, we compare (i) and (ii), and (iii) and (iv) to see that s = u = t. Moreover,
we have the same composition factors with each pair. But the latter is also true between (ii) and
(iii), since the first 2 composition factors G/ Gy, G1/K; or (ii), Ho/Hi, H1/K; for (iii), which are
isomorphic to each other. O

A finite group G is solvable if the simple factors in any composition series of G are cyclic

groups of prime order.

Example 27.9. 1. Any abelian group is solvable
2. Sy is solvable, which has a composition series 1 <1 Co 9V <1 Ay < S4.

3. Sy is not solvable for n > 5, having composition series 1 << A, <1 Sy,

Feit-Thompson, 1963, 255 pages 27.10
If |G| is odd, then G is solvable. In particular, any non-abelian simple group must have even
order.

Question

If Ny and N, are simple groups, how many groups G have N; < G and G/N; = N;?

This is too hard.
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28. Semidirect Products

Suppose a group G has a subgroup H and a normal subgroup N, such that G = NH and
NN H = {1}. Recall that if H were also normal, then G would be the direct product of N and
H. Without this assumption, we say that G is the (internal) semi-direct product G = N x H.

Remark 28.2. 1. AsHNN = {1},
H=H/HNN=HN/N =G/N,

so if G is finite, we have |G| = |H| - |N/|.

2. Every g € G has a unique expression as § = nh forn € Nand h € H.

3. For x,y € G, write x = nihy and y = nyhy, n; € N,h; € H. Then, xy = nihinyhy =
ny (hinoh ') (hhy) = niny(hihy) = nh.

4. For h € H, we use conjugation by h to define a map ¢, : N — N by ¢, (n) := hnh~!,n € N.
Then, ¢, € Aut(N) and ¢p, © @p, = @pn,, 50 we get a homomorphism ¢ : H — Aut(N),
h — @y,. This @ is called the conjugation homomorphism of the semi-direct product. We see that
(n1hy)(nzhy) = ny@(hy)(n2) - hihy. So, the group operation on G can be expressed in terms of the
group operations on N and H, and the homomorphism ¢ : H — Aut(N)

5. If the conjugation homomorphism ¢ is trivial, then
nhn~t = (nhn V) (hh) = ney(n " Hh = ne(h)(n " HYh=nn"h =h,

so H is normal in G, and G = N x H. Conversely, if G = N x H, then ¢ is trivial. If ¢ is

non-trivial, then G is non-abelian.

29. External Semi Direct Products

Let N and H be groups, and ¢ : H — Aut(N) any group homomorphism. Define a binary
operation on N x H by (n1hy) - (nahy) := (n1¢(h1)(n2), hihy). This turns N x H into a group
with identity (1,1); the inverse of (1, ) is (p(h~1)(n~1),h~!). This group is called the external
semi-direct product of N by H, corresponding to ¢, denoted G = N x, H

Now, G has subgroups N := N x 1 and H = 1 x H, which are isomorphic to N and H, respec-
tively. For (x,1) € N and (n,h) € G, we have

(n,1)(x,1)(n, 1) ™" = (ng(h) (x), h) (@(h~ ") (n™1),h ") = (ng(h)(x)n~",1) €N,
hence IN < G. Moreover, we see (n,h) = (n¢(1)(1),h) = (n,1) - (1,h), so G = IN - H. Finally, as
INNH = {(1,1)}, we see that G is the internal semi-direct product G = IN x H.
Finally, given (n,1) € N and (1,h) € H, we have (1,k)(n,1)(1,h)~! = (¢(h)(n),1), hence the
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conjugation homomorphism IH — Aut(IN) of N x IH corresponds to the original homomorphism

¢ : H— Aut(N). In this way, we can identify internal and external semi-direct products.

Remark 29.2. If ¢, ¢ : H — Aut(N) are distinct homomorphisms, the groups N X, H and N <y, H are

not necessarily isomorphic.

‘ Lemma 29.3 ’

Let H be a cyclic group, and N be any group. Suppose that ¢, : H — Aut(N) are monomor-
phisms (1-1 homomorphisms) such that ¢(H) = ¢(H). Then, we have N x, H = N x4 H.

Proof. Let H = (x). Since ¢(H) and ¢(H) coincide, we see that ¢(x) and (x) generate the
same cyclic subgroup of Aut(N). Hence, there exists a4,b € Z such that ¢(x)* = (x), and
P(x)? = @(x). Since H is cyclic generated by x, we get in general that ¢(h)* = ¥(h), p(h)" = @(h)
for all i € H. Moreover, ¢(x) = ¢(x)? = ¢(x)" = ¢(x™), and ¢ is 1-1,50 x* = x <= h" =h
forallh € H. Now, define 7 : N xy H — N x4, H by 7(nh) := nh".

Then,

T((mh1)(n2h2)) = t(n, p(h1)(n2)hihz) = - - - = (n1hy)(n2h3) = T(n1h1)T(n2h2)
Similarly, we show that T/ : N x, H — N xy H sending nh to nh” is a homomorphism. Since
h® = B, it follows that T and T’ are mutually inverse, hence they are isomorphisms. O
‘ Proposition 29.4 ’

‘ If G = C, is a cyclic group of order n, then AutG = (Z/nZ)*, an abelian group of order ¢(n). ’

Proof. Let g be a generator of G = C,,. If ¢ € AutG, then ¢(g) = ¢” uniquely determines ¢; we
denote this by ¢,. Since 0(g") = 0(g) = n, we must have (a,1) = 1, and conversely for any such
a coprime to n, the map ¢(x) = x* gives an automorphism of C,,. We thus have a surjective map
f:Aut(Cy) — (Z/nZ)* mapping ¢, — a+ nZ, and f is a group homomorphism. Hence, it is
an isomorphism. We'll see later than if n = p is prime, then Aut(C,) = C,_1. More generally,

this remains true for Aut(Cpk) = Cpk—l(p_l) where p > 3. However, for all k > 3, Aut(Cyx) =
Cz X C2k—2. OJ

30. Groups of Order pq

Let p, g be distinct primes, p > 4.

‘ Theorem 30.1

If p # 1 (modg), then any group of order pq is isomorphic to Cp,;. Otherwise, if p =
1 (modgq), then any abelian group of order pq is isomorphic to Cpy, and there’s exactly one

non-abelian group of order pg, up to isomorphism.

Proof. Let |G| = pg, and let P and Q be a p-Sylow and g-Sylow subgroup of G, respectively. Since
|P| = p,|Q| =g, wehave P = C,,Q = C;,and PN Q = {1}. Now, the number of conjugates of P
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in G divides |G : P| = g, and is congruent to 1 modulo p. But, g # 1 (mod p) as g < p, so P has
only one conjugate in G, hence P < G.

Now, Q has either 1 or p conjugates in G, and if the latter happens, we must have p =1 (mod g).
If Q< G, then G = Cy x C; = Cpy. So, we are reduced to the case when p =1 (mod g) and G
is non-abelian. In this instance, G = P x Q. Let ¢ : Q — Aut(P) be the conjugation homomor-
phism. Now, ¢ is non-trivial, and Q is a simple group, so ¢ is 1 — 1. We’re reduced to studying
monomorphisms C; — Aut(C,) = C,_1. Since g | p — 1, Aut(C,) has a unique subgroup K of
order 4. Define ¢ : C; — Aut(C,) by letting ¢(x) be a generator of the cyclic group K < Aut(Cp),
where x is a generator of C;. This shows that a nontrivial ¢ exists, so a non-abelian group of order
pq-

Now, if ¢ : C; — Aut(Cp) is another monomorphism, then by uniqueness of K, we must have
Y(C;) = K = ¢(Cy). Hence, Lemma 29.3 shows that C, x, C; = Cp, Xy Cg, this is non-abelian

group is unique. O

Example 30.2 (Examples of Semi-Direct Products). 1. M, is the group of rigid motions of R".
Then, M, = O(n) x R™.
2. The dihedral group D,, = C;, x Cy
3. The symmetric group S, = A, X Ca.

31. The Free Group

Motivation

Make precise presentations of groups like

Ch=(x|x"=1) or Dn:<x,y|x2:y”:1,xy:y_1x>.

Let S be a (possibly infinite) set of symbols (e.g. {a,b,...}), and define ' = SUS™! =
{a,a"1,b,b71,...}. A word is a finite string of symbols of S’. Words are multiplied by con-
catenation:

(aa)(ba) = aaba

1 denotes the empty word with no letters, and let W be the set of all words.

Lor x~1x for some x € S, we agree to cancel x,x~ 1, and reduce the

If a word contains xx~
length of the word. The word is reduced if no such cancellation can occur. Starting with any
w € W, we can perform a sequence of cancellations until we reach a reduced word wy. This is

called a reduced form of w.

Proposition 31.2

There is only one reduced form for any given w € W
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Proof. We may induct on the length of w. If w is already reduced, then there’s nothing to prove.

Otherwise, there exists a pair xx~ 1 in W which can be canceled (here, x € ', and by convention

1

if x = a~ !, then x~! = g). It suffices, using induction, to prove that we can obtain each reduced

form of w by canceling xx ! first.

Let wy be a reduced form of w, i.e. wy is obtained from w by a sequence of cancellations. If xx~!

is canceled at some point during the process, we can rearrange to cancel it first. The only other

possibility is that x or x~! in “xx~!” was canceled at some point. If, say, x was canceled, then it

1

happened like x 'xx~! — x~1. But, notice that canceling the original pair has the same effect.

(similar if x~! was canceled first) So, we're back in the previous case. O

w,w’ € W are equivalent if the have the same reduced form.

Proposition 314

The product of equivalent words are equivalent. We can therefore multiply equivalence classes

of words.

Proof. If w ~ w',v ~ v', let wy, vy be the reduced form for w, w’, and v, v’ respectively. It follows
that wo ~ wyvy ~ w'v'. O

Remark 31.5. We have inverses, as, for example [abc---z] ™1 = [z71 .. c71b~1a™!]

‘ The group F(S) = (S) of equivalence classes of words on S’ is the free group on S. ’

We can now introduce power notation:
aaabb = a®b*.

‘ The elements of S are the generators of F(S)

Example 31.8. 1. IfS = {x}, then F(S) = {x* | k € Z} is the infinite cyclic group generated by x.
2. IfS = {a,b}, F(a,b) = {1,a,a71,b,b"%,ab,ba,a”'b,...}

Universal Property of the Free Groups 31.9

Notice that the free group F(S) comes with a map of sets f : S — F(S) with a +— a. The pair
(S, F(S)) has the following universal property:

For any group G and map of sets ¢ : S — G, there exists a unique homomorphism ¢ : F(S) —

G such that ¢ o f = ¢. That is, the below diagram commutes.
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Proof. Not the whole proof, but observe that the obvious definition of ¢ on words in W passes to

equivalence classes. O

Remark 31.10. If Gisa group and S C G is any subset, from the universal property we get a unique map
¢ : F(S) — G. ¢ is surjective ifand only if G is generated by S. When ¢ is onto, we get G = F(S) / ker ¢,
hence the elements in ker ¢ are relations among the generators in the set S.

A set of words R = {ry,r,...} is a set of defining relations if R C ker ¢ from the above
remark, and ker ¢ is the smallest normal subgroup containing R (so, ker ¢ is generated by all

words in R with their conjugates).

We use the notation G = (x1,xp,- -+ | r1,72,...), where S = {x1,xp,... }.

Example 31.12. 1. G=2Z/nZ, ¢ : (x) — G, x — 1. ker ¢ is generated by x"",s0 G = (x | x" = 1)
2. G={(x,y|xyxly ' =1) = {x'y/ | i,j € Z} = Z & Z, the free abelian group on x and y.

This is where the material for the midterm ends.

32. Reflection Groups and Coxeter Groups

Let V = R". Forany a # 0in V, let H, = ()~ = {x € V | (x,&) = 0}. Then, the reflection
Sa 1 V — Vis the map in O(V) = O(n) such that s,(x) = x for all x € H,, and s, (a) = —«.

Proposition 32.2

sa(x) = x — 22lg

The reflection group is a finite subgroup W of O(V) generated as a group of reflections.

Example 324. 1. D, = (x,y| x> =1,y" =1,(xy*) =1). So, set s1 = x,50 = xy, and D,, =
(51,253 =s5=1,(s15)" = 1)

2. The symmetric group S, < O(n), where w € S, permutes ey, ..., e, (w is a permutation matrix).

The transposition (if) acts as the reflections se,—; about He,—o; = {x € R" | x; = x;}. In fact, S,
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is the symmetry group of the (n — 1)-simplex A, 1 := {¥; Aiej | Ai > 0,A1 + -+ -+ A, =1},
Sn = {Sl,. R | | (SZ'S]')2 = 1, |l —]| 2 2, (SiSi+1)3 = 1}

3. Let V.= R", and let S, act as before. Now, add the n reflections about the coordinate hyperplanes
H.,1 <i < n. These n reflections generate a group N of order 2" isomorphic to (Z/2Z)". Note
that NNS, =1,and N and S,, generate a group W = N X S,,, called the hyperoctahderal group
(the permutation action of S, on (Z/2Z.)" is the conjugation homomorphism S, — Aut(N)). W
is the symmetry group of the n-cube [—1,1]" = {Y_Aje; | —1 < A; < 1}. The elements of W, are
signed permutation matrices (like permutation matrices but they can have £1 instead of just 1).
In one line notation, w € W is a signed permutation w = (wq,wo, ..., w,), where w; = w(i),
and {|wn|,. .., |wa|} ={1,...,n}. W, is generated by the simple reflections s, ...,S,—1 € S, and
the sign change so := (—1,2,...,n). The presentation is Wy, = {so,...,sy—1 | 57 = 1,(sis;)* =
1Lli—j] >2,(sisiv1)® =1,i > 1,(sps1)* = 1}

‘ Lemma 32.5 ’

Givena, f € R?\ {0}, sg o', is a rotation through twice the angle between a and p. There’s a
version of this in R" as well.

Proof. Exercise [

A group W is a Coxeter Group if there exists S C W such that W is a quotient of the free group
F(S) modulo the relations:

i) s2=1foralls €,
(ii) (ss’)"™ss =1foralls,s’ € Swiths # s/, and for some minimal integers m; y = my s > 2.

We represent W by a labeled graph I'yy called the Coxeter graph with one vertex for each s € S,
and an edge connecting s, s’ if m;y > 3 labeled by m;y. In practice, if myy = 3, the label 3 is

omitted.

W is irreducible if I'yy is connected (if not, we can write W = W; x - - - x W, depending on the

connected components of I'yy).

Example 32.7. 1. Dy, = I(m)

2. S, = A1
3. W, = BC,
Theorem 32.8

Let (W, S) be a Coxeter group, where S is a finite set of Coxeter generators, with connected
Coxeter diagram I'yy. Then, TFAE

1. Wis a finite group

2. T is one of the following Coxeter diagrams: A, with n > 1 vertices, BC,, with n > 2
vertices, D, with n > 4 vertices, Eq, E7, Eg, Fy, G, H3, Hy, I,(m). See below.
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Figure 1: Source: Rgugliel on Wikipedia
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Rings

33. Intro to Rings

A ring R is a set together with two binary operations +, - : R X R — R satisfiying
(i) (R,+) is an additive abelian group
() (a-b)-c=a-(b-c)foralla,b,c € R
(iii) There exists 1 € Rsuchthata-1=1-a=aforalla € R
) a

(iv

-(b+c)=a-b+a-cand (a+b)-c=a-c+b-cforallab,ceR

Remark 33.2. (ii) and (iii) say that (R, -) is an associative monoid.

A ring R is commutative if multiplication is commutative, i.e. a-b = b-a forall a,b € R.

We say R is a division ring if 1 # 0, and every a € R\ {0} has a multiplicative inverse. A

commutative division ring is called a field.

Example 33.4. 1. There is a unique ring with 1 = 0, which is the 0 ring {0}.

2.

Any field is a ring

3. (Z,+,)isaring
4.
5

Forany n € IN, the coset space (Z/nZ,+, -) is a ring, which is a field if and only if n is prime.

. Let A be any set, and R be a ring. Then, the set F(A) = {f : A — R} is a ring under pointwise

operations.
Let i, ],k be symbols obeying the relations i> = j> = k*» = —1,ij = k,jk = i,ki = j = —ik (the
quaternions). Then, the ring of quaternions IH is the 4 dimensional real vector space

H:={x+yi+zj+wk|xyzweR}

with multiplication defined multilinearly. Every quaternion has a norm ||q||* = x*> + y* + 2> + w?.

If g # 0, one checks that g~ Hq\lz

If R is any ring, we get a matrix ring M, (R) for each n > 1, consisting of n X n matrices in R,
with operations defined as usual.

Let R be a ring. The ring of polynomials R[x| in the variable x with coefficients in R is the set of
all formal sums

ag+ ax + - -+ ayx”
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with only finitely many a; # 0. The operations are defined as usual. That is,

Lax) Qb)) = Lewt = ) aby
! ]

i+j=k

9. For R a ring, there is also the ring of polynomials in several variables, R[x1, X2, ..., X,]. We assume
the x;’s commute. Observe that R[x,y] = (R[x])[y]

Let R’ be a ring. Then, a subring R of R’ is a ring sharing the same operations and identity

1g = 1g.

Example 33.6. R is a subring of R[x]. Moreover, R[x| is commutative if and only if R is commutative.

Proposition 33.7

Let R be aring, and 4,b € R be arbitrary. Then,
1. 0Oa =a0=0.
2. (—a)b= —ab=a(-b),and (—a)(—b) = ab.
3. The identity 1 is unique, and —a = (—1)a.

Remark 33.8. In a general ring, it is possible that xy = 0 while x and y are both nonzero. For example,
(2+6Z2)(3+6Z)=6Z =0.

Let R be a ring. A non-zero element x € R is a zero-divisor in R if there exists ¥ € R non-zero
such that xy = 0 or yx = 0. An element u € R is a unit in R if there exists v € R such that
uv = vu = 1. The set of all units in R is denoted R*, and forms a group under multiplication,

called the group of units in R.

Example 33.10. 1. Z2* = {1}

2. Every non-zero element of Z./nZ is either a zero divisor or a unit. |(Z/nZ)*| = ¢(n).

A commutative ring R with identity 1 # 0 is called an integral domain if it has no zero-

divisors. Thatis, xy =0 = x =0o0ry = 0.

Proposition 33.12

If R is a domain, then R has the cancellation property ax =ay = x =yora =0.

Corollary 33.13

Every finite integral domain is a field.

Proof. Let R be a finite integral domain, and let 2 € R\ 0. Then, define i : R — R defined by
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x — ax is injective, by the cancellation property. Hence, as R is finite, i must also be surjective, so
there exists b € R such that i(b) = 1. That is, ab = 1, hence a is a unit. O

34. Ring Homomorphisms

If R, R are rings, a map ¢ : R — R’ is a ring homomorphism if
D ¢(x+y) =)+ o)
(i) ¢(xy) = @(x)o(y)
(iii) @(1r) = 1g
A bijective ring homomorphism is an isomorphism. The kernel of ¢ is

kerp ={x € R | ¢(x) =0}

Proposition 34.2

¢ is injective if and only if ker ¢ = {0}, and ¢ is surjective if and only if Img ¢ = R’

Example 34.3. 1. There is a unique homomorphism i : Z — R for any ring R. Namely, i(1) = 1, and
i(n)=1r+---+1g forn > 1,and i(—n) = —i(n). The kernel of i is a subgroup of Z, so it must
be nZ for some n > 0. This n is called the characteristic of R. For example, if R is an integral
domain, then the characteristic of R is prime or 0.

2. (Substitution Principle) Let ¢ : R — R’ be a morphism of commutative rings (actually, only R’
needs to be commutative). Then, for any element w € R’, there exists a unique ring homomorphism
¢ : R[x] — R’ which agrees with ¢ on constant polynomials, i.e. R, and has ¢(x) := «. In fact, we
must have ¢(Y a;x') = Y. (a;)a’. This extends to polynomial rings in more than one variable as

well.

35. Ideals and Quotients

We want to define, for certain subgroups I C R, a quotient ring R/I. These additive subgroups

should be exactly the kernels of ring homomorphisms ¢ : R — R’.

‘ Note ’
ker ¢ is not a subring of R unless 1 € ker ¢, which is equivalent to saying that ker ¢ = R. But,

ker ¢ has all the other properties of a subring, including the special property thatifr € R,a €
kerp,thena-r=r-a c kerg
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A subset® # I C Riscalled a

(i) left ideal if I is a subgroup of (R, +) and ra € Iforallr € R,a € I,i.e. rI C I for all
r € R.

(ii) right ideal if I is a subgroup of (R, +) and ar € [ forallr € R,a € I, i.e. Ir C I forall
r € R.

(iii) two-sided ideal if its both a left and right ideal.

An ideal will always mean a two-sided ideal. The notion of left and right ideals are the same

in commutative rings.

Example 35.2. All kernels of homomorphisms ¢ : R — R’ are two sided ideals.

Given I C R a two sided ideal, we have a quotient group (R/I, +). Moreover, the multipli-
cation (a+ I)(b+ I) = ab + I then defines a ring structure on R/I. We call R/I a quotient

ring.

Proof. fa+1=da +Tandb+1="0b+1,thena =a+uy, b’ = b+ up with uy,up € I. It follows
that a’t’ = ab + au, + buy + uqup, = ab+ u, foru € I. Hence,ab + 1 = a'b’ + 1. O

Remark 35.4. The identity in R/1is 1 4 I, and we have a canonical projection map 7 : R — R/I; the

ring structure on R/ 1 is that which makes 7t a ring homomorphism.

Theorem 35.5

(R/1, ) also satisfies the universal property as in the case of vector spaces and groups.

First Ring Isomorphism Theorem 35.6

Let ¢ : R — R’ be homomorphism of rings. Then, Img ¢ is a subring of R’, ker ¢ is an
ideal of R, and the induced map ¢ : R/ ker ¢ — Img ¢ which maps r + ker ¢ — ¢(r) is an
isomorphism. That is, R/ ker ¢ = Img ¢.

Second Ring Isomorphism Theorem 35.7

Suppose R is a ring, and A, B are subsets of R such that A is a subring and B is an ideal. Then,
(A+B)/B=A/ANB

Given a subset A C R, we denote by (A) the left ideal generated by A, i.e. the smallest left
ideal of R containing A. We have that

(A): ﬂ I:R'AZ:{Tlﬂl-l-"'—Frkﬂk|1’i€R,€li€A,k€N}
ACI leftideal
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A left ideal I is finitely generated if I = (A) for some finite set A C R. We say that I is

principal if I = (a) = Ra for some a € R. We can work similarly with right or 2-sided ideals.

Example 35.9. 1. (0), R are two sided ideals in any ring R.

2. Anideal of Z is a subgroup, so it must be principal nZ. Similarly, if F is a field, all ideals in F|[x]
are principle. This fails in Z[x] or C[x, y].

Exercise: Check that the ideal (x,y) in C[x, y] is not principal.

Hard exercise: Show that all ideals in C|[x, y| are finitely generated.

Example 35.10 (Examples of Quotient Rings). 1. If R is any ring, we have an evaluation map at
0, which is ¢ : R[x] — R, f(x) — f(0). Note that Img ¢ = R, ker ¢ = (x), so R[x]/(x) = R.

2. Consider the evaluation ati = \/—1in ¢ : R[x] — C, f(x) ~ f(i). Since p(ax +b) = ai +b
for all a,b € R, we know ¢ is surjective. We claim ker ¢ = (x> + 1). Indeed, if f(x) = (x> +
1)g(x), then f(i) = 0. Conversely, if f(i), then since f has real coefficients, f(—i) = 0 as well by
conjugation. So, f(x) is divisible by (x —i)(x +1i) = x> + 1. Therefore, R[x]/(x*> +1) = C.

2

3. Consider the ring C[x,y]/(y* — x*> — x3). This is unlike any ring weve seen before. Let’s prove

some results to help.

Proposition 35.11
Let I C R be a left ideal.

1. I = R <= I contains a unit

2. Suppose R is commutative. Then, R is a field if and only if the only ideals of R are (0)
and R.

Corollary 35.12

If Fis a field and ¢ : F — R is any ring homomorphism, ¢ must be either injective or trivial.

A left ideal m in R is maximal if it’s maximal among all proper ideals of R.

Theorem 35.14

Any proper (left) ideal of a ring R is contained in a maximal ideal.

Proof. An ideal I of R is proper if and only if 1 ¢ I. So, we can use Zorn’s lemma: if 7 is the
set of all proper left ideals of R, ordered by inclusion, then any chain (I;);c; of ideals in I has an
upper bound. Namely, take UI;, and since we're working with a chain, this is still a proper ideal,

as1l ¢ UI]-. Thus, by Zorn’s lemma, 7 has a maximal element m. O

Example 35.15. 1. The ideals of (Z,+,-) are the subgroups nZ for n > 1. The maximal ideals are
pZ, where p is prime.

2. (Deeper) If F is any field, the maximal ideals of F[x] are of the form (f(x)) where f(x) can’t be
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factored (it's a principal ideal domain). In other words, f is irreducible over F.

3. (Even deeper) Consider C|[x,y|. Recall that the maximal ideals in C are x — a for a € C. Similarly,
the maximal ideals in C[x,y] are (x —a,y — b) for a,b € C (not entirely easy to prove).

Remark 35.16. Let R be a ring, I C R a left ideal. Then, there is a 1-1 correspondence between left ideals
in R/ I and left ideals | C R which contain I.

Proof. Exercise. O

‘ Theorem 35.17 ’
‘ Let R be a commutative ring. An ideal M C R is maximal if and only if R/M is a field. ’

Proof. If R/ M is afield, its only ideals are (0) = M and R/ M, so by the above remark, this implies
that there are no ideals | of R with M C | C R, hence M is maximal. (Note that this direction
does not require the ring to be commutative)

Conversely, if M is maximal, the only ideals of R/M are (0) and M. Hence, since R is commuta-
tive, R/M is a field. O

And ideal P C R is prime if whenever ab € P, we havea € Por b € P.

Proposition 35.19

Anideal P of R is prime if and only if R/P is an integral domain.

Proof. The defining condition for a prime ideal, in the quotient, translates to (a + P)(b + P) = P,
thena + P = Por b+ P = P, exactly the condition for an integral domain. O

Corollar 35.20
| y |

Let R be a commutative ring. Then, all maximal ideals in R are prime. The converse is not

necessarily true.

Example 35.21. In R = C|x,y|, the ideal I := (x) = xCl|x,y] satisfies R/I = Cly|. This is a domain,
but not a field.
36. The Field of Fractions of an Integral Domain

This generalizes the standard construction of the rational numbers from the integers.

Let R be a domain and S := R\ {0}. We define an equivalence relation on R x S by (a,b) ~

(c,d) <= ad = bc. We denote by 7 the equivalence class of (a,b). We may define addition
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and multiplication of these classes in the usual way:

a ¢ ad+bc

ac

a c

b d” "bd ' b'd bd
The set K of all equivalence classes becomes a ring with identities ¢ and }. Moreover, K is a
field, since (4)~! = (%) if £ # 9. There is an embedding i : R < Kby a — %. K s called the
field of fractions or quotient field of R, often denoted Q(R).

Proposition 36.2

The pair (R, K) with the embedding i : R — K is characterized by a universal property: for

any field A and monomorphism j : R < A, there exists a unique homomorphism ; K— A

such that j = fo i. That is, the diagram below commute.

Example 36.3. 1. Q is the quotient field of Z.

2. If R is an integral domain, we claim R[x| is an integral domain. Indeed if f(x) = a,x" +--- +
a1x +ag, and g(x) = by x™ + - - - + bix + by, with a,, by, # 0, then a,by,, # 0, hence f(x) - g(x) =
Apby X" 4 .. % 0. The quotient field of R[x] is the field R(x) of rational functions in x over R.

RGo) = (B3 pg € Rlsla £ 0}

37. Euclidean Domains

Let’s study nice rings.

A ring R is a Euclidean Domain if
(i) Ris an integral domain

(ii) There is a norm map d : R\ {0} — Z>( such that the division algorithm holds: given
a,b € Rwith b # 0, there exists q,r € R such that a = bg + r, and either r = 0 or
d(r) <d(b).

Example 37.2. 1. The ring of integers Z, with d(k) = |k|.

2. Z[i) :=={x+iy | x,y € Z} = Z[x]/(x* + 1) is the ring of Gaussian integers. It is Euclidean:
Letd: Z[i)\ {0} = Zso by d(x +iy) = x> + y2. Take a,b € Z][i] with b # 0. We want to divide
abyb.

Case 1: Suppose b = n € IN. Write a = x + iy, and let x = win + x',y = won + y' such that
X, [y'| < 5. Then, a = n(wy + wy) + x' + iy, and d(x' +iy’) = (¥')* + (v')* < ”72 <n?=
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d(b).
Case 2: We use case 1 to divide ab by bb, yielding ab = gbb + ', with d(+') < d(bb) = d(b)>.
Now,
d(a —gb)d(b) = d((a —gb)b) = d(r') < d(b)*> = d(a—qb) < d(b)
so taking r := a — qb works.

3. Polynomial division algorithm: Here, R is assumed to be commutative. We define the degree deg( f)
of a non-zero f(x) € R[x] as usual, and set deg(0) := —oo. Suppose ¢ € R[x] is a monic, that
is g(x) = x" +a, 1x"" 1+ +ayx +ag. Then, for any f € R|x|, there exists q,r € R|x] such
that f = qg +r, and degr < degg. Furthermore, q(x) and r(x) are unique.

Proof. Suppose deg f(x) = m. We use induction on m to prove the existence of g and r. If m < n,
we're ok, since f = 0- ¢+ f. Otherwise, if m > n, then write f(x) = ¢;,x™ + - - - + ¢1x + ¢o with
cm # 0, and note that

deg(f(x)) — cnx" g(x)) < m.
By induction, f — ¢y x™""g =q'g+1,s0 f = (cux™ " +q')g+ 1", and degr’ < n.
For uniqueness, suppose f = q¢ +r = q'g + 1/, then subtracting yields (4 — q')g = ' — r. But,

deg(r — ') < deg(g), and if g — ¢’ # 0, then the degree of the LHS is > deg g (since g is monic!).
Therefore, we must have g = 4’, and hence r = r'. O

Remark 37.3. The division algorithm above also works if we replace ”g monic” by ”g unitary”, meaning
that the leading coefficient of g is a unit.

‘ Corollary 37.4 ’

‘ If F is a field, then Fx] is a Euclidean domain, with d(f) = deg f. ’

38. Adjunction of Elements

Given a commutative ring R, we want to create a new ring R’ which contains R and «, where « is

some element satisfying some polynomial relations f;(¢) =0,i € I.

Let R be a commutative ring, and let « be some value satisfying a set of polynomial relations
fi(x) € R[x], i € I. We then define R" := R[a] = R[x]/ (fi(x) | i € I). This is called adjoining
atoR

Special Case

Suppose « satisfies a single monic polynomial relation f(x) = 0, where f(x) = 1" +

cn1x" 1+ +c1x + co € R[x]. Then, R[a] is in bijective correspondence with the elements
of R".
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Proof. (rg,...,Ty_1) corresponds to g + rq& + - - - +r,_1a" 1. Indeed, since f is monic, any g(x) €
R[x]/(f) can be written as a polynomial in x of degree < n — 1, and this polynomial is unique. [

Example 38.2. 1. Forany field F, we can define F|x,x '] = F[x][x~!] := F[x,y]/ (xy — 1), and we

get the ring of Laurent polynomials in x.

2. Z[1/5] := Z[x]/ (5x — 1)

39. Principal Ideal Domains

We say an integral domain R is a principal ideal domain (or PID) if every ideal in R is princi-
pal.

Proposition 39.2

Any Euclidean domain is principal.

Proof. If R is Euclidean, with norm 4, and I is a non-zero ideal of R, let a be the element of [ with
d(a) minimal. Then, we claim I = (a). Indeed, if b € I, divide b by a to get b = qa + r, and
d(r) < d(a),butr =b—qa € I, so we must have d(r) = 0 by minimality. O

‘ Corollary 39.3 ’

‘ If F is a field, then F[x] is a principal ideal domain. ’

Example 39.4. Z and Z]i] are both PIDs.

Let R be a commutative ring, and take a,b € R with b # 0. We say

(i) ais a multiple of b, and b divides a, written b | g, if there exists x € R with a = xb. This
is equivalent to Ra C Rb.

(i) A greatest common divisor d of a and b is a non-zero element d such thatd | a,d | b, and
ifc|a,c|b, thenc|d. Wedenote the gcd as (a,b) or ged(a, b).

Proposition 39.6

Let R be an integral domain. If two elements a,b of R generate the same principal ideal, i.e.
Ra = Rb, then a = ub for some unit u € R. In particular, if d and d’ are greatest common

divisors of a, b, then d’ = ud for some unit u € R.

Proof. Suppose Ra = Rb. Then, a = xb = xya for some x,y € R. It follows that a(1 — xy) = 0, so
a=0orxy=1.Ifdand d’ are greatest common divisors and @ and b, then d | d’ and d’ | d, hence
Rd = Rd’, thus d’ = ud. O
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We say that a and b are associates if = ub for some unit u of R.

Theorem 39.8

Let RbeaPID,a,b € R\ {0}. Then, a and b have a greatest common divisor in R. Furthermore,
let d = ged(a, b), then there exists x,y € R with d = xa + yb. If R is Euclidean, there is an

algorithm for computing d.

Proof. Consider the ideal Ra + Rb, which must be Rd for some d € R. It’s easy to see that d =
ged(a, b). We then see that d = xa + yb for some x,y € R.

If R is Euclidean, then we have the Euclidean algorithm for computing d :
a = qob+ry,d(ro) <d(b)
b= qiro+r1,d(r1) <d(ro)

Since d(b) > d(rg) > d(r1) < ---, this process terminates with r,_1 = g,117, + 0. We claim
d=r, =gcd(a,b). Indeed,

tnlthe = tyh|tho = -+ = 1y | b,ry]a.

Moreover, ifc |aand ¢ | b, thenc | ro,c | r1,...,c | 7n. O

40. Chinese Remainder Theorem

If {R;}ics is a family of rings, their direct product [];c; R; is defined as the direct product of

the abelian groups, (R;, +), along with products defined component-wise.

Example 40.2. Ry X Ry has (x,y) + (¥, y') = (x+x,y+y'), and (x,y)(x',y') = (xx', yy’).

For the rest of this section, we assume all rings are commutative

‘ Given two ideals I, ] of a commutative ring R, we say that I and | are comaximal if I + | = R. ’

Example 404. mZ +nZ =7 <— (m,n) =1.

The product ideal I] is the ideal generated by all products xy, with x € I,y € J. That s,

U= {inyi’xiEI/yiEanl}

i=1
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Chinese Remainder Theorem 40.6
IfI+] =R, thenI] =1N]J,and themap ¢ : R - R/I x R/] givenby r — (r+ Lr+])is

surjective, and induces a ring isomorphism

R/IJ=R/INJ=R/IxR/]

Proof. 1It’s clear that ¢ is a ring homomorphism and has kernel I N J. Since I + | = R, in particular
there are elements x € I,y € Jsuchthatx+y = 1. Given (r+ I,s +]) € R/I x R/], we claim
¢(xs+yr) = (r+1,s+]). Indeed,
p(x) =(x+Lx+])=(L1-y+])=(L1+]) = (0,1).

Similarly, ¢(y) = (1,0). Thus, ¢(xs +yr) = (0,s +]) + (r+1,0) = (r+ I,s + J) as desired. This
proves @ is surjective.

Finally, we claim I N ] = I]. Note that I] C I N ] always. If [ and | are comaximal, with x +y =1
as before,andz € INJ,thenz=z-1=z(x+y) =zx+zy € I]. Hence IN] C IJ. O

Example 40.7. 1. If Iy, ..., Iy are ideals of R such that I; + I; = R for all pairs i # j, using induction
we can show
R/Il'--Ik:R/(Ilﬁ---ﬂIk)gR/hX'--XR/Ik

2. The theorem gets its name from the special case Z/mnZ = Z/mZ x Z/nZ if gcd(m,n) = 1.
This comes from the ancient problem of finding a solution x to a system x = a (modm),x =

b (mod n). The result implies there is a unique solution x modulo mn.

41. Unique Factorization Domains

Motivation

Our favorite ring is Z. How do we generalize the notion of a prime number in Z? There are

two properties we think about:
1. Ifp=xy,thenx=1ory =1
2. Ifp|ab,thenp|aorp]|b.

In Z, these properties are equivalent, but in an arbitrary ring they may not be.

Let A be an integral domain. An elementa € A\ (A* U{0}) is irreducible if 4 = bc —
be A*orc € A*. Anelement p € A\ {0} is prime if Ap = (p) is a prime ideal (which is
equivalent to A/ (p) being a domain).

Proposition 41.2

Suppose A is an integral domain. Then, any prime element is irreducible.
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Proof. Let p be a prime element and suppose p = bc. Set A := A/Ap. Then, b-¢ = 0, and
therefore b = 0 or ¢ = 0, by the domain assumption. Assume ¢ = 0. Then,

c=pa = p=bc=bpa = pba—1)=0 = ab=1,

thus b is a unit. Therefore, p is irreducible. ]

Corollary 41.3
Let AbeaPID, p € A. TFAE:

1. pisirreducible

2. pis prime

3. Ap is a maximal ideal.

Proof. Clearly (3) = (2), and we showed (2) = (1). Let’s prove (1) = (3).

Suppose p is irreducible, and contrarily suppose Ap is not maximal, so we have Ap C Ar C A
for some r € R. Then, p = rx for some x. Since Ar # A, r is not a unit, so x must be. Then,
r=x"1p € Ap, hence Ar C Ap, a contradiction. O

‘ Corollary 414 ’

‘ We deduce that in a PID, all prime ideals are maximal. ’

Example 41.5. In Z, the prime ideal pZ. is maximal, so Z./ pZ. is a field.

A unique factorization domain is an integral domain R in which every elementr € R\ (R* U
{0}) satisfies

(i) ris a product of irreducible elements.

(ii) The decomposition in (i) is unique up to associates. Namely, if r = p1 - pun =1 - G,

thenn = mand 30 € S, such that p; = ¢;q,(;), with ¢; a unit.

By convention, we say 1 is equal to the empty product [ ] p;.

Example 41.7. 1. We'll soon show that PIDs are UFDs. So, Z,F|[x] for F a field, and Z]i] are all
UFDs. For example, any Gaussian integer has a unique factorization into Gaussian primes, up to
units in Z[i], which are £1, +i.

2. Consider Z[2i] = {a+2bi | a,b € Z} C ZJ[i]. The units in Z|2i] are just £1. Observe
that 2,2i are irreducible in Z[2i] but are not associates. We thus have 2 distinct factorization of
4 = 2.2 = (2i)(—2i). Therefore, Z[2i] is not a UFD. Moreover, Z[2i|/(2i) = Z/4Z which is
not a domain, hence 2i is not prime. It follows that Z[2i] is not even a PID.
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Proposition 41.8

Let R an integral domain. Then, TFAE:
(i) Risa UFD

(i) (@) Any x € R\ {0} is a product of irreducible elements and (b) Irreducible elements are

prime.

(iii) (a)If (r1) C (r2) C --- is an ascending chain of principal ideals, then there exists N such

that (7;) = (ri41) foralli > N, and (b) Irreducible elements are prime.

Proof.

(i) = (ii): (a) holds by definition. For (b), suppose x is irreducible, and suppose x | ab. Then, x
must appear in the unique factorization of a or b into irreducibles. Hence, x | a or x | b. Thus, x is

prime.

(i) = (i): Suppose x = p1---pu = q1---gs with p;,q; primes (same as irreducibles). We use
induction on n: Since p; divides g1 - - - s and p; is prime, we have p; divides some g;, so g; = p1¢;
with ¢; € R*. Now, we set 0(1) = i, and cancel to get po---pn = q1--- ;- - - s up to a unit. By

induction, we have n — 1 = s — 1, and ¢ can be extended to a permutation in S,.
(i) == (ii): Given (r1) C (r2) C ---, suppose ry is such that it has the least number of
elements in its factorization into irreducibles (which are the same as primes). Suppose there

exists (r;) 2 (r¢). Then, ry = rjx with x not a unit. It follows that r; has less elements in its

factorization than r, a contradiction. Thus, (rx) = (r;) for all j > k.

(ili) = (ii): It suffices to show that each x € R\ {0} is a product of irreducible elements. If x
is irreducible or a unit, we're done. Otherwise, x has a factorization x = ryr, with r, 72 not units.
If both 71 and r;, are irreducible, we're done. Otherwise, one of them factors further, etc. The
continued factorization leads to an ascending sequence of principal ideals, which must terminate

by assumption. This termination corresponds to irreducibility of factors. O

‘ Theorem 41.9 ’
| RisaPID = Risa UFD, |

Proof. We check that R satisfies (iii). We’ve already shown that if x is irreducible, then x is prime.
Given an ascending chain (r1) C (rz) C ---, we form the ideal I = |J(r;). Since Risa PID, I = (r)
for some r. Then, there must exists some r; such that r € (7). Thus, (r¢) C (r) C (), so the
chain stabilizes. O

Remark 41.10. Greatest common divisors and least common multiples exists in UFDs. In fact, if R is a
UFD and x,y € R, we work as follows: For each principal prime ideal I, fix a generator p so I = Rp, and
let ‘P be the set of all chosen primes. Then,

X = ¢ H pvp(x)’y — 8/ H pr(y)
peP peP
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and then

ng X, ]/ H pmm{vp Jvp(y)} lcm x ]/ H pmax{vp vp(y)}
peP peP

However, we don’t necessarily have a Euclidean algorithm for finding them.

‘ Diagram of Containment ’

Fields C Euclidean Domains C PIDs C UFDs C Integral Domains. The last containment is
huge.

Between UFDs and integral domains we have Dedekind domains. In Dedekind domains, unique

factorization of elements fails, but one has unique factorization of ideals into prime ideals.

Motivating Questions

1. If F is a field, we know F[x] is a PID, hence a UFD. What about F[x, y|? We'll show that
if A is a UFD, then A[x] is a UFD. Then, F[x,y] = (F[x])[y] is a UFD.

2. Suppose f € Z[x] is irreducible. Is f still irreducible in Q[x]?

For a UFD A, if f € Alx]\ {0} with f(x) = Y ,a;x', the content of f, denoted c(f), is the
ged of all non-zero coefficients of f. We say that f is primitive if ¢(f) = 1. If ¢(f) = d, then
a; = ald,so f = c(f) - f', where f' = Y aix' is primitive.

If0# f=df forsomed € A, thenc(f) =d < c(f') =1

Gauss’s Lemma 41.12
If AisaUFD, and f,g € Alx] \ {0}, then c(fg) = c(f)c(g).

Proof. Write f = c(f)f1 and ¢ = ¢(g)g1 with f1, g1 primitive. Then, f - ¢ = c(f)c(g)f1£1, so it

suffices to show that the product of two primitive polynomials is primitive.

‘ Sub-lemma ’

‘ p € Aisprime <= pisprimein A[x]. ’

Proof. For any ideal I of A, let I[x] be the ideal of A[x] generated by I. We have

n
x] ={) aixj|a; € I,n >0}
i=0

The canonical map 7w : A — A/I induces a map 77 : A[x] — (A/I)[x] called a reduction of
coefficients mod I. We have ker 7 = I[x], and therefore we obtain an isomorphism A[x]/I[x] =
(A/I)[x]. Now, I is a prime ideal in A <= A/Iis a domain <= (A/I)[x] is a domain
<= I[x] is a prime ideal in A[x]. Applying this to I = (p), we obtain the sub-lemma. O

Now, suppose f, g are both primitive in A[x] and ¢(fg) = d. Let p € A be a prime dividing d.
Then, p | fg in A[x]. Since p remains prime in A[x]|, we get that p | f or p | g, contradicting the
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fact that f and g are primitive. O

Corollary 41.13

Suppose A is a UFD, and K is the quotient field of A. Then,
1. If f € A[x] \ {0} is irreducible, with deg f > 0, then f is irreducible in K]x].
2. Suppose f € Alx] is primitive. Then, the ideal K[x] - f in K[x] satisfies K[x]f N A[x] =
Alx]f.

Proof.

1. If f is irreducible, then f must be primitive, for f = c¢(f)f1, with fi primitive, and ¢(f;)
must be a unit. Suppose f is reducible in K[x], so let f = ¢ -h, where g,h € K][x], and deg f >
degg,degh > 0. Write g = g1/aand h = h1/b, with a,b € A\ {0} and g1, € Alx]. Then,
abf = g1hy and ab = c(abf) = c(g1)c(h1), hence abf = c(g1)c(h1)g2ha, where g, hy € A[x] are
primitive. Thus, f = g2hy, which is a contradiction as gy, /> are not units.

2. Suppose f is primitive, and ¢ € K[x|f N A[x]. Then, g = hf for some h € K[x]. Now, there
existsa € A\ {0} so thatag = hy f with h; € A[x]. Also, ac(g) = c(h1) = hy = ac(g)hf =
¢ = c(g)haf, and since c(g)hy € Alx], we're done. O

‘ Gauss’s Theorem 41.14 ’
| AisaUFD = A[x]isa UFD. |

Proof. We start with the following lemma

‘ Lemma 41.15 ’
‘ f € A[x]\ {0} irreducible = f is prime. ’

Proof. If deg f = Oisirreducible in A, a UFD, hence f is prime in A, and also in A[x]. If deg f > 0,
then f is primitive, hence K[x]f N A[x] = A[x]f. Consider the map

7 Alx] < K[x] 5 K[x]/K[x]f.
Clearly, kery = K[x]f N A[x] = A[x]f. Hence we get an inclusion A[x]/A[x]f — K|[x]/K][x]f.

Now, f is irreducible in A[x], so f is irreducible in K[x] by the corollary. Therefore, since K is a
field, K[x] is a PID, so f is prime in K[x], hence K[x]/K[x]f is a domain. It follows that A[x]/A[x]f

is a domain, hence f is prime in A[x]. O

Our second claim is:

‘ Lemma 41.16 ’

‘ Any f € A[x]\ {0} is a product of irreducible elements. ’

Proof. We will prove this by induction on n = deg f. If n = 0, then f € A, so f = []p;, with
pi primes in A, which remain irreducible in A[x]. If n > 0, we can factor f = c¢(f) - f1, where

f1 € Alx]is primitive. It suffices to show that f; is a product of irreducibles. If f; is notirreducible,



§42. Irreducibility in Polynomial Rings 67

we have a factorization fi = gh, with 0 < degg,degh < deg f = n. By induction, g and & are

products of irreducibles, and we’re done. ]
Gauss’s Theorem now follows from Proposition 41.8. O
Corollary 41.17

If Ais a UFD, then A[xy,...,x,] is a UFD. Hence Z|xy, ..., xy], F[x1,...,x,] are UFDs (F is a
field).

It’s worth noting that they are not PIDs, as (x1, ..., X,) is not principal for n > 2.

42. Irreducibility in Polynomial Rings

We want to obtain irreducibility tests in A[x]|, when A is a UFD. By Gauss’s Lemma, it suffices to

consider factorizations in K[x], where K = Q(A).

‘ Proposition 42.1 ’

A polynomial p € F[x] has a linear factor <= p(x) has a root in F. Hence, a polynomial of

degree 2 or 3 is irreducible in F[x] <= it has no roots in F|x].

Example 42.2. p(x) = x% + x + 1 is irreducible in Z./2Z[x), since 0> + 0> +1 =12 +1+1=0 #
1 (mod?2). It follows that By := (Z/2Z)[x]/(x* + x + 1) is a field with 4 elements, the classes of
0,1,x,x+1.

Checking for rational roots of a polynomial in Q[x] is easy using:

‘ Rational Root Theorem 42.3 ’
Let p(x) = apx" +a, X" '+ - +ajx +ag € Z[x], with a,, # 0. If L € Qwith (r,5) = lisa
root of p(x), thenr | ag,s | a,.

Proof. p(L) =0 = a," + Ay 15"+ 4+ a;s"r +aps" = 0, hence s | a1 = s | ay.
Similarly, r | ao. O

Note

There is an analogous property for any UFD in place of Z.

Reducing Modulo an Ideal 42.4

Let R be an integral domain and I be a proper ideal of R. Let p € R[x]| be a non-constant
monic polynomial. If the image of p(x) in (R/I)[x], under the reduction mod I map, cannot
be factored in (R/I)[x] into two polynomials of strictly smaller degree, then p is irreducible in
Rlx].

Proof. If p(x) = f(x)g(x), then the leading coefficients of f and g are units in R. WLOG, we may

assume f and g are monic. But then reducing mod I gives a non-trivial factorization in (R/I)[x],
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contradicting the assumption. O

Example 42.5. 1. x? + x + 1 € Z|[x] is irreducible, since it's irreducible in (Z./2Z)[x]. Note that it
does reduce modulo 3: x> + x +1 = (x — 1)? (mod 3), so the inverse of the previous proposition
does not hold.

2. x*+1 € Z[x] is irreducible, but it is reducible modulo every prime p € Z.

We have a special case:

‘ Eisenstein’s Criterion 42.6 ’

Let P be a prime ideal of an integral domain R, and let f(x) = x" +a, 1x" ' + - +a1x +ap
be a monic polynomial with coefficients in R, n > 1. Suppose a,,_1,...,a1,a0 € P, butag ¢ P2,
Then, f(x) is irreducible in R]x].

Proof. If we can reduce f(x) = g(x)h(x) € R]x], then reducing mod P gives
fx) =g(x)h(x) =x" € (R/P)[x],

since all the coefficients vanish. Since R/P is a domain, g and & must both have a zero constant
term, which implies the constant terms of g and & are both in P. But then a9 € P?, a contradiction.
O

‘ Corollary 42.7 ’

If f(x) € Z[x], then f(x) = x" 4+ a,_1x" '+ -+ + a3x + a9, and p is a prime such that p |
ay_1,-..,40,but p?{ ag, then f is irreducible in Z[x] and Q|[x].

Example 42.8. 1. x* + 10x + 5 is irreducible in Z[x].
2. Let p € Z be prime, and consider the cyclotomic polynomial ®,(x) = ’;’7_’11 = xP L4 xP 2+
-+ +x+ 1. Then, ®p(x) is irreducible <= ®,(x + 1) is irreducible, and

— p—1 p p—2 p p—3 p
Dp(x+1) =x —i—(l)x —|—<2>x + +<2>x+p.

Since p | (§) for all k € [1, p — 1], Eisenstein’s Criterion applies, proving ®,(x) is irreducible.
3. Let t be a variable and consider f(x) = x" —t € R[x], where R = Q[t]. Now, P := (t) is prime (in

fact maximal) in R, since Q[t]/(t) = Q. Eisensteins criterion shows that f is irreducible in R|x].

4. The irreducible polynomials in R[x] are linear or quadratic: By FTA, any polynomial f € C|x]
reduces to linear factors: f(x) =TTiu1(x — pi), pi € C. If f € R[x] and deg f > 2, then if f has a
root p € R, it’s divisible by (x — p) € C|x], hence also in R[x]. Otherwise, it has a pair of complex

conjugate roots z and z, so f is divisible by (x — z)(x — z) € R]x], hence is reducible in R]x].

43. Noetherian Rings

(Emmy Noether ~ 1880 — 1930)

Rings need some notion of “finiteness”, analogous to “finite dimensional” for vector spaces. For

many applications, the most fruitful way to define this is the Noetherian condition.
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A (not necessarily commutative) ring A is (left) Noetherian if every (left) ideal in A is finitely

generated.

Proposition 43.2
Let A be a ring. TFAE:
(i) A is Noetherian

(ii)) If ; C I C --- is an ascending chain of ideals, then there exists m such that Iy = I,, for

all k > m. (This was Noether’s original definition)

(iii) The ideals of A satisfy a “maximum condition”: If F is any non-empty collection of

ideals in A, then F contains a maximal element.

Proof. (ii) <= (iii) is immediate.

(i) = (i): If [; C I C --- is a chain of ideals, then I := U;‘;l Ij is also an ideal, which by (i) is
finitely generated: I = (xy,...,x,) for some x; € A. Thus, there exists m > 1 such that x; € I, for
alli € [1,n]. So, I = I, and the chain stabilizes at m.

(iii) = (i): Let I be an ideal of A. Let F := {J C I | ] is finitely generated ideal}. Let ], be a
maximal element of F. If Jy C I, choose xg € I\ Jo, and form Jj = Jo + Axo. Then, J| is finitely

generated, and Jy C ]}, a contradiction. O

‘ Hilbert Basis Theorem 43.3 ’

‘ If A is a commutative Noetherian ring, then A[x] is Noetherian. ’

Proof. Given a polynomial f(x) = a,x" + - - - 4+ ap, with a, # 0, we call a, the leading coefficient
of f. Given an ideal I C A[x], we define a sequence f1, f»,--- € I as follows: f; is a non-zero
element of least degree in I. For each n > 1, if (f1,..., fu) # I, choose f,11 to be an element of
least degreein I'\ (f1,..., fx). Otherwise, stop (we want to prove I is finitely generated). Let a; be
the leading coefficient of f;. Since A is Noetherian, | := (a1,ay,...) is finitely generated. We may
choose a set of generators among the a;, so say | = (a1,a2,...,ay). We claim I = (f1,..., fm).
If not, our process chose f,+1 € I\ (fi,...,fm), sO write a1 = E}-”:l uja; for some u; € A.
Since the degree of f,, 11 by construction is > the degree of f; for 1 < i < m, we can define
g =¥, ujfjxdeefna=degfi e (£, . f,). Now, fus1 —gisin I\ (fi,..., fu), and has degree
< deg fiu+1, a contradiction by construction. O

We're basically going to assume every ring is commutative from now on.
Yy Yy

‘ Corollary 43.4 ’

If A is Noetherian, then A[xy, ..., x,] is Noetherian. So, Z[x1, ..., x,], F[x1, ..., x,| are Noethe-

rian.

Example 43.5. Z[x1,xy,...] isa UFD, but not Noetherian.
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‘ Proposition 43.6 ’

If A is commutative and Noetherian, and I C A is anideal, then A/I is Noetherian. If f : A —

B is a surjective homomorphism, then B is Noetherian.

Proof. We know that any ideal of A/ is of the form ] /I, where ] is an ideal of A containing I. So,
if x1,...,x, are generators of J, then x; + I,...,x, + I are generators of | /1. If f : A — B is onto,
then B = A/ ker f. O
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Algebraic Geometry

44. Introduction to Algebraic Geometry

We study the solutions of systems of polynomials, working over C, although most everything we

say can also be done over arbitrary fields.

Affine n-space A" := A"(C) isjust C"; its elements are points. A! is the affine line, A? is the
affine plane.

Normally, the letter A is used to denote an arbitrary field, but we’re only looking at C, so we
may just think of it as C".

Given f € C[xy,...,x,], apointa = (ay,...,a,) € A" is a zero of f if f(a) = 0. If f is not
constant, the set of zeroes of f is the hypersurface defined by f, denoted V(f). If f has degree
1, then V(f) is a hyperplane in A".

Example 44.2. The following are pictured below
1. V(x> —y*) C A2
2. V(> —x%(x+1)) C A2

5 e 4

'
(6]

More generally, if S is any set of polynomials in C [x1,..., %], we let
V(S)={PeA"|f(P)=0,Yf€S}=]V(f)
fes
IftsS ={f,...,fr}, we write V(f1,..., fr) instead of V({f1,..., f;}). A subset X C A" is an
affine algebraic set if X = V(S) for some S.
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Proposition 44.4
1. If I = (S) is the ideal of C[xy,...,x,] generated by S, then V(S) = V(I). So, every

algebraic set is equal to V(I) for some ideal I

2. If {1, } is any collection of ideals, then
V(UL) =N V(L).
o o

So, the intersection of algebraic sets is an algebraic set.
3. f I C ], then V(]) C V(I).

4. V(fg) =V(f)UV(g) forall f,g € C[xq,...,x,]. More generally, V(I]) = V(I) U V(]).
So, any finite union of algebraic sets is an algebraic set.

5. V((0)) =A™, V((1) =@
(5’) V(Xl —lZl,Xz —az,...,X—an) = {(al,...,an)}

Properties (2), (4), and (5) say that the algebraic sets are the closed sets of a topology on A".
This is the Zariski topology. (5") show that finite subsets of A" are algebraic.

Exercise

Check that V(I]) = V(IN]), even though I] C I N ] in general.

Example 44.5. In A2, coordinates x and y, let I := (x),] := (y), I] = (xy), (IU]) = {x,y). V(x) is
the y-axis, V (y) is the x-axis, V (xy) is the x and y axes, and V (x,y) is the origin.

45. The Ideal of a Set of Points

For any subset X C A", let
I(X):={f €Clxy,...,x] | f(x) =0,Vx € X}.

Then, I(x) is an ideal of C[xy, ..., x,] called the ideal of X.

Proposition 45.2
1. X CY, then I(Y) C I(X)

2. S C I(V(S)) for any set S of polynomials. Similarly, X C V(I(X)) for any set X of points.
3. V(I(V(S))) = V(S) for any set S of polynomials, and I(V(I(X))) = I(X) for any set X
of points.

So, if V is an algebraic set, then V. = V(I(V)), and if I is the ideal of an algebraic set, then
I=1(V(I)).

Example 45.3. Not all ideals are ideals of algebraic sets. For example, | := (x*) C C[x] has V(]) = {0},
but I({0}) = (x) # J. If I = I(X) and f* € I for some n > 0, then f € 1. This says exactly that
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I =rad(I), so I is a radical ideal.

Proposition 45.4

I(X) is a radical ideal for any set X C A". (Later, we’'ll show that radical ideals are exactly the
ideals of algebraic sets.)

Hilbert Basis Theorem For C|xy, ..., x,|, Rephrased 45.5

Every algebraic set is the intersection of a finite number of hypersurfaces.

Note

Notice how the algebraic set comprised x and y axes together is “reducible”, into the irre-

ducible algebraic sets the x-axis and y-axis.

We say an algebraic set V is reducible if V = V; U V,, where V; and V, are algebraic sets in
A", V; C V,i=1,2. Otherwise, we say V is irreducible.

=

Proposition 45.7

An algebraic set V is irreducible <= I(V) is a prime ideal.

Proof. If I(V) is not prime, then there exist F;, F, with F;F, € I(V), but neither F; nor F, are in
I(V). Then, V = (VN V(F))U(VNV(FR)). Then, VNV(F) # Vand VN V(F) # V,so Vis
reducible.

Conversely, suppose V.= V3 UV,, V; C V. Then, I(V;) 2 I(V) [If I(V;) = I(V), then V; =
V(I(V;)) = V(I(V)) = V, a contradiction.] Let F; € I(V;), F; ¢ I(V). Then F,F, € I(V),so I(V)

is not prime. [

‘ Theorem 45.8 ’

‘ If I is a prime ideal, then V(I) is irreducible. ’

This is much harder to show.

‘ Theorem 45.9 ’

Let V. C A" be an algebraic set. Then, there are unique irreducible algebraic sets Vy,...,Vy,
such that V.= ViUV, U---UVy, and V; ¢ V; for all i # j. The V; are the irreducible

components of V.

Proof. Recall that since C[x, . .., x,] is Noetherian, any collection of ideals has a maximal element.
Rephrased, this implies that any collection of algebraic sets has a minimal element. Let S :=
{Algebraic sets V C A" | V is not the union of finitely many irreducible algebraic sets }. We
want to show & = @. Otherwise, S has a minimal member V. Since V € S, it’s not irreducible.
So, V=V UV, with@ # V; C V, V; algebraic. Now, Vi, V, € S,s0 V; = UV, fori =1,2and V;,
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irreducibles. Then, V = U;,V; , a contradiction.

Hence, any algebraic set V = V; U --- UV, for V; irreducible. To achieve the second condition,
if V; C V; for some i # j, then throw away V;. This proves existence. Now, suppose V =
Viu---UV, =WU---UW;. Then,
S S
vi=vin(Jw) = UJWinw))
j=1 j=1
and V; is irreducible, so V; C Wj(;) for some j(i). Similarly, Wj; C Vi for some k. Then, V; C
Wiy C Vk = k=1i,s0V; = Wj;). Likewise, each W; is equal to some V;;). O

Let R be a commutative ring. We define the Krull Dimension of R to be the maximum m such
that there exists a chain of prime ideals Py C Py € --- C P, C R.

Thought Exercise

What does the previous theorem say in terms of ideals in C[xy,...,x,|? More generally, for

any commutative Noetherian ring?

Answer (Lasker-Noether)

Primary decomposition theorem for ideals in Noetherian Rings, which generalizes the funda-

mental theorem of arithmetic.

46. Algebraic Subsets of the Line and Plane

For the affine line A'(C) = C,if V = V/(I) is an algebraic subset, then I = (f(x)),so Vis@, Al, or
a finite number of points, which the roots corresponding to the roots of f. If f(x) = [T (x — a;)¥,
then rad(I) = ([T, (x — a;)). The irreducible algebraic sets are @, A!, and single points.

‘ Proposition 46.1 ’

Let f, ¢ be polynomials in C[x, y] with no common factors. Then, V(f,g) = V(f) N V(g) isa

finite number of points.

Proof. f and g are coprime in C|x][y]. By Gauss’s lemma, f and g are coprime in C(x)[y], which
is a PID because C(x) is a field. Hence, (f,g) = (1) in C(x)[y], so there exists r,s € C(x)[y] with
rf +sg = 1. Now, there is a polynomial d(x) € C[x] so that dr = a,ds = b both lie in C[x, y]
(eliminating denominators), hence af +bg = d € C[x,y|. If (ao,by) € V(f,g), then d(ap) = 0.
But, d only has a finite number of zeroes, hence there is a finite number of x-coordinates which
appear in V(f, g). The same reasoning can be applied to the y-coordinates, proving that V(f, g)
is finite. O
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Lemma 46.2
| |

‘ If F € C[x,y| is any non-constant polynomial, then V(F) is infinite. ’

Proof. On homework O

‘ Corollary 46.3 ’
‘ If f € C[x,y] is irreducible, then I(V(f)) = (f) and V(f) is irreducible. ’

Proof. If g € I(V(f)), then V(f,g) D V(f), which is infinite by the lemma. The previous propo-
sition therefore implies that f and g are not coprime, so as f is irreducible, we have f | g. That
is, ¢ € (f). The opposite inclusion is immediate, therefore I(V(f)) = (f). Finally, since (f) is

prime, a previous proposition implies V(f) is irreducible. O

‘ Corollary 46.4 ’

The irreducible algebraic subsets of A? are @, A?, points, and irreducible plane curves V(f),
where f € Clx,y] is irreducible.

Proof. Suppose V is any irreducible algebraic set. If V is finite, or I(V) = (0), then V is of the
required type. Otherwise, let f € I(V) be non-constant, and since I(V) is prime, some irreducible
factor of f lies in I(V), so we can assume f is irreducible. Then, we claim I(V) = (f): if g € I(V),
g & (f), thenV C V(f,g) is finite, because f, g are coprime, a contradiction. O

Corollary 46.5

Let f € Clx,y] and f = [T_; f" be the decomposition of f into irreducible factors. Then,
V(f) =V(f1)U---UV(f,),so this is the decomposition of V(f) into irreducible components,

and I(V(f)) = (fl--'fr)'

Proof. No f; divides f; for i # j, so there are no inclusion issues among the V(f;). Moreover,

UV = NIVE) = N6 = G fo)

47. Hilbert’'s Nullstellensatz (Theorem of the Zeroes)

This gives the relationship between ideals of C[xj, . .., x,] and algebraic sets.

‘ Question ’

‘ Given some ideal I C Clxy,...,x,], whenis V(I) # @. ’

If 1 € I, then clearly V(I) is empty. What about the converse?

Let I C C[xy,...,x,] be a proper ideal, and let M be a maximal ideal containing I. Then, V(I) D
V(M). What can we prove about M?
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Weak Nullstellensatz 47.1

The maximal ideals in C[x3, . .., x,] are in bijective correspondence with the points of A" = C".

So, each point (a3, ..., a,) corresponds to the ideal

M, :=(x1—a1,..., %, — ay).

Proof. We first check that M, is indeed maximal. We have an evaluation map ata = (ay,...,4a,):
ev : Clxy,...,x4] = C, f — f(a). We claim that ker(ev) = M,. Clearly, M, C ker(ev). Con-

versely, assume f(a) = 0, and expand f into a Taylor expansion around a:
flx) = fla) + Y cilxi —ai) + Y cij(xi — ai) (xj —aj) + -
i ij

Since f(a) = 0, we see that f € M,. Thus, C[x1,...,x,]/M, = C is a field, hence M, is maximal.

Now, let M be a maximal ideal of C[x, ..., x,]. Consider the map
m : Clxq] <= Clxy, ..., x,] = Clx1, ..., x4]/M =K,

where K is a field. Then, ker 71y is either 0 or a maximal ideal of C[x1], which we see because

C[x1]/ ker r; — K, so it’s a domain, and C is a PID (prime ideals are maximal).

Now, we claim ker 717 # 0. Suppose not: then, 711 : C[x] — K. By the universal property of the
quotient field C(x), 711 extends to an injection C(x7) < K. Thus, K contains a field isomorphic
to C(x). As a vector space over C, C[xy,...,x,] has a countable basis, namely {x!,...x3" }4,>0.
Therefore K = C|xy,...,x,]/M must also have a countable basis {v1,v;,...}. Now, if S C K
is any linearly independent set, then S is also countable, since S = U,IZl(S N(v1,...,04)) IS @
countable union of finite sets. On the other hand, C(x) contains the elements ﬁ, where o« € C,
and these form an uncountable linearly independent set, a contradiction. (If } xf—’al = 0, and
A; # 0, then the limit as x — a; of the LHS is c0). We've therefore shown that ker 7r; # 0, hence
it’s a maximal ideal of C[x1], which we know must be (x; — ;) for some a; € C. It follows that
(x1 —a1) € M, and the same argument can be applied for all x;. So x; —a; € M for1 <i < n,and
a; € C,butthen M, C M,so M = M,. O

‘ Corollary 47.2 ’
‘ If I C C[xq,...,xy] is a proper ideal, then V(I) # @. ’

Proof. I must be contained in some maximal ideal M, and V(I) D V(M) # @ O

Corollary 47.3

If n = 1, we get the fundamental theorem of algebra.

Strong Nullstellensatz 47.4
Let I be an ideal in C[xy,...,x,]. Then, I(V(I)) = rad(I). Concretely, this says: Let I =

(fi,..., fr). If g is such that g vanishes wherever fi, ..., f; all vanish, then there is an equation
gN =a1fi +---+af, forsome N € N,ay,...,a, € Clxq,..., %]
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Proof. Note that rad(I) C I(V(I)) is easy (exercise). Suppose ¢ € I(V(f1,...,f)), with f; €
C[xq,...,xy]. Consider the ideal

J= 1, frrxn1g—1) CClxy, ..., Xn, X1

Then, notice that V(J) = @, because when fi,..., f; all vanish, ¢ does as well, and then the
last component is non-zero. We deduce from weak Nullstellensatz that 1 € ], so there exists

ai, ..., a;,b € Clxy,...,x,41) with
1=Y ai(x1, ..., xp01) fi +b(x1, .o xpg1) (K18 — 1)
i
Now, set x;, 11 := é. This gives
1
1= Eai(xl,...,xn,f)fi,

i 8

and multiplying by a large enough gV to clear the denominators gives

= Y ci(x1, .. x0)fis €1, 00 €Clxe, L, Xy
i

Corollary (Ideal-Variety Correspondence) 47.5

We'll work in Fx3, ..., x,], where F is any field.

1. The maps {algebraic sets} — {ideals} and {ideals} — {algebraic sets} are inclusion
reversing. (ie. I C b, = V(I) C V(Ij)etc). Furthermore, for any algebraic set V,
V(I(V)) =V, so I is always injective.

2. If F = C (or generally F is algebraically closed), then we have inclusion reversing bijec-
tions {algebraic sets} «+— {radical ideals}, containing {irreducible algebraic sets} «—
{prime ideals}, containing {points} «+— {maximal ideals}. This is why this is called
algebraic geometry, as we have a dictionary between geometric structures and algebraic

structures.
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Modules

48. Modules

Let A be a ring. A (left) A-module is a set (M, +, -) endowed with two operations:
+:MxM—>M(x,y)—x+y
tAXM— M (a,m)—a-m
such that foralla,b € A, x,y € M,
(i) (M, +) is an additive abelian group
(i) a)a(x+y) =ax+ay,b) (a+b)x =ax+bx,c)1-x=x,d) (ab) - x = a(bx)

Remark 48.2. Modules are to rings as vector spaces are to fields. Their significance is that modules
“linearize” rings, and represent them. One can show that if A is commutative, then the category A-MOD

of all A modules determines A.

‘ Morita’s Theorem 48.3 ’

‘ The category of A modules is equivalent to the category of M,,(A) modules, for all fixed n > 1. ’

Example 48.4. 1. Ais an A-module, in an obvious way. More generally, if f : A — B is any ring
homomorphism, then B becomes an A-module with product a-b := f(a)-bfora € A,b € B. In
fact, we can replace B by any B-module N, then N becomes an A-module via the map f.

2. If A = F for F a field, then an A-module is just an F-vector space.

n

3. If A = Z, then a Z-module M is the same as an abelian group, withn -x = (14 ---
x—i—-’?-—l—x,n > 1.

+1)x =

4. An example we’ll study carefully later: Let A = F|x], for F a field, and V be an F|x]-module. Then,
V isalso an F-module, so V is an F-vector space. The element x induces an F-linear map T : V — V
mapping v — x - v. Now, any power x* acts on V by v — T*(v). So, an F[x|-module is an F-vector
space, together with a liner map T : V. — V. Conversely, given any F-vector space V, and any
F-linear map T : V. — V, we can turn V into an F[x] module by setting f(x)-v = f(T)(v),
for any f € F[x|. Classifying the F[x| modules up to isomorphism leads to the canonical forms of
matrices.

From here on, we assume A is commutative
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1. A subgroup N C M is a submodule of M if N is an A-module with the induced opera-
tions from M.

2. Amap ¢ : M — N is a homomorphism of A-modules, or an A-linear map, if p(x +y) =
o(x) + @(y), p(ax) = ap(x), forall x,y € M,a € A.
3. We define, for ¢ : M — N an A-linear map, ker ¢ and Img ¢ as for vector spaces. The

first and second isomorphism theorems hold for modules.

4. Given N C M any submodule, we can always form the quotient module M /N with the
projection map 77 : M — M/N. Submodules of M/ N correspond to submodules M’ of
Mwith M’ C N

5. Given any two A-modules M and N, we have an A-module Hom4 (M, N) consisting of
all A-linear maps M — N. Taking N = A defines the dual module.

6. We can form sums and intersections of submodules of of an A-module M. If S C M is

any subset, we have the submodule (S) generated by S:

(5) = N N={as1+ - +ass | a; € A,;s; €S,7r > 1}.

SCN submodule

M is finitely generated if there is a finite set S with M = (S).
7. We can form direct sums @;c; M; and direct products [];c; M; of a family {M;};c; of

A-modules.

Example 48.6. The A-submodules of A are the left ideals in A. In examples (2) and (3) from before, we
get linear subspaces and subgroups, respectively.

‘ Exercise ’

let f : A — B be a ring homomorphism and N a B-module. If N is finitely generated as
B-module, and B is finitely generated as an A-module, then N is finitely generated as an A

module.

49. Algebras

Let f : A — B be a ring homomorphism, and assume A, B are commutative. If 2 € A and
b € B, we define a product a - b := f(a) - b. We've seen this turns B into an A-module. But, B
is also a ring, and the two structures are compatible with each other in an obvious sense. The

ring B equipped with this A-module structure is said to be an A-algebra. So, an A-algebra is

a ring B together with a ring homomorphism f : A — B.

Remark 49.2. 1. If A = Fisa field and B # O, then f is injective, so F can be identified with its
image in B. So, an F-algebra, for F a field, is a ring B which contains F as a subring.

2. Any ring A is automatically a Z-algebra, through the unique map Z. — A.
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50. Free Modules

Given a ring A, one can form the A-modules A¥ = A @ . @ A or P  Ae; for a family of

elements {e; };c;. When A is a field, this exhausts the list of all A-modules up to isomorphism.

Given an A-module M, we define linearly independent subsets of M in the same way as for

vector spaces. A set S C M is a basis of M if S is linearly independent, and M = (S).

Example 50.3. The standard basis eq, . .., e, is a basis of A™.

An A-module M is free if it has a basis S. In this case, we say M is free on S, and there exists

an isomorphism M 2 @, ¢ As, which is = AlSl when § is finite.

Equivalently, each element m € M has a unique expression m = ) a;s; as a finite sum, for
a; € A,s; €8S.

Theorem 50.5

We have a universal property of the pair (M, S) for S a basis: Given F freeon S,amap ¢ : S —

F, there exists a unique module homomorphism fsuch that f = fo P.

c
/
7/

/

7/

/
// -~
\ o 3
W

Example 50.6. 1. Any vector space V over a field F is a free F-module.
2. Z" is a free Z-module, but Z./nZ. is not.

3. There exists an example of a non-commutative ring A with A" = A™ as A-modules, but n # m.
We'll see that this never happens when A is commutative.

4. (Q,+) is not a free Z-module. [Indeed, given y € Q, the equation 2x = y always has a solution in
x. But, this property fails for any free Z-module P;c; Ze;]

Proposition 50.7
| |

Let R be a non-zero commutative ring. If M is a free R-module, with a basis of n elements,

then any other basis of M has n elements. So, we can define dimg (M) := n.

Proof. If I is an ideal of R, we get a submodule IM of M, generated by all products am, a €
I,m e M. If eq,...,e, is a basis of M, then IM = {(aey,...,aze,) | a; € I}. Also, M/IM is an
R/I-module via the product (r + I)(m + IM) := rm + IM. Now, let m be any maximal ideal of
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R. Then, M/mM is a k-vector space, where k := R/m. Moreover, if e; = ¢; + mM,1 < i < n,
theney, ..., e, is a basis of M/mM over k (for linear independence, note that if }_r;e; € mM, then

ri € m Vi). The result then follows from the vector space case. O

51. Exact Sequences

Suppose M is a module, N C M a submodule. We then have a sequence N LM M /N

such that ker 7 = Imgi = N. More generally, a sequence of A-modules M’ % M A M’ and

homomorphisms is exact at M if Inga = ker 8. Note that 0 — M’ % M is exact <= a is

injective, and M P M” = 0is exact < B is surjective. A diagram

MlgMnggé'“%aﬁgM”

is exact if each consecutive triplet is exact. A short exact sequence is an exact sequence of the

form

oM EME M o,

in which case « is injective, B is surjective, and M" = M/M'.

Example 51.2. Given a finitely generated A-module M, with generators sy, . ..,s,, we have a morphism
F:= A" = @|_, As; LM = o0. If K = ker @, we get the short exact sequence 0 — K — F —
M — 0. K C F is the submodule of relations among the generators s;. The short exact sequence gives a

presentation of M

52. Tensor Products of Modules

Let A be a commutative ring, and M, N be A-modules. We want to study bilinear maps ¢ : M x
N — G, where G is another A-module, i.e. maps ¢ which are linear in each variable, when the
other is fixed. The idea is to form a new module M ® N such that the A-linear maps M @ N — G

correspond to the bilinear maps ¢.

Example 52.1 (First Motivation for Tensor Products). Suppose V and W are finite dimensional F-
vector spaces. We want to study the vector space M = Bil(V x W, F) of all bilinear maps V. x W — F.
Given f € V*, g € W*, we can form f @ g € Mby (f ® g)(x,y) := f(x)g(y). Note that f @ ¢+ f' ®
g # " @ g" in general. So the set of all maps f ® g dose not exhaust M. However, we'll show

n

M= {Zﬁ@@gi | fie V", gi€ W*} = V' oW

i=1
Example 52.2 (Second Motivation for Tensor Products). Suppose V is a finite dimensional real vector
space, and T : V — V a linear operator such that T> + 1 = 0. Then, T has no real eigenvalues. We
may want to enlarge V to get a vector space V¢ over C, with an extended map Tc : Ve — Vc to rectify
this. We do this by extension of scalars, via the inclusion R — C. V and C are both RR-modules, so
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we can form Ve := C @R V, and R-module. But, V¢ is also naturally a C module, via the operation
AMz®v) = (Az) ® v, for A,z € C,v € V. Moreover, T extends to Tc :=1® T : V¢ — V¢, which is
C-linear.

Let R be a commutative ring, R # 0. Given M, N two R-modules, the tensor product M ®r N is
an R-module, together with a bilinear map ¢ : M x N —+ M ® N. That s,
e(Am+m',n) = Ap(m,n) + o(m',n) e(m,An+n'") = Ap(m,n) + ¢(m,n’).

We want ¢ to be universal in the following sense: for any bilinear map f : M x N — G of R-
modules, there is a unique R-linear map f: M ®r N — G such that fo ¢ = f. That is, the below

diagram commutes.

M x N

The definition extends to multilinear maps to obtain any finite tensor product Ey ® E; ® - - - ® E,

of R-modules. We construct the tensor product below.

In the following construction, we will work with 2 R-modules E and F, and construct E ®g F. A

similar idea is used to construct any finite tensor product.

Let E, F be two R-modules. Let M be the free R-module generated by the set E x F. That is,
M:= € R-(ef)
ecE,feF

Let N C M be the submodule generated by all elements of the form
(Ae+¢, f)—Ale, f)— (¢, f), and
(e, Af + f) = Ale. f) = (e, f)

where A € R,e, ¢’ € E, f, f' € F. We have an injection E x F < M of sets. Compose this with
the canonical map M — M/N to getamap ¢ : E x F — M/N. Thatis, (e, f) — (e, f) + N.

We claim ¢ is bilinear and a tensor product in the sense we want. So, we can define E ®g F to
be M/N.

Proof. Bilinearity of ¢ is obvious, using the relations in N. Now, let f : E X F — G be any bilinear
map. By the universal property of the free module generated by E x F, we have an induced
map ' : M — G which makes the first diagram below commute. Since f is bilinear, f’ is zero
on N. Hence, by the universal property of quotient modules, f’ can be factored through M/N.
This gives a map ]? : M/N — G which makes the second diagram commute. Since M/N is
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generated by the image Img ¢ of ¢, it follows that fis uniquely determined. This completes the

construction, and we denote M/N by E ®r F,or E® F. O
M M/N
/ /
ExF f! ExF f

Remark 52.4. 1. Ifx; € Ej for 1 <i < n, write x1 ® - - - ® x,, for the element ¢(x1,...,x,). This is
called a tensor. We have

M QA+ X) R QA=A R QX+ X R QR - DXy
2. Every element of E® F is a sum of terms x @ y with x € E,;y € F,and A(x ® y) = (Ax) ®y =
x® (Ay), forany A € R.

Example 52.5. The tensor product of modules can involve a great deal of collapsing. For example, if
m,n € Zsowith(m,n) =1, then Z/mZ3Z/nZ =0:IfxQy € Z/mZQZ/nZ, then n(x y) =
x® (ny) = x ®0 = 0, and the same for m. We deduce that x ® y.

Exercise

Show more generally that
Z/mZ Ry Z/nZ =2/(mn)Z

Theorem 52.6

Let E, F, G be three R-modules. We have canonical isomorphisms

Hom(E ® F,G) = Bil(E x F,G) = Hom(E, Hom(F, G))

Proof. All the isomorphisms involved are very natural. The isomorphism Bil(E x F,G) —
Hom(E ® F, G) which maps f — fis defined by the universal property of E ® F. It is injective
by uniqueness of f, and surjective because composing any linear map ¢ : E ® F — G with the

canonical bilinear map ¢ : E X F — E ® F gives a bilinear map E X F — G.

For the second isomorphism, construct i and j as follows:

i:Bil(E x F,G) — Hom(E, Hom(F, G))
Given f : E X F — Gand x € E, we obtain a linear map f, : F — Gby f:(y) := f(x,y). Moreover,
the map x — f, is linear in x, as desired. That is, i maps f — (x — fx).

j : Hom(E,Hom(F,G)) — Bil(E x F,G)
Let « : E — Hom(F, G) be R-linear. Define a bilinear map f, : E X F — G by fu(x,y) := a(x)(y).
Then, j is the mapping a — f,.

One can check that j is the inverse map to i. O



§52. Tensor Products of Modules 84

Example 52.7. Let E and F be vector spaces over the field k (= R) and set G := k. Then, we have
isomorphisms
(E®F)* =2 Bil(E x F, k) = Hom(E, F")

Corollary 52.8

Let E and F be finite dimensional vector spaces over a field k. Then, E ® F is finite dimensional,
and dimg (E ® F) = dim E - dim F. Moreover, if ey, ..., e, isabasis of E,and f, .. ., f; is a basis
of F, then {e; ® fi}1<i<m

1<j<nisabasisof EQ F.

>

Proof. For the last assertion, we claim thate; ® fifor1 <i <mand1 < j < nspan E® F. Indeed,
clearly Ingg = {v®w | v € V,w € W} lies in Span (¢; ® fj), and we know Img ¢ generated
E®, F ]

Exercise

With E and F as in the corollary, we have
(EXF)"ZE*"®F*

Hence
E®F = Hom(E", F).

Under the latter isomorphism, the tensor ¢ ® f maps to the homomorphism g — g(e) - f, for
g€ E”.

Example 52.9. 1. (Tensor Product of 2 Homomorphisms) Let f : M — M and ¢ : N — N’ be
R-module homomorphisms. Then, there exists a unique R-linear map f @ ¢ : M N — M' @ N’
such that (f @ g)(x®y) = f(x) ® g(y) for all x € M,y € N. (First, define the bilinear map
M x N — M’ ® N’ sending (x,y) — f(x) ® g(y), and then use the universal property of M ® N)

2. (Change of Base) Let f : R — S be any ring homomorphism, with R and S commutative. Recall
that S becomes an R-module by setting r -s := f(r)s, r € R,s € S. If M is any R-module, then
S ®r M is an S-module via s - (s' @ m) = (ss') ® m. We say that S @g M is obtained from M
by changing the base from R to S. A typical case of this is when R is a subring of S, in which
case S @r M is an extension of scalars from R to S. For example, if R C S is a subring, then

S®rRI[x1,..., %] = S[x1,..., %]

Proposition 52.10
E®QrF=FQ®RE

as modules.

Proof. The map E x F — F ®g E which maps (x,y) — y ® x is bilinear, so by the universal

property there exists an R-linear map
E®rF — FQrE

sending x ® y — y ® x, which has a clear inverse by symmetry. O
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‘ Proposition 52.11

The (unique) map (x ® y) ® z — x ® (y ® z) induces an isomorphism

(EQF) 2 GEE® (F®G)

Proof. Since the tensors (x ® y) ® z generate (E ® F) ® G, the uniqueness is clear. To prove exis-
tence, fixaz € G, thenthemap A, : E x F — E® (F ® G) mapping

A(x,y) =x® (Y®2)
is bilinear in x and y, so induces a linear map 7\2 :E® F - E® (F ® G). Furthermore, consider

the map (E® F) x G — E® (F ® G) which sends (&, z) — A, (&), and note that it's bilinear, hence

factors through to get the desired linear isomorphism. O

Example 52.12. 1. Let F be a field and V and W be F-vector spaces with dimp V = n,dimr W = m.
Then, if E := (ey,...,ey) and E' := (€, ..., e,,) are ordered bases of V, W respectively, then
{ei®e}\1§i§n,1§j§m}
forms a basis of V& W. Now, suppose S : V. — Vand T : W — W are F-linear maps represented
by the matrices A = (S)g, B = (T)p respectively. We've seen that SQ T: VW — V@ Wisa
linear map characterized by
(S®T)(vew)=S(v)T(w).
If the basis {e; ® e;} is ordered as follows:
e1Q€],...,e1Q0€,...,epQ¢€),...,e,¢€,,
then the matrix representing S @ T is denoted by A ® B, and has the block form
ainB -+ a1,B
= {a;jB}1<ij<n-
ayiB -+ auuB
This is called the Kronecker product or tensor product of the matrices A and B.

2. Tensor product of R-algebras: Let R be a commutative ring, and A and B be two commutative
R-algebras, via the ring homomorphisms f : R — A,g : R — B. Since A and B are R-modules,
we can form their tensor product D := A ®g B, which is an R-module. We now define a product on
D: Consider the map A x B x A x B — D mapping (a,b,a’,b,) — aa’ @ bb’. This is R-linear in

each factor, hence determines an R-module homomorphism
A®B®A®B — D,

and hence an R-module homomorphism D ® D — D. This in turn corresponds to a bilinear mapping
#: D xD — D such that y(a®@b,a’ @b") = (aa’") @ (bb'). Of course, we could ve written this
formula directly, but this construction shows u is well defined. We have thus defined a product on
D = A ®g B. On elements of the form a @ b, it looks like (a @ b)(a’ @ b") = (aa’") @ (bb'), and in

general

(zoion) (Zao) = Tamons
i j i,j
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This makes D into a commutative ring with identity 1 ® 1. Also, D is an R-algebra via the map
r— f(r) ® g(r) (a ring homomorphism R — D). These constructions also extend to the non-
commutative setting.

For R commutative, we say that an R-algebra is a (possibly noncommutative) ring A together
with a ring homomorphism f : R — A such that the subring Img(f) of A is contained in
the center Z(A) of A. Equivalently, A is a ring that is also a left R-module such that r(ab) =
(ra)b = a(rb) forallr € R,ab € A (In this case, f : R — A sends r to r - 14, and one can check
that f(R) is in the center). Now, if A and B are R-algebras, then the product (a ® a’)(a' @ V') :=
(aa") ® (bb') is well defined and makes A ®g B into an R-algebra.

Proposition 52.14

Suppose R is a commutative ring, and I, | are ideals of R. Then,

(R/I)®r (R/]) = R/(I+])

as R-algebras.

Proof. Define f : R/I X R/] — R/(I+]) by f(x+Ly+]) := xy+1+]. fis R-bilinear.
Moreover, for any R-module G and R-bilinear g : R/I x R/] — G, define g : R/(I+]) = G by
gx+I+])=g(x+I11+7]). Then,

1. gis well defined: If x+ 1+ ] = x'+ 1+ ], thenx = x+a+bfora € I,b € ], hence
x'+I=x+b+ 1, and

g+ L1+])=g(x+b+L1+))=g(x+L1+])+gb+1,1+]))
=g(x+L1+])+g(1+Lb+])=g(x+1,1+])

2. gis R-linear: clear

3. g satisfies the universal property:
goflx+Ly+]) =gy +1+]) =gy +L1+]) =g(x+Ly+]),
hence g is uniquely determined, since f maps R/I x R/J onto R/I+ ].
Therefore, R/I+ ] and R/I ®g R/ ] are isomorphic as R-modules. Moreover, the map x + 1+ ] —

(x4 1) ® (14 ]) is an explicit isomorphism between them, and is an R-algebra isomorphism. [

Corollar 52.15
| y |

‘ Z/mZ Ry Z/nZ =2/(mn)Z ’
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Proposition 52.16

Let N := @/ N; be a direct sum of R-modules. Then, we have an isomorphism

n
MaeN=2PMaeN;)
i=1

as R-modules.

Proof. Consider the map M x (@} ; N;) — @/ (M ® N;) mapping
(m,Zni) > Zm ® n;.

It is R-bilinear, hence induces a map

n

f:M@(éNi) — P M N;).
i=1

i=1
In the other direction, for each i € [1,1], we have a map M x N; — M ® (@} N;) sending

(m,n;) — m ® n;. These induce maps

n
M® N; — A4Q§(€£)TVO
i=1
for each i. By the universal property of the direct sum, we obtain a map

g:é(M@Ni) —>M®(éNi),

i=1 i=1
and one can check that f and g are inverses of each other. O

Exercise

Show that the previous proposition holds for arbitrary direct sums:

M® (P N) =EPMeN).

i€l iel

We say that @ commutes with direct sums.

The next result shows that E is a free R-module, there is no collapsing in a tensor product F ®g E.

Proposition 52.17

Let E be free over R with basis {e; },c;. Then, for any R-module F, each element of F ® E has a

unique expression of the form
x=) fi®e,
iel

where only finitely many f; € F are non-zero.

Proof. Assume first that dimg E = 1, so E = Re for some e € E. Since f ® (Ae) = (Af) ®e, and
any sum
n n
Y (fiwe)=| ) fi| ®e
i=1 i=1
by linearity, we deduce that any element of F ® E may be written as f ® e for some f € F. The
linear map F — F ® E sending f — f ® e is an isomorphism with inverse F ® E — F mapping
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f® (Ae) = Af, for f € F, A € R. Since F ® E = F, each element of F ® E has a unique expression
as f ®e for some f € F.

Now, in general, if E is free with basis {e; };c, then we have
FRE=F® (P Re) =P(F@Re),
i€l i€l

and the result follows from the rank 1 case. O

Corollary 52.18

Let E, F be free R-modules with bases {e; };c; and {f;}c; respectively. Then, E ® F is free with
basis {¢; ® f;}ic1jej. If E and F are both finite dimensional, then we have

dimR(E X F) = dirnR(E) . dimR(F)

Remark 52.19. When E is free over R, every element of F @ E can be viewed as a “formal” linear combi-

nation of elements in a basis {e;} of E, with coefficients in F. In particular
RE=E®R=E
via the map r ® e — re. (Check: Is E being free here necessary?)

Example 52.20. If V is a vector space over a field F, and K D F is a field extension, then Vg := K®p V
is a K-vector space. If dimp(V) = n, and {x1,...,x,} is an F-basis of V, then observe
Vk = K®p V= K@ (F") & (K®p F)" & K"
and {1®x1,...,1® x,} is a K-basis for V.
Explicitly, given

m
X = Zﬂj@lij e Vg,
j=1
we may write each v; = Y;_q Ajjx; for A;; € F, and therefore
m n n m
X = X;El]‘ ® Z;)\i,]‘xi = Z Z;Ai,ju]- (1® x;).
= =

i= i=1

Exercise

Show that if K D F is a finite extension, and [K : F] = dimf K, then

dimp Vk = [K . F] dil’np V.

Corollary 52.21

Let f : R — S be a ring homomorphism. Then,
S®rR"=S"

as S-modules. This is called extension of scalars for free modules.

Proof. Use the isomorphism S ®g R = S. O
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53. Graded Rings and Algebras

A ring A is graded if A is a direct sum

A=P A
i=0

of additive subgroups A; such that the ring multiplication maps A; X A; < A;; foralli,j > 0.
In particular, we see that Ay is a subring of A. The elements of Ay are called the homogeneous

elements of degree k.

A graded ring homomorphism f : A — A’ is a homomorphism of rings that respects the
grading, i.e. f(Ax) C Aj for all k.

The definition of graded R-algebras is similar - in this case each Ay is an R-submodule of A,
where R is the ring. (Usually we have R = Ayp)

Example 53.2. For R a commutative ring,
R[x1,...,x5] = @R[xl,...,xn]k,
k=0

where R[x1, ..., Xu]x := homogeneous polynomials of degree k.

54. The Tensor Algebra

Let R be a commutative ring, and M be an R-module. We then define TM := R, T'M := M,
and
T"M = M &g - @ M

The elements of T*M are called k-tensors.

The tensor algebra TM is the graded R-algebra

TM=@T'M

k=0

as an R-module. The product in TM is induced by the maps T"M ® T"M — T" "M sending
(MR Rxp) (NP QYy) OX] R+ Xy QY1 ® -+ ® Yy for m,n > 0, which extend
toamap TM ® TM — TM using the universal properties.
The identification of M with T M gives an inclusion i : M < TM. The pair (TM, i) is charac-
terized by the following universal property:

For any R-algebra A and R-linear map j : M — A (of R-modules), there exists a unique map
7: TM — A of R-algebras such that 70 i=j
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Let P be an algebra over R. We say that P is a non-commutative polynomial algebra if there
exist elements x1,...,x, € P such that the elements x; := x;, ---x;, I = (i1,...,65),1 < i <n
form a basis of P over R. We call these elements x; non-commutative monomials in x4, ..., x;.

By convention, when s = 0, the corresponding monomial is the identity element in P.
We say that xq,...,x, are independent noncommutative variables over R, and write P =
R(x1,...,xy), the latter being the non-commutative polynomial ring in these variables.

In other words, a non-commutative polynomial algebra in x,..., x, is almost the same as

R[x1, ..., x,], except that the variables don’t commute.

Proposition 54.4

Let E be a free R-module, dimg E = n. Then, TE is isomorphic to the non-commutative
polynomial algebra on n variables over R. In other words, if ey, ..., e, is a basis of E over R,
then the elements

er ::ei1®”'®€is’1: (ill"'/is)/l Sikﬁn

form a basis of T°E, and each element of TE has a unique expression as a finite sum ) _; rje;

where r; € R, with all but finitely many r; equal to 0.

Proof. Recall that for any R-module F, every element of F @ E has a unique expression of the form
Y1 fi ®ei, with f; € F. The proposition follows immediately from this. O

Remark 54.5. The tensor algebra construction is functorial, in the sense that a morphism f : M — N

between R-modules induces a map Tf : TM — TN between tensor algebras.

Now, we don’t really like non-commutative polynomial rings. We’ve shown how a free R module
can be translated into a non-commutative polynomial algebra. The key problem is that x @ y =
y ® x. Let’s fix it!
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55. Symmetric Powers and Symmetric Algebras

Let M be an R-module and n > 0. The symmetric power S"M = Sym" M is an R-module
together with an R-multilinear map ¢ : M x --- x M — S"M, with ¢(x1,...,x,) denoted
X1 - X2 - - - Xy, that is symmetric. This means that Xo(1) " Xo(n) = X1 Xn forall o € S,. The
pair (S"M, ) satisfies the universal property:

For any R-module N, and symmetric multilinear map f : M X Y. x M — N, there exists a
unique map f: S"M — N of R-modules such that fo Y =f.

Proof. We see that S"M := T"M/], where | is the R-submodule of T" M generated by all x,(;) @
C @ Xp(n) — X1 ® -+ @ Xy. (Exercise: Verify) O

‘ Convention ’

‘ S°M =R,S'M = M. ’

We have maps M ® SPM — S*PM, a,b,> 0 sending

(xl...xa)®(yl...yb)Hxl...xayl...yb_

These make SM = @;_(S"M into a graded commutative R-algebra, which is universal for R-
module homomorphisms from M to any commutative R-algebra A, in the same way as for
the tensor algebra. In fact, one can define SM as a commutative quotient of T"M: S'M is
T"M modded out by the ideal generated by all two sided ideals generated by all differences
x®@y—y®@x € T2M, forall x,y € M.

‘ Proposition 55.2 ’

S'"M®N)= P S"MerS'N
a+b=n

Proof. There is a map S*M ® S’N to S*+(M @ N) using the inclusions M, N C M @ N, sending

X1 Xg @Y1 Yp to Xy - XaY1 - - - Yy, as before.

In the other direction, consider the symmetric R-linear map

fir(M&N)x-"-x (M&N) = @ (S"Mor S'N)
a+b=n
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defined by

(1) X o X (2, ym) = D Xip© Xiy @Yjy - Yj,
a+b=n \ {i1,.da }{j1,-.. 75 } =[1,1]

This induces the inverse map

f:S"MoN)—» P (S"MeS'N)
a+b=n

Example 55.3. 1. Suppose that M = R. Then, S"R = T"R = R forall n > 0
2. (Corollary) Suppose E is free over R with basis eq,...,ex. Then S"E is free on e; - --e; for all

1<ip <-..<i, <k, orall monomials e;” . -e,i", a; > 0,Y;a; = n. In other words,
SM= R[el, . .,Ek]

is a polynomial ring.

Exercise

Show that the isomorphism
S"MEPN)= P S"M®erS'N
a+b=n
is nothing but the n-part of a graded isomorphism S'(M & N) = SM ®gr S'N of graded R-

algebras.

56. Motivation for the Symmetric Algebra

Given a space X = C", we have the ring R := C[xy,...,x,] of polynomial functions on X. We
can recover X from the ring R by looking at Specm(R) := {all maximal ideals in R}, since any
maximal ideal in R is of the form m, := (xy —ay,...,x, —ay,) fora = (ay,...,a,) € C".

Now, suppose V is a complex n-dimensional vector space. How do we define Ry, the ring of all
polynomial functions on V? One way: Choose a basis ¢y, ...,e,; of V, use this to get an isomor-
phism V = C" of vector spaces, and use R = C[x, ..., x,] to get a definition for V. This isn’t as

satisfying, since we had to choose a basis, i.e. it’s not an intrinsic definition of Ry.

To get a basis-free definition, note that R is a graded C-algebra:
R=Clxy,...,xs) = PClx, ..., xuli
k=0

and C[xy, ..., x,]1 is essentially the set of all linear forms a;x1 + - - - + a,x, for a; € C. Therefore,
Clx1,...,x4]1 = (C")*. But, the latter has a basis free definition for V, namely dual space V* :=
Hom¢(V,C).
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For an n-dimensional vector space V,

Ry :=Sym(V™)

from which V can be recovered as V = Specm(S V*)

This construction is useful when one studies vector bundles on manifolds, (such as the tangent

bundle TX — X of a manifold X where intrinsically defined objects make sense).
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