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§1. Exterior Powers and Exterior Algebras

Modules

For an R-module M, where R is a commutative ring, we defined tensor powers T"M to be
M®-"-®M,and symmetric powers 5" M to be T" M /1. Moreover, we define tensor algebras
tobe T*M = @, T"M and symmetric algebras to be S°M = P,,>( 5"M

1. Exterior Powers and Exterior Algebras

For n > 1, we define the n-th exterior power \" M to be an R-module, together with an R-
multilinear map  : M x - -+ x M — A" M which is alternating. The map sends (x1, ..., x,) —
xl /\ cte /\ xn.

Alternating means {(x1,...,x,) = 0 whenever x; = Xj for some i # j.

Proposition 1.2

Alternating implies (but is not equivalent to) the condition that

g(xa(l)/ R x(f(n)) = Sgn(U)C(Xlz sy xn)

forallo € S,

Proposition 1.3

Let n = 2. Given a bilinear map ¢ : M x M — A for some R-module A, we have
p(x+y,x+y) =o(xx)+o(xy)+ ¢y, x) + oy,y).

If p(x,x) = 0 for all x € M, then this implies ¢(y, x) = —¢(x,y) forall x,y € R.
The converse is true if 2¢(x,x) = 0 = ¢(x,x) = 0. This holds if multiplication by 2 is

injective in the R-module A.

Theorem 14

The pair (A" M, {) satisfies the universal property that for any R-module A and alternating
multilinear map f : M x "X M — A, there exists a unique R-linear map f: AN'M — A such
that fo ¢ = f. That is, the diagram below commutes:
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Mx-"xM—5 s A'M
iaf
f | /

A

Proof. We start with existence. Let A" M = T"M/], where | is the R-submodule of T"M =
M®-"-@M generated by the tensors x1 ® - - - ® x,, where x; = x; for some i # j. Exercise: check
this. O

‘ Remark 1.5 ’
‘ We have A' M = M, and A°M =R by convention. ’

Similar to the case of symmetric powers, we have bilinear maps A® M ® A’ M — A"’ M, where

(1A AX) @1 A= AYp) = XA AXg AYL A== Ay

These make the R-module
ANM=PAM
n=0
into an R-algebra called the exterior algebra of M. A* M is a graded, skew-commutative R-

algebra.
Skew-commutative means that forx € A" M,y € AP M, we have
yAx=(—1)%x Ay

(To see this, think about how x has a wedges, y has b wedges, and the sign flips every time
they cross.)

Theorem 1.7

For any R-algebra A and map f : M — A of R-modules such that f(x)?> = 0 in A for any
x € M, there exists a unique homomorphism of R-algebras f: A®* M — A, making the below

diagram commute:

M— s A°M

Proof. Construction: Let

/\. M:=T*M/ <2—sided ideals generated by x ® x € T>M, Vx € M>
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Proposition 1.8
| |

AN MaN) = @ AN'MaA' N

a+b=n

Proof. We have maps A\* M & A’ N — A" (M @ N) which map

(AN Ax) @ (WA AYp) = (X1 A Axa) A1 A== AYp).

Here, x € M is defined with (x,0) € M@® N,andy € N = (0,y) € M@ N. That is, we have a
natural inclusion M — M & N,N — M & N.

Adding these together produces a map

g P AN'MaA'N= N (MaN).

a+b=n
The inverse of g is harder to define. For a,b > 0 such that a + b = n, we will consider partitions
of the set [1,n] := {1,2,...,n} into (disjoint) subsets I and |, with |I| = a,|]| = b. We write
I={i<--<igf,J={p<---<jp},IU]=[1,n]

For each pair (I, ]), let sgn(I, ) be the sign of the permutation

1 )
s ") es.
11 12..-Za P ]1...]h

Consider the R-multilinear map

f:(IMAN)x--x(M®N) — @/\M@AN
a+b=n

given by
F((xuy), (x2,92), -0 (X, Yn))

- @ ( )y sgn(f,mxi]A---Axi»@(yj]A...Ay].b>
IU]=[1,n

a+b=n =[Ln],|I|=a,]|=b

For example, when n = 2, we have
fl(x,y1), (2, 12)) =x1 A2+ X1 QY2 — X2 @ y1 + Y1 A Yo
To understand the sign, consider the identity:

(1+y1)A(2+y2) =x1 Ax2+x1 A2 +1y1 Axa+y1 Aye.

Example 1.9. When n = 2, we have
AN (MaN)= (A*M)o (MaN)o (A’ N)

Example 1.10. For M = R, we have \" R = 0 if n > 1. This is because if a,b € R, we have a Nb =
ab(1A1) =0.
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‘ Corollary 1.11

If M is a free R-module with basis ey, ...,¢e,, then /\k M is free with basis e;, A --- Ae; for
1<ip<--<ip<n. So,/\thasrank (Z)

Proof. We have /\0 R = /\1 R=R,and A*R =0ifa > 1. Since M is free on ey, .. ., e,, we have

n
M = B Re;.
i=1
The previous proposition and induction give

ANM=ANRye - oR)= @  A"Roe oA\ Re,

a+---+a,=k,a;>0
fan) A" Rey®---@ \" Rey
ay+-+a,=k,a;€{0,1}
as R-modules. This is free of rank (), withbasis 1 ® -+ ®e; ® -+ ®1®e, ®1®---®1, and

I

{i1,...,ix} C [1,n]. The inverse isomorphism maps these to the elements e; A --- Ae;, in A\F M.
O

Remark 1.12

The definition of tensor, symmetric, and exterior powers are functorial: givenamap f : M —
N of R-modules, we get maps T"f : T"M — T"N, S"f : S"M — S"Nand \" f : A"M — A" N
foralln > 0.

For example, A" f(x1 A--- Axy) = f(x1) A=+ A f(xp)

(X100, %y) ¢ > f(x1) Ao A f(xn)

N f

(Note: I'm not sure if this is correct)

‘ Corollary 1.13 ’

‘ If the R-module M has n generators, then /\k M =O0forall k > n. ’

Proof. To say that M has n generators is equivalent to saying that there is a surjective R-linear
map 77 : F — M, where
n
F = @ Re; = R"
i=1

is a free R-module of rank n. We get an induced map At AFF — AF M which is also surjective
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[In fact, if f : M — N is surjective, then T"f,S"f, \" f are all surjective]. If k > n, then the
corollary gives A" F = 0, hence A* M = 0 also. O

‘ Challenge ’

‘ If M and N are free R-modules, and f : M < N is injective, what about T" f, S" f, and A" f? ’

Example 1.14. For M a free R-module of rank n with basis e1, . ..,e,, \* M is free of rank 2" with basis
AN Aeg for 1 <ip < oo < i < n. As an algebra, \* M is generated by ey, ..., e, modulo the
relations e; N e; = 0 and e; Nej+ejNe; = 0 fori,j € [1,n]. (Recall: SM = Rley,..., ey, T°M =
Re1, ... en))

(7

2. Determinants

Let F be a free R-module on n generators, and T : F — F be an R-linear map. Then, we get an
induced map A" T : A"F — A"F. Here, \" F is free on one generator (namely e; A - -- A ey,
where ey, ..., e, is an R-basis of F). This implies that A" T(x) = Ax for all x € A" F, and for
some A € R. This A is called the determinant of T, denoted det T.

Note

The determinant det T is defined independently of the choice of basis. So, we have
A" T(x) = (detT) - x

forallx e \"F

Example 2.2 (Formula for det T). Letey,...,e, be a basis for F. For any o € S,, we can think of o as a
linear map o : F — F given by o(e;) := ey(j). Then, we have

/\na(el/\---/\en) =0o(e))A---No(ey) =sgn(c)-er A+ Aey,

hence det(c) = sgn(o).

Formula for det T 2.3

In general, if T : F — F is an R-linear map, write T(e;) = Y.i_; a;e;, 1 < j < n. The matrix
A = {ajj}1<ij<n is (T)E, ie. the matrix representing T with respect to the ordered basis
E:=(ey,...,e,). Then,

det(T) = Y sgn(0)as(1)185(2)2 " * * Ao (n)n

oEeS,

Proof. We have

n
N TlerA---Ney) =T(er) A---AT(en) =Y ainei A ainei, A--- ANy a,ne;,
i i i

Z Ai1dip2 - Aiyn * 311 “Nej, = Z Ay “ Ay (n)n " €o(1) ASERRA o (n)
..... oES,
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= ( Z sgn(1n)ag() - - 'ﬂa(n)n) epN\---Ney

oceS,

‘ Remark 24 ’
‘ We denote det T by det A for any A € M, (R) representing T. ’

Example 2.5.

d ann a2\
et = ay1az — 41412
az1 a4

where the first term corresponds to the identity permutation, and the second corresponds to the permutation
(1 2) € Ss.

‘ Proposition 2.6

If S,T : F — F are 2 R-linear maps, then
det(T o S) = det(T) - det(S)

/\711: /\S /\nF /\nT /\VlP

Proof. \ / commutes. O

N'(ToS)

‘ Proposition 2.7 ’
‘ For any A € M, (R), we have det(A") = det(A). ’

Proof. 1f A = {a;;}, then A" = {b;;} where b;j = aj;. Therefore,

det(At) = Z sgn(a)ala(l)HZU(Z) o 'ana(n) = Z Sgn(g)a0*1(1)1 o 'aafl(n)n

oeS, eSS,

Y. sen(0 g1y A1 () = det(A)

ceS,
O
Cramer’s Rule 2.8
X1 b
Let A = {a;;} € My(R).IfA- | : | = | : | withaj,x;, b; € R, then we have
Xy b,
apg -+ by oo ay,
det(A) - x; = det
a1, o+ by oo+ amm
where the b column is the i-th column.

Proof. Let F = R", and regard its elements as column vectors. Let A = (d; - - - 4, ) where dy, ..., d,
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by
are the columns of A, and J?,E = : € F. Then, AX = b implies that b = X141+ Xpdy.
by
Therefore,
n
det(dy---b-- = det(a Zx]a- ceelly) = ij det(dy ---d;---dy) = det(A)x;.
j=1
O
‘ Corollary 2.9 ’

‘ If det T is not a zero divisor in R, then T is injective. ’

Proof. By Cramer’s Rule,
n
x=) xeiekerT < T(x) =0
i=1
implies that det(T) - x; = 0 for all 1 < i < n. Since det(T) is not a zero divisor in R, we get

x=01<i<n. ]

Exercises

1. Prove the converse to the above corollary.

2. Prove the usual Laplace expansion of det(A) along rows and columns. A generalization

is on the homework.

Remark 2.10

1. Here is a different method of defining determinants:

Let M := R". Then, det : M x -"- x M — Ris the unique alternating multilinear map such
that det(l,) = 1. This defines det(A) for any A € M,(R)

2. Determinants arise naturally as signed volumes:
Forvy,...,v, € R", let Vs(vy,...,v,) denote the signed volume of the polytope
n
P:= {Z)Lﬂ)i | OS )Ll' < 1}
i=1

with ”sides” vy, ..., v,. Precisely, we have

0 if v1,...,v, are linearly dependent

Vs(v1,...,vn) =} Vol (P) if vy1,..., v, are a positively oriented basis
—Vol(P) otherwise

where positively oriented means det(v; - - - v,) > 0. Then,

Vol(P) = | det(7; - - - 7,)|
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3. Localization of Rings and Modules

Let R be a commutative ring. A subset S of R with 1 € S is multiplicatively closed if x,y €
S = xy € S. For such S, there exists a commutative ring S™'R with a map of rings
7 : R — S7IR such that the following universal property holds:

For any ring homomorphism f : R — R’ such that f(s) is a unit in R’ for each s € S, there
exists a unique map f: S71R — R’ such that J?o 7t = f. That s, the below diagram commutes:

R i SR

Proof. Construction:
STIR:=RxS/~

where (r,s) ~ (1,s') <= u(rs’ —sr’) = 0 for some u € S. Denote the equivalence classes of
(r,s) by £, and define the operations in SR by the usual addition and multiplication rules of

fractions. Then, the map 71: R — S~ 'R sends r to 1.

‘ Remark 3.2

kerm = {r € R|sr =0forsomes € S}

so 7T is injective

S contains neither zero nor any zero divisor in R. Also, S “IR=0if0 € S. O

This definition extends to modules M over R (with S still a subring of R). We define S~!M as
a set of equivalence classes [%], where m € M and s € S, and where % ~ ’?—,/ — §"(s'm —

sm’) = 0 for some s” € S.

Remark 3.4
There is amap 77 : M — S~'M with 7t(m) = [%!] for all m € M. Also,

kert = {m € M | sm = 0 for some s € S}.

Theorem 815
If M and N are R-modules, and f : M — N is a module homomorphism, then for S C R

multiplicatively closed, we get an induced S~ 'R-module map S~'M — S'N sending 2
f(m)

s -
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Proposition 3.6

STIM~S 'Rer M

as SR modules. That is, S~ M is the S~1R module obtained by extension of scalars from the
R-module M.

Proof. We have amap ST'R®@ M — S~'M sending £ @ m — ™ withinverse S~'M — ST!'R®@ M
sending " % ® m. To see that the latter map is well defined, note that if © = ’g—,/ in S~1M, then
x(s'm —sm’) = 0 for some x € S. So,

1
7®m:
S

1
/ _ ! _ !
xs’s®(s xm) = xs/s®(xsm)— 5 ® m

O]

We'll use these constructions when S™!R is the fraction field K of an integral domain (so when

§ =R\ {0}).

Exercise

Show that

ST MeN) =S MeSIN

for any two R-modules M and N.

4. Finitely Generated Modules Over a PID

‘ Goal ’

‘ Classify all finitely generated modules over a PID, up to isomorphism. ’

Example 4.1. When R = Z, this gives a classification of all finitely generated abelian groups.

Given any R-module M, the torsion submodule of M, denoted M.y, is defined by

Miors = {x € M | rx = 0 for some non-zero r € R}

We say that M is torsion free if Miors = 0.

Example 4.4. 1. Any free R-module R" is torsion free, provided R is a domain.
2. The converse of (1) is false, e.g. Q is a torsion free Z-module, but Q is not free as a Z-module.

3. IfM=Z7Z"®Z/2Z & 7/8Z, then Miws = Z./27. & Z./87.
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Proposition 4.5

We have an exact sequence

0 — Miors > M — M/ Miors — 0

for any module M. The quotient M/ Moy is torsion free.

Suppose that R is an integral domain with quotient field K. That is, let K = S™!R, where S =
R\ {0}. Moreover, for any R-module M, we set

Mg :=S"'M,
which is a K-vector space. The natural map « : M — Mk defined by m — [%!] has
keroc:{meM|?N%}:{meM|EIreR\{O},rm:()}:Mtors.
Hence, M is torsion free <— M M x as R-modules.

Example 4.6. 1. If M = R, then Mx = K. More generally,, if M = R" is free of rank n, then

Mg = K"

2. Suppose M = Z/nZ as a Z-module. Then, Mo = {0}. Indeed, for each k € Z*, we have
L= = 9 = 0forall x € M. More generally, if M = Z" ©Z/k;Z & - -- ® Z/kZ, then
Mg = Q"

Let R be a domain, and M and R-module. The rank of M, denote rank(M), is the dimension
of Mk as a K-vector space.

Remark 4.8

If M is finitely generated, then rank(M) is finite.

Theorem 4.9

Suppose R is a PID, and M is a finitely generated torsion-free R-module. Then, M is free.

Proof. We induct on rank(M). If rank(M) = 0, then M = 0, since M is torsion free. Now,
suppose rank(M) > 0. Then, Mk is a finite dimensional non-zero K-vector space, so there exists a
surjective map Mg — K. We then have M < Mg — K, and Img(a) generates M. It follows that
there exists a non-zero map : M — K. Let M = (my, ..., m,), so then multiplying B by a suitable
element in R to clear denominators, we obtain a non-zero map ¢ : M — R. Now, Img ¢ = (D) is
an ideal of R (which is the same as a submodule of R). Choose a € M with ¢(a) = b.

Now, we claim M = ker ¢ @ Ra = ker ¢ @ R as R-modules: Let N := ker ¢. Then, given m € M,
we write ¢(m) = xb = x¢(a) = ¢(xa), so m — xa € M. Therefore, m € N + Ra,so M = N + Ra.

If ra € N for some r € R, then 0 = ¢(ra) = re(a) = rb, hence r = 0, so ra = 0. Hence
N N Ra = {0}, proving the claim.

The claim implies that M = N @ R. Hence, Mg = Nk & K, while rank(Ng) < rank(M). We hence
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conclude by induction. O

Proposition 4.10

If F is finitely generated and free over a PID R, and N C F is a submodule. Then, there exists
abasisey,...,e, of F,and dy | da | -+ | dp € Rfork < n (so (d1) D --- D (di)) such that
N has a basis djey, ..., deg. In particular, N is free. Moreover, the integer k, and the ideals
(d1) D -+ D (dx) are uniquely determined by F and N.

Proof. We may assume N # 0. We use induction on rank(F). If rank(F) = 1, then F = R, so
N = (d) = Rd for some d € R.

In general, suppose N C F is any submodule. The idea is that a general element of N is
YK ridie; = dyy for some y. Hence, for all ¢ € F* := Hom(F, R), ¢(N) C (d1). Moreover, there
exists ef € F* such that e (N) = (d1). So, consider the set

S:={p(N) [ F}
of ideals in R. Since R is Noetherian (it’s a PID), we know S has a maximal element =: I. Write
I = (dy),and letx € N and ¢ € F* be such that ¢(x) = d;.

Now, let x = aje1 + - - - + ape,. Then, consider (dy, ;) = (sdj + ta;) for some s, t € R. Then,
(sp + te] ) (x) = sdy + ta;,

so (d1) C (di,a;) C (s + tef)(N). Now, since (dq) is maximal in S, we deduce that (d;) =
(dy,w;), hence d | ;. Therefore, x = diy for some y € F. Note that ¢(y) = 1. Let F' := ker ¢.
Arguing as in the previous proposition, we get F = F’ @ Ry. Moreover, N = N'®Rx = N' &
Rdyy, where N' = NN F'.

Since F' is torsion free, we know by the previous proposition that F’ is free, and rank(F') = n — 1,
while N’ C F’. By induction on rank(F), we have a basis ey, ...,e, of F/,and d | d3 | - - - | dy such
that N’ = Rdpe, @ - - - @ Rdger. Now, set e := y. Then, N = Rdje; @ - - - & Rdyer. Moreover, we
have (d1) D (d»), because if not, we can produce ¢ € F* with ¢(N) D (dy,d2) 2 (d1) as before,

which gives a contradiction. We have thus proven existence.

For uniqueness, consider
M:=F/N2R'"*QR/(d)® - ®R/ dy).
Then, n — k = rank(M) = rank(F/N), so k is uniquely determined. Moreover,

Mtors = R/ <d1> D---D R/ <dk> .

Given any R-module T, the annihilator of T is the ideal of R given by
Ann(T):={reR|rt=0Vte T}.

Now,

(de) = Ann(Miors), (di—1) = Ann(A”° Miors), - - -, ({dis1—m) = Ann( A" Miors), ..
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To see this, we use
N'(R/ () =0 <= (r1+{d)) A (r2+ {d)) = rara(1+ (d)) A (14 (d)) = 0.
Now, recall from last year that
R/I®@rR/J=R/(1+])
by the map (r1 + 1) ® (rp +I) — rir2+ (I +]). So,

/\m Miors = /\m (é R/ <d]>> = @ R/ <d]'1> ®---®@R/ <d]'m>

jl<"'<jm
= @ R/d)+ - +d,)= D R/ ()
jl<"‘<jm jl<"'<jm

= Ann(/\m Miors) = (diy1-m)

Structure Theorem (Invariant Factor Form) 4.12

Let R be a PID, and M a finitely generated R-module. Then, we have
M=R"®R/ (d1) ®--- &R/ (dy),

where (d1) D .-+ D (dx) # 0. Moreover, m, k, and the ideals (d;), ..., (dy) are uniquely
determined by M.

Proof. We can produce a surjection ¢ : F — M, where F is a free module. Let N := ker ¢, and
apply the previous theorem to prove existence. To prove uniqueness, we see that m = rank(M)

is uniquely determined. The rest follows as in the last proposition. O

The integer m is the rank of M (and equals dimg(Mk)). The elements dy, ..., dy of R, defined

up to units, are called the invariant factors of M.

Remark 4.14
If

is the factorization of d € R into primes, then by the Chinese Remainder Theorem
R/ (d) =R/ (py') x -+ x R/ (pf")

as rings. Using this in the last result gives the following theorem.

Structure Theorem (Elementary Divisor Form) 4.15

Given M, a finitely generated module over a PID R, we have

M~R" 3 @ (R/ <pn1(P)> @®---DR/ <p"k(P)>>

p prime
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with 1 < ny(p) < --- < ni(p), where all are uniquely determined. The prime powers p"i(P)
that occur are called the elementary divisors of M. (Note: the @ above sums over some finite

set of primes in R.)

Fundamental Theorem of Finitely Generated Abelian Groups 4.16

If G is any finitely generated abelian group, then
C2Z"oZ/d\Z D --- G Z/dZ,

with dy | - - - | dx. Moreover, m, k,dy, . .., dy are uniquely determined positive integers.

Example 4.17. 1. Find all abelian groups of order 100: we have 100 = 2-50 = 5-20 = 10- 10,

giving 4 groups in invariant factor form:
Zaoo, Lo © Zso, Zs © Lo, Zao S Zao
and in elementary divisor form:
Lo O Zsp, Ly DLy D Zsp, L5 D Ls DLy, Zoyo DLy D Zs D ZLs.
2. Write Zy ® Z4 ® Z3 B Zs & Zys in invariant form:
Z10 D Zso

3. For any fixed prime p, and n > 1, the number of isomorphism classes of abelian groups of order
p" is 1t(n), the number of partitions of n. For example, for n = 4, we have 71(4) = 5, given by
4=3+1=2+42=2+1+1=1+1+1+1

An R-module M is cyclic if it is generated by a single element m € M. Equivalently, there
exists a surjective linear map ¢ : R — M, mapping r — rm. If R is a PID, we deduce that
M = R/ker¢ = R/ (a) for some a € R. So, the theorem we proved shows that a finitely

generated module M over a PID R is a direct sum of cyclic modules.

5. Canonical Forms for Linear Operators

Let F be a field, V an F-vector space,and T : V. — V an F-linear operator on V. Then, V becomes
an F[x]-module, by the action f(x) - v := f(T)(v) forany f € F[x|,v € V.
Conversely, if M is any F[x]-module, then M is an F-module, i.e. an F-vector space. Also, the

action of X : M — M, m + x - m is an F-linear operator on M.

‘ Remark 5.1 ’

‘ An F[x]|-submodule of M is just a T-invariant subspace of M. ’

Example 5.2. 1. Consider V = F|[x], the free F|x] module of rank 1. Then, V is infinite dimensional
as an F-vector space: V =2 @3 Fx'. The linear map x : V — V is the shift operator.
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2. Suppose dimpV < oo, and T € Hom(V,V), inducing an F[x]|-module structure on V. Since
V is finite dimensional, it is a finitely generated F[x]|-module, and F[x] is a PID, so the structure
theorem applies to V. Since F|x|* is infinite dimensional, V must be a torsion F|x]-module. (This
also follows from the fact that there exists a non-zero polynomial p € F[x| such that p(T) = 0.
Therefore, p(x) -v =0 forallv € V.)

Consider Ann(V) C Flx]. We must have Ann(V) = (m(x)) for a unique monic polynomial
m(x) € F[x]. In particular, m(x) is the monic polynomial of least degree such that m(T) = 0. Also,
if g(T) = 0 for some q(x) € F|x], then m(x) | q(x). We call m(x) the minimal polynomial of T.

Let f(x) = x" + ay_1x""1 4+ 4 a;x + ag be a monic polynomial. The companion matrix of
f is the n x n matrix
—Au—1 1 0
—Ap-2 0 1
C(f) = : :
—ap 0 0 0
Proof.
X + anfl _].
an—2 x—1
pe()(x) = det(xl, — C(f)) = det : .
—1
ao b
=ag+x(ay+x(a+ -+ (ap_1+x)---).
O
Remark a0

Suppose V is a finite dimensional F-vector space, and T € Hom(V, V) giving an F|x]-module
structure to V. Then, the structure theorem implies V.= W; @ - - - @ Wk splits as a direct
sum of T-invariant subspaces, with W; = F[x|/ (d;(x)), where d;(x) € F[x] are unique monic

polynomials in F[x] such thatdy | da | - - - | di.

Corollary 5.5

(i) V has an ordered basis C such that (T)¢ has block diagonal form, where the blocks have
size dim Wy, ..., dim Wk
(ii) The action of T on W; corresponds to multiplication by x in F[x]/ (d;). This allows us to

choose a basis of W; so that T |y, is represented by a simple matrix.

(iii) Ann(V) = (dy). This implies the next proposition.
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Proposition 5.6
| |

The minimal polynomial mt of T equals the largest invariant factor of V. Moreover, all the

invariant factors divide mr(x).

Consider a single invariant subspace W = F[x]/ (d), with
d(x) =x" +a, XL+ Fajx+a,
and a; € F. Choose an ordered basis
(er,...,e.) = (¥ L% 2,...,%1)

of F[x]/ (d). Let ¢ : F[x]/ (d) — W be the respective isomorphism. Then, the operator X on
F[x]/ {(d) has the form:

xe1 = jr = _afflel —_— e e — aoer
xXep = €1
xe, = ey_1q.

If wi = ¢(e;) € Wforl < i < r, then W has an ordered basis B := (w1, ..., w,) with T(w;) =

—a,_qwy — + - - — apwy, and T(w;) = w;_1 for i > 2. Hence we have
—a,_1 1
—a,_o, 0 1
(T)g = : 0o . = C(d).
1
—ay 0

The lemma implies that the characteristic polynomial of T|w = char polyn (C(d)) = d(x). Ap-
plying this analysis to all the invariant subspaces W; of T, we obtain a basis C of V such that

C(dr)
C(dy) O
(T)e = , (1)
0 .
C(dx)
A matrix in the form (1) is said to be in rational canonical form. The polynomials d; | - - - | dy
are the invariant factors of the matrix.
Theorem 5.8

(i) There is a basis C for V with respect to which (T)¢ is in rational canonical form.

(ii) The rational canonical form for T is unique. In particular, two linear transformations

V — V are similar if and only if they have the same rational canonical form.
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Proof. (Proving ii) Note that the process of construction the rational canonical form (R.C.F) of T
is invertible: if C is a basis of V so that (T)¢ is in rational canonical form, then V = @%_, W;, and
it is easy to check that each W; is a cyclic F[x]-module, with annihilator d;(x). Uniqueness now

follows from the corresponding uniqueness statement in the structure theorem. O

Corollary 5.9

Let A € M, (F) be an n x n matrix.
(i) The characteristic polynomial of A is the product d; - - - d of all invariant factors of A.
(i) (Cayley-Hamilton Theorem) m4(x) divides the characteristic polynomial p 4 (x).

(ili) The characteristic polynomial p4(x) divides some power of m4(x) (namely, m¥). In

particular, these two polynomials have the same roots, not counting multiplicities.

Corollary 5.10

Let A € M,,(F) be a nilpotent matrix. Then, A is similar to an upper triangular matrix, whose

non-zero entries are 1’s adjacent to the main diagonal.

6. Jordan Canonical Form

Assume that F is algebraically closed, e.g. F = C. Then, the elementary divisors of V over F|x]
have the form (x — A)" for some A € F,r > 1, while V = @, F[x]/(x — A;)" as an F[x]-module.

~J

Suppose now that W = F[x|/(x — A)" is a T-invariant subspace. Then, we choose a basis
(e1,...,e) for this space with

ei=F—-A)"" . e i=(X—-A),e =1
Then,
Xer =Aep+ (X —A) = e
Xep = e1+ Aey

Xez = ep + Aes

xXe, = e,_1 + Aey.
So, the action of T on W is given by the matrix

Al
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J+(A) is called a Jordan block of size r with eigenvalue A. A matrix is said to be in Jordan

canonical form if it is a block diagonal matrix with Jordan blocks along the main diagonal.

Theorem 6.2

Let T € Hom(V, V), and assume F contains all eigenvalues of T. Then, there exists a basis C of

V such that (T)¢ is in Jordan canonical form. Moreover, the Jordan canonical form is unique,

up to a permutation of the Jordan blocks along the diagonal.

7. Converting a Matrix Into Jordan Canonical Form

Remark 7.1

Every Jordan block Jx(A) has a unique eigenvector (up to scale), namely e; = (1,0,...,0), as
Te; = Ae;. Indeed, the A-eigenspace W) = ker(T|w — AI) = (e;) is 1-dimensional. This allows

us to equate the dimension of the eigenspace V), = ker(T — AI) corresponding to A with the

number of Jordan blocks with eigenvalue A.

Case 1: The roots of the characteristic polynomial pr(x) of T are distinct.
Then, the Jordan form is diagonal.
Case 2: The root « of pr(x) has multiplicity r.

Here, there are various possibilities for the part of the Jordan matrix with « on the diagonal.

SEE

o a 1
r=23: a 11, o
o
a 1 a1 a 1 o
o o o ®
7’:41 7 7 7
a 1 a 1 o o
a 1 o o o

The cases r = 2 and r = 3 are distinguished by computing dim V,. When r = 4, we see that

dim V, = dimker(A — al) is given by 1,2,2,3,4 respectively. The remaining 2 cases are distin-

guished by computing dim(A — aI)? (the matrix (A — aI)? is non-zero, or zero, respectively).

In general, one can show that the dimensions of the null spaces of the matrices (A — aI)* for k =

1,2,..., % distinguish the Jordan forms in all cases. The spaces ker(A — al )k are called generalized

eigenspaces.
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‘ Remark 7.2
If M = R/ (a) is cyclic, for R a PID, then (a) = Ann(M).

Moreover, any submodule N C M is cyclic, with Ann(N) = (b), where b | a. Conversely, for
any divisor b | a, M has a uniqgue submodule N, with Ann(N) = ()

Proof. Submodules of M are given by ideals of R/ (a), so they're of the form /I, where I C | C R.
Therefore, they're of the form (b') / (a), where (a) C (V'),i.e. V' | a. If we then write a = bV/, then
the map

RY'/Ra — R/Rb = R/ (b)
rb + Rbb' — r + Rb

is an R-module isomorphism, so Ann(N) = (b), and the converse also follows. ]

8. Normal Linear Operators, and The Spectral Theorem

Let V be a finite dimensional complex vector space, equipped with a hermitian inner product {, ).
Last semester (in the homework), we showed that for all T € Hom(V, V), there exists a unique
T* € Hom(V, V), called the adjoint of T, characterized by the property

(Tx,y) = (x, T"y) Vx,yeV.

Moreover, if A € M, (C), the adjoint matrix is A* = A

Remark 8.1

Our constructions/results have analogues for real inner product spaces V, with almost the

same proofs.

Lemma 8.2

Let T € Hom(V,V) and B = (by,...,b,) be an ordered orthonormal basis of V. Moreover,
suppose A := (T)s = {a;;}. Then, (T*)p = A*.

Proof. Since T(b;) = Y_i_; ai;b;, and B is orthonormal, we have
ay = (T(by) by) = (b5, T (b)) = (T ;)
= (T*(bj), b;) = aj.
O

Remark 8.3

The operation * on M, (C) or on Hom(V, V) is an analogue of complex conjugation on C. One
can check that

Q) (S+T)* =S +T*
(i) (AT)* = AT*
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(i) (ST)* = T*S*
(iv) (T*)" =T

Motivating Question

Given T € Hom(V, V), when is there an orthonormal basis of eigenvectors for T?

Necessary condition: If B is orthonormal, and

is diagonal, then

(T")s =D =

Cn

If V is a real inner product space, we have c¢; € R, hence T = T*. If V is a C-inner product space,
we may have T # T*, however TT* = T*T.

T € Hom(V,V) is self-adjoint if T = T*, or normal if TT* = T*T

Proposition 8.5

Let V be a hermitian inner product space, dim¢V < oo, and T : V — V a normal linear

operator on V.
1. If f € C[x] is any polynomial, then f(T) is normal.
2. ||Tv|| = ||T*v|| forallv € V.
3. kerT = (ImgT)*.
4. T2v=0 = To=0forallv e V.
5

. v € Vis an eigenvector for T with eigenvalue A € C <= v is an eigenvector for T*

with eigenvalue A € C.

6. The eigenspaces of distinct eigenvalues of T are orthogonal.

Proof.

(i) Since (AT")* = A(T*)", this claim follows directly from the definition of normality.
(ii)
||Tv||* = (Tv, Tv) = (v, T*Tv) = (v, TT*v) = (T*v, T*v) = || T*0||?
(iif)

ue (ImgT)t <= u,To) =0V eV <= (T*u,v) =0
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— T*u=0 <(l:l)> Tu=0 < uckerT

(iv)
T2 =0 — ToeImgTNkerT = {0}
(v) By (i), T — Al isnormal for all A € C. Then, by (ii),
(T = AD(0)|| =0 <= [[(T" = AD)(v)|| =0,

hence v is an eigenvector for T with eigenvalue A € C <= v is an eigenvector for T* with

eigenvalue A € C.
(vi) Suppose Tv = Av and Tv' = uv’, where v,v' # 0, and A # p. Then, we compute

1 1
(00) = (T2 (T = WD), ') = 37 (0 (T = 1) W) = 3=, (0,0) =0
because v’ is an eigenvector for T* with eigenvalue 7, by (v).
O
‘ Spectral Theorem (Complex Case) 8.6 ’

Suppose V is a finite dimensional Hermitian space, and T € Hom(V, V) is normal. Then, V

has an orthonormal basis of eigenvectors for T.

Proof. We claim that the minimal polynomial mr(x) is a product of distinct irreducible factors.

Indeed, if d(x) is an irreducible factor of mr(x), then we show that d?(x) does not divide mr(x).

Suppose in fact that d?(x) | mr(x). Recall that, as a C[x]-module,
V=Clx|/ (mr)&---.

By Remark 7.2, we therefore have that C[x]/ (d?) is a cyclic submodule of V. Hence, there is a
vector v € V with d?(T)(v) = 0, but d(T)(v) # 0. However by (i) from Proposition 8.5, we know
d(T) is normal, but this contradicts (iv). Thus, as every irreducible polynomial in C|x] is linear,
it follows that mr(x) is a product of distinct linear factors. Hence, T is diagonalize (see HW),
and the eigenspaces for T are orthogonal by (vi). So, we choose an orthonormal basis for each

eigenspace. O

‘ Spectral Theorem (Real Case) 8.7 ’

Suppose V is a finite dimensional real inner product space, and T : V — V is a self-adjoint

operator. Then, V has an orthonormal basis of eigenvectors for T.

Proof. Let V¢ := V @ V, and we can make V¢ into a C-vector space by setting
(a+bi) - (u,v) = (au — bv, bu + av)
foralla,b € Rand u,v € V. Then, we define an inner product on V¢ by
((u,0), (W', v')) = (u,u"y + (0,0") +i((v,u") — (u,"))

(one can check this). Next, extend T to a linear map T¢ : Ve — Ve by Te(u,v) := (T(u), T(v)).
One can check that T¢ is C-linear on V¢, and also self-adjoint. By (v) from Proposition 8.5, all
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the eigenvalues of T¢ are real, and m7.(x) is a product of distinct (real) linear factors, hence
mr. € Rx]. If f € R[x], then f(T¢)(u,v) = (f(T)(u), f(T)(v)). Hence, mr(x) = mr.(x), and we

conclude that T is diagonalizable. The rest of the proof is the same as in the complex case. O

‘ Remark 8.8 ’
| Wehave Ve = C@g V, and Te = 1c @R T |

Proof. Indeed, note that

COrRV=RaR)QQRVEZARV)&(i0V)=VaiV,

and
(a+bi)(1@u+i®v)=(a+bi))@u+ (ai—b) ®v=1® (au — bv) +i® (bu + av)
O
Spectral Theorem Matrix Form 8.9
(@) If A € M,(C) is a normal matrix, then there exists a unitary matrix U such that A =
UDU-! = UDU*, where D is diagonal.
(b) If A € M,(R) is symmetric, then there exists an orthogonal matrix P such that A =
PDP~! = PDP!, where D is diagonal.
1 2 . ) Lo
Example 8.10. A = 5 1 has eigenvalues 3 and —1, with corresponding eigenvectors (1,1) and

(—1,1), respectively. We deduce that

a_p(? 0\
0 -1

b <ﬁ/z —ﬁ/z>

where

V2/2  V2/2

9. Bilinear Forms

Let V be a finite dimensional vector space over a field F, with basis ey, . . ., e,. Write
n n
=Y we,y=Y ue
i=1 j=1

with x;,y; € F. A bilinear form on V is a bilinear map B : V x V — F, such that

n

B(x,y) = ) xiyiB(ei¢€)).
ij=1

The matrix A := {B(e;, ;) }1<ij<n is called the matrix of B relative to the basis E = (ey, ..., e,).




§9. Bilinear Forms 25

Conversely, if A = {a;;} is any n x n matrix with entries in F, we define the function

n
Ba(x,y) :=x'Ay = ) ajjxiy;.
ij=1

The determinant det{B(e;, ¢;) } is called the discriminant of B.

Suppose we change the basis E to another basis E' = (e},...,¢},), and let P := (id)g g be the
change of basis matrix, so thatif P = {p;;}, thene; = }.i' ; pje; foralli € {1,...,n}. Then,

B(e;,€;) = B (Z Pikek,Zleel) =Y piBlew e)pji-
k I k1
Hence, if A = {B(ej,¢j) } and A" = {B(e}, ¢}) }, then,
A" = PAP".

We therefore see that det(A’) = (det P)? - det(A), so the discriminant det A of B is changed to
(det P)? - det A upon changing the basis. That is, the discriminant does depend on choice of

basis.

We define VF := {x € V | B(x,v) = 0 for allv € V}. We call this the left radical of B.
Similarly, we have the right radical VX := {y € V | B(v,y) = 0forallv € V}

Theorem 9.3
The following are equivalent:

(i vE=0

(i) VR=0

(iii) The matrix A of B relative to any basis is invertible.

Proof. Letey, ..., e, be any basis of V, and A = {B(e;,¢;) }. Then, clearly
x eVl <= B(x,e)=0Vi=1,2...,n
xe VR —= Blej,x)=0Vi=1,2,...,n.

So, if we write x = }_x;e;, then VE = 0 (resp. VR = 0) is equivalent to saying that the linear
system Afx = 0 (resp. Ax = 0) has only the zero solution. These are equivalent to the condition
det A # 0. O

‘ A bilinear form B is called non-degenerate if its matrix with respect to any basis is invertible. ’

Fix y € V. Then, y gives rise to a linear functional on V, namely x — B(x,y). This functional
only depends on the equivalence class of y modulo VR. Hence, we get a homomorphism V — V*
whose kernel is VR by definition. Hence, we obtain an injection V/VR < V*. If B is non-

degenerate, we obtain an isomorphism V = V* by y — (x — B(x,y)). A similar analysis applies
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to the second variable and VL.

Proposition 9.5

Suppose B is non-degenerate and dimp V < co. Then, any linear functional on V has the form
x — B(x,y) (and also x — B(y, x)) for some y € V.

We say that x is orthogonal to y if B(x,y) = 0. We denote this x L y.

Theorem 9.7

The relation L is symmetric <=

1. Bis alternating: B(x,x) = 0 OR

2. Bis symmetric: B(x,y) = B(y, x).

Proof. On homework. O

10. Symmetric Bilinear Forms and Quadratic Forms

Suppose B : V x V — F is a symmetric bilinear form, and char F # 2.

The corresponding quadratic form to B is Q(x) := B(x, x), which is a function Q : V — F.

Remark 10.2

We can recover B from Q by

B(X,y) =

(Qlx+y) —Q(x) = Q(y))

N[ =

By choosing a basis E of V, we can represent B by a symmetric matrix A so that B(x,y) = x'Ay,
and Q(x) = x'Ax.

Example 10.3.

1 5 3 x
Q(x,y,2) = x* +2y* — 22 + 10xy + 6xz — 4yz = (x y z) 5 2 =2
3 -2 -1 b4

Suppose Q = Qa(x) = x'Ax for A € M, (R) symmetric. We say that Q is
(i) positive definite if Q(x) > 0 for all x # 0.
(i) negative definite if Q(x) < 0 for all x # 0.

(iii) indefinite if Q(x) > 0 and Q(x") < 0 for some x, x’.
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To determine which property Q satisfies, we can use the spectral theorem.
M
Write A = PDP!, where P is orthogonaland D = .. is diagonal. Then, we introduce

An
new coordinates y := (x)p = P~lx <= x = Py. So,

Q = x'Ax = (Py)'A(Py) = y'Dy

Example 10.5. Let A = (; i) ,50 Qa(x1,x2) = X3 + x3 + 4x1x2. We have A = PDP! with
D— 3 0 P Q 1 -1 ‘
0 -1 2 \1 1
y= Al _ pt X1 :Q X1+ x2 ’
Y2 X2 2 \x—x
2
_ 3 0 iy V2 V2 2
Qly) = (yl y2> (0 _1> <y2> =3 (z(xl —|—x2)> — (2(x1 — X7)

ST

Hence, Q is indefinite.

Then,

S0

Theorem 10.6

For any real quadratic form Q = x! Ax in n variables, there is an orthogonal change of basis in

which that form becomes
Qi,-- - yn) = Myi+ -+ Auys, A €R.

Q is positive (resp. negative) definite if A; > 0 (resp. A; < 0) foralli = 1,...,n. Q is indefinite
if A; >0and A; < 0 for some i, .

We say that Q is positive semi-definite (resp. negative semi-definite) if Q(x) > 0 (resp.
Q(x) <0) for all x € R".

Over any field F, one can show:

‘ Theorem 10.8 ’

‘ Let B be a symmetric bilinear form on a vector space V over a field F with char F # 2. Then,
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V has a basis E = (ey, ..., e,) such that the matrix of B relative to E has the form

A

0
where A; € F\ {0} foralli € {1,...,r}. Note that B(e;,e;) = 0 for alli # j, so E is an

orthogonal basis of V.

11. Alternating Bilinear Forms

Let V be a vector space over F, and B : V x V — F an alternating (B(x, x) = 0) bilinear form on
V. Then, B(x,y) = —B(y, x) forallx,y € V.

If E = (ey,...,ey) is any basis of V, we see that B(e;, ¢;) = —B(ej, ¢;) for i # j, and B(e;, e;) = 0 for
all i. Hence, if A = {B(e;, ¢;)};j, then A + A" =0, i.e. A is skew-symmetric.

Conversely, if A is a skew-symmetric matrix in M, (F), then B(x,y) := x'Ay is an alternating
form, since

B(x,x) = ) ayxixj = ) (a;; +a;i)xix; = 0.
i

i<j

Theorem 11.1

If B is an alternating bilinear form, then there exists a basis of V such that the matrix of B

relative to this basis has the form

A=

where S = 0 1 .
-1 0

Proof. If B = 0, the result is trivial, so assume B # 0. Then, we can find u,v € V such that

B(u,v) # 0. Since B(u,Au) = 0 for all A € F, we know u and v are linearly independent. Say
B(u,v) = A # 0, and define u; := u,v; := A~'0. Then, B(uy,v1) = 1 = —B(v1, u1).

Inductively, suppose we found linearly independent vectors Ey := (u1,v1,...,ux, v) such that
B(uj,v;) =1 = —B(v;,u;) foralli € {1,...,k}, and B(z,w) = 0 for every other pair z, w € Ej.
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Let Vi := Span{uy,v1,...,u,vk}. We claim V = V, @ Vi, Indeed, since the matrix Bly, is
the diagonal matrix with k S’s, which is invertible, we know that B]Vk is non-degenerate. So,
Vi N V- = 0. Moreover, if x € V, we may define y := x — Y¥_; B(x,0;)u; + Y5 B(x, u;)v;.
Then, check that B(y,u;) = B(y,v;) = 0forallj € {1,...,k}. Hence y € V*, so it follows that
xe Vi VkL.

Now, if B|VkL = 0, then choose a basis wy,...,w,_o for Vkl, and append it to E; to obtain
the required basis. Otherwise, we can choose 11, vk+1 € VkL such that B(ugyq,v541) = 1 =
—B(vk11, Ug+1), and then proceed inductively. O
‘ Corollary 11.2 ’

‘ The rank of a skew-symmetric matrix with entries in F is even, and its determinant is a square. ’

Proof. If A+ A' = 0, and B4(x,y) = x'Ay, then the previous theorem gives A = PA’P!, where
A’ is the matrix from the theorem, and P is a change of basis matrix. So, P is invertible, hence A
and A’ have the same rank, so A has even rank. Also, det(A) = (detP)? - det(A’) = (det P)? (or
0). O

12. The Pfaffian
IfA= {ﬂij}1§i<]'§n is skew-symmetric, then det A is a polynomial in the variables a;; for i < j,
ie in R := Z[a;,i < jl.
Example 12.1. If n is odd, then det A = 0. We can also see this as
det A = det(A") = det(—A) = (—1)"det A

Example 12.2.

0 app a13 auy

0 a3 axy

2

det = (a12a34 — A13024 + A14a23)".
0 as4
0

We'll call the polynomial inside the square the Pfaffian.

2
The quotient field of R is Q(a;j,i < j). The corollary implies det A = <}§(> for some f,g €

R. Therefore, f> = det(A) - g% hence ¢* | f>in R, so ¢ | f in R. That is, é = h for some
h € R, hence det A = h?, and h is determined up to a sign +1 by this relation. When A =
A" = diag(S,S,...,S), we obtain 1 = detA’ = h(a}, = 1,...)% We fix the sign of & so that

h(aj,=1,...)=1.

‘ The resulting polynomial from the discussion above is denoted Pf(A), the Pfaffian of A. ’
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In general,

Pf(A) =) sgn(0)a,(1)o(2) *  * Ao (2n—1)o(2n)
summed over all ¢ € Sy, such thato(2r —1) < ¢(2r) forallr,and o (1) < 0 (3) < --- < oc(2n—1).

There are (2n — 1)!! = (2n —1)(2n — 3) - - - 3 - 1 terms in this sum.

There also exists a Laplace type expansion

PfA =apPfAp —apPfA+-- -+ (—1)”a1n Pf A1,
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Categories

13. Categories, Morphisms, and Functors

A category C consists of a class ObC of objects, and for every pairs (A, B) of objects, a
set Hom¢ (A, B) (or Hom(A, B)) whose elements are called morphisms with domain A and
codomain B (or ‘from A to B’). Moreover, for each triple (A, B, C) of objects, we are given a
map (composition law) Hom(A, B) x Hom(B,C) — Hom(A4, C) sending (f,g) — gf such
that the following are true:
(i) If (A,B) # (C,D), then Hom(A, B) " Hom(C,D) = @
(ii) If f € Hom(A, B) (denoted f : A — B),g: B — C,and h : C — D, then (hg)f = h(gf).
(iii) For every A € Ob(, there exists an element 14 € Hom(A, A) such that f14 = f for all
f € Hom(A, B),and 14¢ = g forall ¢ € Hom(B, A) [for all B € Ob(].

The morphisms in C are called arrows.

Category theory is the theory of the arrows.

Remark 13.2
Property (ii) is equivalent to saying that the diagram

B g C

Af/v X‘D

commutes. Property (iii) is equivalent to saying that the diagram

B
e
Ay

N

commutes.

C is a subcategory of D if ObC C ObD, and for all A,B € Ob(, we have Hom¢(A,B) C
Homyp (A, B).

Example 13.4. 1. Sets, the category of sets, with the usual notion Hom(A, B) =: B* := all functions
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A — B.
. The category Grp of groups, with group homomorphisms. It has a subcategory Ab of abelian groups.
The category Ring of rings and ring homomorphisms.
The category Top of topological spaces and continuous maps.

For any ring R, we have the category R-mod of (left) R-modules.

S I N

Given a category C, the opposite category is defined by C°P has ObC°? = ObC(C and

Homeop (A, B) := Homg (B, A). So, C°P is C with the arrows reversed.

7. Let G be any group. Then, G defines a category G with a single object -, so ObG = {-}, and
Hom(-, ) := G, with1:=e € Gand fg € Hom(-, -) the product in G.

8. We can define isomorphisms in a category in the obvious way. However, there are several ways to

define monomorphisms (injective) and epimorphisms (surjective).

Let C and D be two categories. A (covariant) functor 7 : C — D consists of
(i) Amap ObC — Ob D with A — F(A)
(ii) For every pair (A, B) of objects of C, a map Hom¢ (A, B) — Homp(F(A), F(B)) with
f+ Ffsuchthat F(gf) = FgFfand Fly = 15(,).
A contravariant functor 7 : C — D is a covariant functor from C°? — D. So, for each
f € Hom¢ (A, B), we have F f € Homp(F(B), F(A)) and F(gf) = FfFg. So, contravariant

functors reverse arrows.

Example 13.6. 1. F : Grp — Sets maps any group G to the underlying set G, and ¢ : Gi — G to
the underlying set map. The functor F is called the forgetful functor.

2. The abelianization functor Grp — Ab sends G to G := G/[G, G|, where [G, G| is the commu-
tator subgroup. Each group homomorphism f : Gi — G maps |G, G1] to [Ga, G2], so induces a
map f2: G — Ggb

3. The contravariant power set functor P : Sets — Sets sends any set A to its power set P(A).
Given any set map f : A — B, we have Pf : P(B) — P(A) mapping U C Bto f~1(U) C A.

4. For any R-module M, we get a covariant functor Homg(M, —) : R-mod — Ab sending N
to Homg(M,N) and ¢ : N — N’ to Hom(M, ¢ : Hom(M,N) — Hom(M, N'), sending
f — @o f. Wealso have a contravariant functor Homg (—, M) : R-mod — Ab. These are the
Hom functors.

5. For any R-module N, we get a covariant functor — g N : R-mod — R-mod defined by M —
M ®g N, sending f: M — M'tof®1: MN — M ® N.

Let C and D be categories, and F, G : C — D be covariant functors. A natural transformation

from F to G is a map # that assigns to each A € ObC a morphism 74 : F(A) — G(A), so
that for all A,B € ObC(, and for all f € Hom¢ (A, B), we have (Gf)na = ng(Ff). Thatis, the
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following diagram commutes:

F(A) ————— G(4)

Ff O Gf

G(B)

1B

Example 13.8. Consider the functor GL, : CommRings — Grp defined by R — GL,(R), and G :
CommRings — Grp defined by R — R*, the group of unit functors.

The determinant det is a natural transformation GL,, — G since it is defined by the same polynomial for
all rings, so that for any ring homomorphisms f : R — S, the following diagram commutes:

GL,(R) — %, R

GLa(f )‘ f

X
GLy(8) ———— S

If /,G : C — D are two functors, we say that a natural transformation  : 7 — G is an

isomorphism if each 74 : F(A) — G(A) is an isomorphism, for all A € ObC.

Example 13.10. Consider the identity functor 1g_oq and the double dual functor D? on R-mod. For
each R-module M, there is a natural map np : M — M** sending x — [X(f) := f(x)]. Then, for any
morphisms f : M — N in R-mod, the diagram

M ™M M**

I

N IN N**

commutes. Hence, 11 : 1r moq — D? is a natural transformation. 1 becomes an isomorphism if we define

it on the category of finite dimensional vector spaces over a fixed field.

Two categories C and D are called isomorphic if there are functors 7 : C = Dand G : D — C
such that GF = 1¢ and FG = 1p. This notion is often too strong, so we say that C and D are
equivalent categories if there exist functors 7 : C -+ Dand G : D — C such that GF = 1¢ and

FG = 1p, where = denotes a natural isomorphism of functors. This defines an equivalence

relation on categories.

Example 13.12 (Known Theorem). The categories R-mod and M, (R)-mod are equivalent for all n > 1.
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14. Yoneda’s Lemma

In many categories whose objects are sets with structure, the underlying set | X| of an object X can

be described as the set of morphisms from a universal object w to X.

Example 14.1. For any G € Ob(Grp), we have |G| = Hom(Z,G). For any R € Ring, we have
|R| = Hom(Z|[x], R). In general, such a universal w may not exist.

Enter Grothendieck

Grothendieck’s Idea 14.2

Consider not one w, but all objects w.

We attach to X € ObC the whole set |J,, Hom(w, X). More precisely, we consider the Hom
functor Hom¢ (—, X), the “functor of points of X”. The idea is that we can recover X from the

functor.

For any category C, and for any X € C, we have the contravariant hom functor hx : CP — Sets
defined by Z — Hom(Z, X). Now, suppose f : X — Y is a morphism in C. Then, for all
Z € ObC, the composition K,z : hx(Z) — hy(Z) given by ¢ — fg defines a morphism (i.e. a
natural transformation) hy : hx — hy of functors. We obtain a covariant functor i : C — C =
Funct(C°P, Sets). We claim / is an embedding.

Let F : C°P — Sets be a functor and X € Ob (. Let a : hx — F be a morphism of functors. Then,
for all objects Y, we are given a map ay : hx(Y) — F(Y). We can consider ax(1x) € F(X).

‘ Yoneda’s Lemma 14.3 ’

‘ The map Homg(hx, F) — F(X) sending & — ax(1x) is a bijection, and functorial in X. ’

Proof. Forany w € F(X), we define amap (ay)y : hx(Y) — F(Y) givenby f — F(f)(w), where
hx(Y) = Hom(Y, X). The rest is left as an exercise. O

We apply Yoneda’s lemma to the special case when F = hy for an object Y of C. We therefore
see that the functor X +— hx induces a bijection Hom¢ (X, Y) = Homg(fiy, hy). This means that
X +— hyx is a fully faithful functor C — C, so the category C embeds into a category of functors
from C°P — Sets

15. The Category R-mod

In R-mod, the Hom sets have a natural abelian group structure, and the product of morphisms

(i.e. composition) of morphisms in R-mod is distributive. That is,

h(f+g) =hf+hg
(f +8)h = fh+gh.
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When considering functors between categories of modules, we focus on the additive ones, i.e.
such that f — Ff from Hom(M, N) to Hom(FM, FN) is a map of abelian of groups.

In R-mod, we have notions of kernels, cokernels, short exact sequences, etc.

A functor F : R-mod — R’-mod is called exact if it maps short exact sequences of modules to

short exact sequence. F is called left exact whenever

0 M L M3 M

being exact implies
0 FM) T F) T Fowr)
is exact. We similarly define right exact functors.

Analogous definition apply to contravariant functors: a left exact contravariant functor C —
D is a left exact functor C°? — D.

Theorem 15.2
The hom functor Hom (M, —) : R-mod — Z-mod is left exact.

Proof. We will show that if
0N LN E N
is exact, then

0 — Hom(M, N') % Hom(M, N) & Hom(M, N")

is exact, where a(¢) = fo and B(y) = gi.
We first claim that ker f = Img «.

Proof. Suppose ¢ € ker B. Then,
P =0 <= Vme M, gp(m) =0 <= ¢(m) € kerg =Img f,

i.e. there exists a unique (by injectivity) n’ € N’ such that y(m) = f(n"). We thus obtain a well-
defined map ¢ : M — N’ sending m to n’. One checks from the definition that f¢ = ¥, and
¢ € Hom(M, N'). This proves that ker 8 C Imga. For the reverse inclusion, if ¢ € Hom(M, N’),
then

¢f=0 = gfp=0 = Vme M, gfp(m) = Pa=0,

hence Imga C ker . O
The rest of the proof is left as an exercise. O
‘ Exercise ’

‘ Show that the contravariant functor Hom(—, M) is left exact. ’
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16. Projective Modules

While free modules are nice, it’s impossible to neatly describe them from a categorical perspective

within the category of modules. Projective modules generalize free modules to fix this.

A module P is projective if given any surjective map r : M — N, and any map f : P — N,
there exists a f: P — M such that nf = f. That is, the diagram

commutes.

Example 16.2 (Free modules are projective.). Let F be any free module, i.e. F = @;c; Re;. Then,
f : F — Nisdefined by f(e;) forall i € I. By surjectivity, there exists m; € M such that t(m;) = f(e;).
So, we define f : F — Mby f(e;) = m; foralli € .

The definition of projective modules directly implies:

Proposition 16.3

A module P is projective <= Hom(P, —) is an exact functor.

Question

How close are projective modules to being free?

A short exact sequence 0 — M’ LME Mo splits if there exists ¢ : M — M such that
ge = 1 M-

Equivalently, the sequence splits if there exists an 7 : M — M’ such that 7 f = 1.

We then have a canonical isomorphism M = M’ & M" sending m +— (fy(m),eg(m))

The details of these claims are left as an exercise.

Theorem 16.5

The following are equivalent:

(a) P is projective.
(b) Any short exact sequence 0 - M — N — P — 0 splits.

(c) There exists a free module F such that F = P ¢ P/, for some P’.

Since (a) and (c) are equivalent, it follows that P’ is also projective.
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Proof.

(@) = (b): Given0 - M — N LNy SN exact, we may consider the identity map 1p : P — P.
Then, since P is projective, there exists ¢ : P — N such that ge = 1p.

(b) = (c): Since any module is a homomorphic image of a free module F, there is an exact

sequence 0 — kerg — F Spoo. By (b), this sequence splits, so F = P @ ker g.

c) = (a): We are given a split exact sequence 0 — —F— P — 0, wit ree. Consider the
(c) (a): We gi pl' q 0 P’ F P 0, with F f C ider thi

diagram:
p
I
M . N 0
Then, combining the diagrams, we get
0 P’ 1' F T P 0
g% I/ lf
M N 0

Since F is free, hence projective, we get ¢ : F — M such that ft = ag. Moreover, we have a

splitting map € : P — F such that 7te = 1p. Then,

f=flp = frre = age,

so ge : P — M satisfies the definition of projective.

0 2k i F

8

M

O

Example 16.6. Let R = Z/6Z and M = Z/6Z, so clearly M is a free R-module of rank 1. Moreover,
M=2Z/27Z & Z/3Z,s0 Z/27Z and Z./3Z are projective R-modules, but not free.

17. Significance of Projective Modules

Let F be R or C, and X be a compact Hausdorff space. Let C(X) be the ring of continuous
F-valued functions on X. An F-vector bundle over X consists of a topological space E, and a

continuous surjective map 7 : E — X which is locally trivial in the sense that for any x € X,

there exists a neigborhood U of x and a homeomorphism ¢ : 77~ 1(U) — U x F" for some fixed
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n > 0 such that the diagram

7~ 1(U) — > UxF"
‘ pr
u lu . U

commutes. A continuous section of E is a continuous map s : X — E such that mos = 1x.
The space I'(X, E) of all continuous sections of E is a C(X)-module in an obvious way: for
feC(X)ands € I'(X,E), we have (fs)(x) := f(x)s(x).

Swan’s Theorem 17.2

The module I'(X, E) is finitely generated and projective over C(X).

Conversely, every finitely generated projective C(X)-module arises in this way.

Remark 17.3

The projectivity of I'(X, E) is equivalent to the existence of a vector bundle E’ on X such that

E @ E' = X x F", the trivial vector bundle for some #.

The category Vectx of (finite rank) vector bundles on X admits direct sums E & E’. We obtain a
semigroup V of isomorphism classes of vector bundles in Vectx. The abelian group associated to
V is definition the topological K-theory of X, denoted K°(X).

Similarly, for any commutative ring R, the semigroup S of isomorphism classes of finitely gen-
erated projective R-modules (with the operation of direct sums) has an associated abelian group
Ko(R).

Ko(R) is defined as equivalence classes of pairs (M, N) with M,N € S, where (M,N) ~
(M',N') <= thereexistsp € SwithM@& N &P = M' @& N & P. Addition is given by

(M, N)] + [(M',N")] := [(M+ M',N + N')]

Remark 17.5

If R is a PID, then any finitely generated projective R-module is isomorphic to R" for some n,
and the rank of modules induces an isomorphism Ky(R) = Z.

If R is a Dedekind domain (e.g. R = Ok), then Ko(R) = Z & C(R), where C(R) is the class
group of R.
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18. Injective Modules

A module Q is injective if, for modules N, M and injectivei : N < M, and any f : N — Q,
there exists g : M — Q such that f = g oi. That is, the diagram commutes:

0 Ne—" "M
f‘ A
L
Q
Proposition 18.2

The following are equivalent:
1. Qs injective
2. If N is a submodule of M, then any homomorphism N — Q can be extended to a homo-
morphism M — Q
3. The contravariant functor Hom(%, Q) is exact. This just requires that for any exact se-

quence 0 — N’ 2 N, the sequence Hom(N, Q) Hom{i.Q) Hom(N’, Q) — 0is also exact.

4. Any short exact sequence 0 - Q —+ M — N — 0 splits.

Our goal is to prove 1 <= 4. We begin by focusing on Z-module.

An abelian group T is divisible if for any integer m # 0, the map x — mux is surjective onto T.

Proposition 18.4

If T is a divisible abelian group, then T is injective as a Z-module.

Proof. Suppose M’ C M is a subgroup of the abelian group M, and f : M’ — T is a group
homomorphism. Pick x € M, and we'll extend f to the submodule (M’, x).

If x is free over M’ (i.e. mx ¢ M’ for allm € Z \ {0}), then we can select any ¢ € T, and extend f
to (M, x) by setting f(x) := t. Suppose now that dx € M’ for some minimal d € Z*. Since T is
divisible, there exists u € T such that du = f(dx). Hence, for any m’ € M’ and k € Z, define

f(m' +kx) = f(m') + ku. (2)
Note that (2) is well defined: m} 4+ kx = m/, + Ix implies
(k—Dx=my)—my e M = k—1=dr

for some r, hence

f(mb) — f(my) = f(drx) = rdu = ku — lu
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Consider the set S of pairs (N, g) where N is a submodule with M’ € N C M, and g is an
extension of f to N. We say that (N,g) < (N,¢') if N C N" and ¢'|y = g The hypotheses of
Zorn’s lemma hold for (S, <), solet (N, g) be a maximal element of S. Then, if N # M, there exists
x € M, N, and we can apply the first part to extend g to (N, x), contradicting the maximality of
(N,g8). O

‘ Corollary 18.5 ’

‘ Any Z-module can be embedded in an injective Z-module. ’

Proof. If F = @, Ze; is any free abelian group, then F' := @;c; Qe; is divisible and F — F'.
More generally, if M is any abelian group, then M = F/K for some free Z-module F. Then, F'/K
is divisible, hence injective, and F/K = M is a subgroup of F' /K. ]

Now, what about beyond Z-modules?

Let A be a commutative ring, and T be any abelian group. Then, Homz (A, T) becomes an A-
module: for any f € Homz(A, T),and a € A, set (af)(x) := f(ax).

Proposition 18.6

For any A-module M, there is a natural isomorphism of abelian groups

Homz (M, T) = Homu (M, Homz(A, T))

Proof. Suppose ¢ : M — T is a Z-homomorphism. We map ¢ to f : M — Homyz (A, T) with
f(m)(a) := p(am). Observe that m — f(m) is an A-module homomorphism, giving a map

Homyz (M, T) — Homu (M, Homz (A, T)).

Conversely, given an A-homomorphism f : M — Homgz(A,T), let ¢ : M — T be given by
P(m) := f(m)(1). One checks that this ¢ is the inverse of the above map. O

Lemma 18.7
| |

‘ If T is a divisible abelian group, then Homz (A, T) is injective in the category of A-modules. ’

Proof. Suppose 0 — N — M is exact in A-mod. Then, Homz(M, T) — Homz(N, T) — 0 is exact

since T is an injective Z-module. Now, we have a commutative diagram

Homyz(M, T) » Homgz(N, T) 0

O

— R—
— R—

Homy(M,Homyz(A,T)) ———  Homu(N,Homyz (A, T)) —— 0

Thus, the bottom row is exact, proving the lemma. O
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‘ Theorem 18.8 ’

‘ Every A-module embeds in an injective A-module. ’

Proof. Let M be any A-module. Embed (M, +) into a divisible abelian group T. We then get an
A-module homomorphism ¢ : M — Homgz(A, T), with m — f,,, where f,,(a) := am for all
a € A. Since f,,(1) = m, ¢ embeds M into Homy (A, T), which is injective. O

We’re now equipped to prove the earlier 1 <= 4 equivalence.

‘ Proposition 18.9 ’

A module Q is injective if and only if every short exact sequence 0 — Q — M — N — 0 splits

(if and only if Q is a direct summand of every module which contains it).

Proof. Suppose Q is injective, and 0 — Q 4 M — N — 0 s exact. Then, with 15 : Q — Q, we
induce amap 7 : M — Q such that # oi = 1, hence the sequence splits.

Conversely, suppose Q has the splitting property. By the previous theorem, we have an exact

sequence 0 — Q <5 M where M is injective. We can extend this to a short exact sequence
0-Q5ME5M/Q—0,

and by our assumption there exists a map 77 : M — Q such that 7 oi = 15. Now, suppose that we

have a diagram:

0 y N/ « N

~

Q

Since M is injective, we can enlarge this to a commutative diagram

0 y N/ ! N

where there exists ¢ : N — M such that goj = io f. Hence, we have yog : N — Q, and
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f=mog)oj

19. Flat Modules

Let R be a commutative ring, and M an R-module. We define a functor
M ®g * : R-mod — R-mod
sending any R-module N to M ®g N, and any morphism f : N’ — N to

1®f: Mg N — M ®g N.

Theorem 19.2

The functor M ®p * is right exact. That is, given any exact sequence of R-modules
N L NSNS0,
the sequence
MaN Y MeaNFMaN' -0

is exact.

Proof. Surjective of 1 ® g follows from surjectivity of g. We check that ker(1 ® g) = Img(1® f).
Since g¢f = 0, we have

(1eg)= (Zrm@f(ni)) =) mi®gf(ni) =0
1 1
hence Img(1 ® f) C ker(1 ® g). In particular, we have a map
m: (M®@rN)/Img(1® f) - (M®r N)/ker(l1® g) 2 M® N".

We claim that 7t is an isomorphism. Indeed, define 7’ : M x N” — (M ® N)/Img(1 ® f) with
(m,n") — [m ® n] for any n such that g(n) = n”. If ny,n, are such that g(ny) = g(nz2) = n”, then
ny —ny € kerg = Img f, sony —ny = f(n'), thus m ® n; = m @ n, modulo Img(1 ® f). Hence,
7" is well defined. Now, 77’ is R-bilinear, inducing a map

7' M®rN — (M®gN)/Img(1® f).
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It follows that 7r and 77’ are inverses. O

Example 19.3. The functor M ®g * is not always left exact: For example, the injection i : Z — Q of
Z-modules induces the zero map from Z./27 @z Z. — Z./27Z Q7 Q

We always know that the tensor functor M ®p * is right exact. When it’s also left exact, we say M
is flat.

We say that an R-module M is flat if the functor M ®g * is exact. Concretely, M is flat if for
any injection N’ <> N of R-modules, the map 1®i: M ®g N’ — M ® N is injective.

Lemma 19.5
M = @;c; M;is flat <= M,; is flat.

Proof. Suppose f : N’ < N is an injection of R-modules. We must show that
M@ f:MON - M®N

is injective if and only if
1Ml.®f2Ml'®N/ — M; ® N

is injective. We have the commutative diagram

MON —— & @,(M;oN)

1®f O ®i(1ef)

M®N = ®;(M; ® N)
so the result is clear. O
‘ Corollary 19.6 ’

‘ Projective modules are flat. ’

Proof. It’s easy to see that R is a flat R-module: R ®@r N = N for any R-module N. So, an injection
N’ — N induces an injection R ®g N’ < R ®g N. The lemma we just proved implies that any
free R-module F is flat. Since projective modules are direct summands of free modules, another

application of the lemma shows that they are flat. O
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Homological Algebra

20. Cochain Complexes and Cohomology

Let R be a commutative ring. A cochain complex C* for R is a sequence
0Bt B2, Lot hon
of R-modules and R-linear maps such that d; od; =0, forall i > 1.

If (C*,d) and (6’, d~) are two cochain complexes, a homomorphism « : C* — C*isa sequence

of homomorphisms &; : C' — C' such that for every n, the diagram

cr c+t ...
Ay O Xyt
c (Sl I

commutes.

We let R -comp denote the category of cochain complexes for R.

If (C*,d) is a cochain complex, its nth cohomology group is the quotient group
H"(C®) := kerd, 41/ Imgd,.
We use the notation Z" := kerd, .1 (n-cocycles) and B" := Imgd,, (n-coboundaries), so

H, :=Z"/B"

Check

Ifa:C* — C'isa morphism of cochain complexes, then & maps cocycles to cocycles and

coboundaries to coboundaries. Hence, for each 7, « induces a map on cohomology groups
&, : H'(C*) — H"(C*)

sending z + B" to «,(z) + B". This gives an n-th cohomology functor

H" : R-comp — R-mod
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Remark 20.3

1. There is a dual notion of chain complexes C,, which has the arrows reversed:

MGy B0

where d; od;_1 = 0 for alli > 2. Then, the homology groups of Cy are
H,(C,) :=Z,/By :=kerd,/Imgd, 1

2. Observe that H" (resp. H,) measures the failure of exactness of C* (resp C,) at position

n.

The Long Exact Cohomology Sequence 20.4
Let

0-A5BECo0
be a short exact sequence of cochain complexes. That is, the sequences
0— A8 pr By g
are exact for all n > 1. Then, there is an induced long exact sequence of cohomology groups

0 — H(A) — H(B) — H(C) &8 H'(A) — HY(B) —» H'(C) S - ..

The maps J, are called connecting homomorphisms.

Proof. We give the definition of 6, : H"(C) — H"*1(A).

Bn—1 Pn1 cn-1 0
0 an o pn P cn » 0
Ay Ay dnt1

13 ﬁn 1
0 An+1 n+1 Bn+1 + Cn+1 0

dn+2 dn+2 dn+2

~ ~ d

&pt2 2
0 An+2 nt! Bn+2 B+ Cn+2 s 0

Pick x € H"(C) and let c € C" represent the class of x in H"(C). Then, there exists b € B" such
that B,,(b) = c. Now,
Bri1dni1 (b) = dnHﬁn(b) =dy1(c) =0

since ¢ € Z"(C). Since ker B,,+1 = Img w11, and a,,41 is injective, there exists a unique a € Antl
such that ,11(a) = d,11(b). Note that,

Wni2dn+2(a) = dpi20ny1(a) = dyiody1(b) =0

hence w7 being injective implies that d,12(a) = 0. So, a is a cocycle, and so represents a class
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[a] € H""1(A). Define

To show that J, is well defined, we must show that [4] is independent of the choices of ¢ and b.
Then, we'll have that 6, is a homomorphism H"(C) — H""1(A).

Independence of c: If ¢ = d,,¢’ for some ¢’ € C"~!, there exists some b’ € B"~! such that 8, _1(b') =
¢’ by surjectivity. Then,
Bn(dnb') = dnBn_1b' =duc’ =,
so we can take b := d,b’, and this leads to a = 0.
Independence of b: Exercise.

The check of exactness of the long exact sequence is also routine. For example, we’ll show that
kerx = Imgd,, where & : H""1(A) — H""(B). Indeed, for [a] € Imgé,, we have a,,1(a) =
dy+1(b), so it is clear that Imgd, C kera, because d,1(b) is zero in H"™1(A). Conversely, if
a € A"is such that a,11(a) = d,41(b) (i.e. a € kera), then clearly a = §,(x), where x denotes
the class of ¢ := B,+1(b). O

21. Homotopy

Let f, g be homomorphisms of cochain complexes (A,d) into (B,d’). Then, f is said to be
homotopic to g if there exists module homomorphisms {s, },>1 with s, : A" — B"~! for all
n > 1 such that

fo— 8n = diySn + Su1dni1

foralln > 1.
s AN- 1 -4, H Al — g — An+1
H / sn+1 H
- | B 1 - B" 7%“ N Bn+1

We write f ~ g.

Check

This is an equivalence relation on cochain complexes A — B.

Proposition 21.2

If f ~ g, then ﬁ = gu, Where ﬁ and g, are the corresponding maps of cohomomology mod-
ules H"(A) — H"(B).
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Proof. If z, € Z"(A), then we have

dn+1in =0

ﬁi(zn) = [fulzn)] = [(gn +dsn + Sn+1dn+l)(zn)] = [gn(zn) + d;zsn(zn)]

= [gn(zn)] = &n(zn)

22. The Ext Groups

Let M be an R-module. A projective resolution of M is an exact sequence
. d
PP s B pESE M0

such that each P, is a projective R-module.

Remark 22.2

Every M € R-mod admits a projective resolution by free modules P,.

Proof. Let Py be a free module surjecting onto M via € : Py — M. Let P; be any free module
surjecting onto ker e by a map d; : P} — P, and continue in this way. O

Example 22.3. Any projective module P has a projective resolution
5050 P 5% p o

Given any R-module N, we can apply the contravariant functor Hom(x*, N) to a projective reso-

lution of M to obtain a (not necessarily exact) sequence

0 — Homg (M, N) -5 Homg(Py, N) 25 Homg (P, N) % ... )

(we're denoting Homg (d,, N) again by d,, for simplicity).

We define the Ext groups Exty (M, N) by
Ext%(M,N) := kerd;
Extg(M,N) :=kerd, 1/ Imgd, Vn>1.

The module Exty (M, N) is the n-th cohomology group derived from the functor Hompg (%, N).

Ext stands for extension.

Remark 22.5

The groups Exti (M, N) are the cohomology groups of the cochain complex
0 — Homg(Py, N) = Homg(P;,N) — - -

(where we replace Homg (M, N) in (3) with zero).




22. The Ext Groups 48
§ p

‘ Proposition 22.6 ’

‘ Ext% (M, N) = Homg(M, N). ’

Proof. Since P, d—1> Py = M — 0is exact, we deduce that
0 — Hom(M, N) 5 Hom(P,, N) % Hom(P, N)
is exact. Then,

Ext}(M, N) := kerd; = Imge = Hom(M, N)

O
Example 22.7. Suppose a € R is a not a zero divisor, and take M := R/aR. Then,
Ext%(R/aR,N) = Hom(R/aR,N) = N[a] := {x € N | ax = 0}.
We call this is a-torsion submodule of N.
We have a projective resolution
0—R-5R—R/aR =0
inducing the exact sequence
0 — Homg(R/aR,N) — Hom(R,N) & Hom(R, N) — Hom(0, N)
=0 — Homg(R/aR,N) - N — N — 0.

We deduce that

Nja] n=0

Extg(R/aR,N) = ¢ N/aN n=1

0 n>?2

Our goal is to prove that Ext is well defined independent of choice of projective resolution.
Proposition 22.8

Let f : M — M’ be any R-linear map, and take projective resolutions M and M’'. Then, for
each n > 0, there is a lift f, of f such that the following diagram commutes:

ds di

P Py £ M > 0
d d
2 P - P —— M » 0

Proof. Since Py is projective, there exists fy : Py — P} such that fe = ¢f;. Now, observe that
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¢ fod1 = fedr = 0, hence fodq(P1) C kere’ = Imgd].

pp—% ., p

\\\\ f
/ \\\,4 ‘L
P L am) —— 0

So, as P; is projective, there exists f; : P; — P| such that d| fi = d; fo. This process continues in
general for f,... O

If we apply Homg (*, N) to the previous diagram, we get
0 — Hom(M',N) —— Hom(Pj, N) —— Hom(P;,N) —— ---
Jf Jfo lﬁ
0 —— Hom(M,N) —— Hom(Py, N) —— Hom(P;,N) —— ---

We then get induced maps on cohomology groups.

Theorem 22.9
| |

For every n, the induced maps ¢, : Extg(M’, N) — Extz (M, N) depend only on f, and not on
the choice of lifts f,.

Proof. We may assume that f = 0, and show that the induced maps on cohomology are also zero.
Using the projectivity of the modules P,, we recursively construct a homotopy as follows: There
exists maps s, : P, — P/ 41 such that for all n, we have f, = d, 4151 +Sn—1dy. That is, we're trying
to make the following diagram:

da di

: P, Py Py —— M 0
s lz 517 l1 so” lo Jf:O
]\/// L// d/ )x// d/ f
: Py —2— P s P ——— M’ 0

Since d} : P| — ker¢' is surjective and f = 0 implies foPy C kere’, we have amap sp : By — P|
such that djsy = fo.

Next, to obtain s; : P; — P} such that f; = d)s1 + sod1, consider f — sod; and note that
d1(f1 —sod1) = fod1 — (dy50)d1 = 0.
As before, we can construct s; : P; — P,, and so on.

The above maps give a chain homotopy between the given resolution and 0. Taking homomor-

phisms into N gives a cochain homotopy, and the discussion from last time finishes the proof. [

Theorem 22.10
| |

The groups Extk (M, N) depend only on M and N, i.e. are independent of the choice of projec-

tive resolution P, of M.
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Proof. Consider 1p1 : M — M, set M’ := M, and take two projective resolutions

P, P M 0
P P M 0

where the f;’s are the choice of lifts of 1);. Then, we can copy the top row to the bottom and

provide lifts g, for that:

Py Py M 0
fi fo Im

P! P, M 0
81 80 Im

Py Py M 0

The top two rows induce maps ¢, on Extg, and similarly the bottom two rows induce ¢,,. Now,
the composites {g, o fu}n>0 are a lift of the identity map as well, and (by the previous theory)
induce the same map on cohomology as the identity map on the top complex. Therefore, ¢, o ¢,
is the identity map on Exti (M, N). By a symmetric argument, ¢, o ¢, is the identity map on
Extk (M’, N). Thus, both maps are isomorphisms.

We deduce that Ext}; (%, N) is a contravariant functor from R -mod — R -mod. O

The next result shows that Ext} is the first measure of the failure of right exactness of the Hom
functor Hompg (%, N).

Theorem 22.11

Let0 - M — M — M” — 0 be a short exact sequence of R-modules. Then, there is an

induced long exact sequence

0 — Homg(M",N) — Homg(M, N) — Homg(M’, N) 2o, Extk(M”, N)

— Exth (M, N) — Extk(M/,N) & Ext3(M",N) — - --

Proof. Given projective resolutions P, and P! of M’ and M”, we construct another projective
proj proj

resolution P, := P, & P,/ of M such that the following diagram commutes:

0 P P, @ P/ Py 0

0 P P,® P! P} 0
8/ € SH

0 M —* oM M 0
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where the rows are the obvious split exact sequence. To construct ¢ from ¢’ and ¢”,let 57 : P} — M
be a lifting of ¢” so that by = €”. Then, we set ¢(x,y) := a¢’(x) + 7(y). The remaining vertical

maps are constructed similarly.

Now, take Hom(x*, N) to get the commutative diagram

0 0 0

0 —— Homg(P}J,N) —— Homg(P}® Py, N) —— Homg(Pj,N) —— 0

0 —— Homg(Py’, N) —— Homg(P; & P{,N) —— Homg(P;,N) —— 0

Then, the columns are cochain complexes and the rows are split exact, since
Homgr(M @ N, D) =2 Homg (M, D) @ Homg(N, D)

for any three modules M, N, D. Hence, we get a short exact sequence of complexes. The theorem

now follows from the induced long exact sequence of cohomology groups. O

Proposition 22,12

For an R-module Q, the following are equivalent:
(a) Qisinjective
(b) Extk(M, Q) = 0 for all R-modules M
(c) Extx(M, Q) = 0 for all R-modules M and all n > 1.

Proof.

(b) = (a): Since Hompg(*, Q) is exact if and only if Q is injective, the result follows from the
last theorem.

(c) = (b): Obvious
(@) = (c): Suppose Q is injective, and take a projective resolution
o =Py =Py = =P —->M—=0
for any R-module M. Since Q is injective, the sequence
0 — Homg (M, Q) — Homg (P, Q) — Homg(P;, Q) — - - -

is still exact (check this). So, all its cohomology groups vanish, hence Extz (M, Q) = 0 for all
n>1. O

The functors Exty (%, N) are called the right derived functors of the functor Homg (%, N)

(which is left exact). We can similarly construct (covariant) right derived functors for
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Homg (M, ). These two constructions produce the same Ext groups.

Theorem 22.14

Let0 - N’ — N — N” — 0 be a short exact sequence of R-modules. Then, there is an

induced long exact sequence

5/
0 — Homg (M, N') — Homg (M, N) — Homg (M, N") =% Extk(M,N’)

— Exth(M,N) — - --

Proof. Let P, - M — 0 be a projective resolution of M. Apply the Hom functors to get an exact

sequence of complexes
0 — Hom(P,, N') — Hom(P,,N) — Hom(P,,N") — 0

which induces the result [omitted: a proof that the Ext groups in the theorem are the same as the

ones defined earlier. Not obvious but true.] O

Proposition 22.15

For any R-module P, the following are equivalent
(a) P is projective
(b) Extk(P,N) = 0 for any R-module N
(c) Extg(P,N) = 0 for any R-module N and n > 1.

Proof.
(c) = (b) = (a): As before.

(@) = (c): If Pis projective, then 0 — P I p 5 0isa projective resolution of P, which induces
a cochain complex
0 — Homg(P,N) = Homg(P,N) = 0 — - - - .

This implies that Extz (P, N) = 0 for all R-modules N, and n > 1. O

Remark 22.16

1. One can dually define Extk (M, N) using an injective resolution of N, instead of a pro-

jective resolution of M:
0—=+N—=Q— Q1 — -

so that Extg(M, N) is the n-th cohomology group of the cochain complex obtained by
applying Hompg (M, *) to this resolution of N.
2. For any M, N, there is a bijection between Extk (M, N) and the set of equivalence classes

of extensions E of M by N: i.e. short exact sequences

0O—+N—E—>M-—0.

This explains the terminology “Ext”.
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23. The Tor Groups

Let R be a commutative ring. We've seen that * ®g M is a right exact functor. The failure of left

exactness is measured by the Tor group.

Given an R-module N, we let P, = N — 0 be a projective resolution, and then tensor with M
to get a chain complex:
S M@P, M MeP, - 2 Mo P, 25 Mo N - 0. @)

We thus define the Tor group to be

Tor} (M, N) := coker(1®d;) := M ® Py/ Img(1®dy),

TorX (M, N) := ker(1®d,)/Img(1®d,.1).
Equivalently, TorX (M, N) is the n-th homology group obtained from (4) by removing the 1st
term M ® N.

We now have analogues of all the previous results for Ext groups, with basically identical proofs.

Example 23.2. Tor§(M,N) = M ®g N.

Proposition 23.3

The homology groups TorX (M, N) are independent of choice of projective resolution P,. They
are functorial in the sense that N — N’ induces ,, : TorX (M, N) — TorX (M, N’) for all n > 0.

Theorem 23.4

Suppose 0 —+ N’ — N — N” — 0 is a short exact sequence of R-modules. Then, there is an
induced long exact sequence of abelian groups

<o = TorR(M,N) — TorR(M,N") = M@N' - M@N - M@N" — 0

Proposition 23.5

For any module M, the following are equivalent.
(a) M is a flat R-module
(b) Torf(M, N) = 0 for any R-module N
(c) TorX®(M,N) = 0 for any R-module N, for all n > 1.

Remark 23.6
Since M ®g N =2 N ®g M for all R-modules M, N, it follows that

TorR (M, N) = TorR (N, M)
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‘ Remark 23.7

One can show (see textbook) that if A is an abelian group, then Tor;(A, B) = 0 for every
abelian group B <= A is torsion free <= A is flat as a Z-module. This explains the term
“Tor”.
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Fields

24. Field Extensions

An inclusion E D F of fields is called a field extension. The degree [E : F] is the dimension

dimpr E. If the degree is finite, we say that E D F is a finite extension.

Example 24.2. Let F be any field, and consider the characteristic homomorphism i : Z. — F. We have
two possibilities:

(a) iis injective, so Z. — F, hence Q C F.

(b) keri = pZ for some prime p,so ¥, := Z/pZ C F.
We call Q or IF, the prime subfield of F. This is the smallest field contained in F.

Theorem 24.3
Suppose F C K C L is a tower of three fields. Then, [L : F] is finite <= [K: F] and [L : K]

are both finite. If this is the case, then

[L:F]=[L:K]-[K:F]

Proof. First, assume [L : F| < oo. Then, since K is an F-subspace of L, we have [K : F] < oo.

Moreover, any finite set which spans L over F must also span L over K, hence [L : K] < oo.

Conversely, suppose [L : K] = n and [K : F| = m. In particular, let uy,...,u, be a basis of K

over F, and vy, ...,v, is a basis of L over K. We claim that {uz-v]- :i€[1,m],j€[1,j]}is abasis

of L over F. Indeed, if v € L, we have v = 2;7:1 ajv; for some a; € K. Moreover, we may write
aj = Y ajju; for some a;; € F. Hence, v = Zi,]- ajju;vj. For linear independence,

n

Za,-]-uivj =0 = Z

i,j j=1

m m
( ai]’”l’) v;j=0 = ) aju;=0forallj = a;; =0 foralli.
i=1 i=1

O]

Corollary 244

IfFCKCLand[L:F] <oo,then [K:F]|[L:F].So,if [L:F| = p a prime, then there are no
subfields K with F C K C L.

Let K be a field, and S C K be any subset. Then, there is a smallest subfield (S) of K containing
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the set S. In particular,

(N F
SCFCK
F a field
We are particular interested in the case when F C K is an extension, and for « € K \ F, we take
S := FU{a}. We denote (S) := F(a). In particular,

Fa) = {28 < g € Flal a(w) 2 0f

Consider the evaluation map ¢ : F[x] — F(a) sending f(x) — f(a). We have two cases:
1. ¢ isinjective, so f(«) # O for all non-zero polynomials f € F[x]. In this case, we say « is
transcendental over F. We also see that F(«) = F(x), the quotient field.
2. There exists a non-zero polynomial f € F[x] with f(«) = 0. In this case, we say that « is

algebraic over F.

If F =Qanda € C, we just say « is transcendental or algebraic (i.e. we omit “over F”).

Otherwise, these notions are relative to the base field F

Example 24.7. Euler’s number e is transcendental over Q, but algebraic over Q(e?), since e is a root of
the polynomial x> — ¢* € Q(e?)[x].

Proposition 24.8

Let F C K be an extension, and let « € K be algebraic over F. Let f(x) € F[x]| be a monic
polynomial of least degree n such that f(«) = 0. Then,

(a) f is unique; we call it the minimal polynomial of « over F.
(b) fisirreducible in Fx]
(c) A polynomial ¢ € F[x] satisfies g(a) = 0if and only if f | g.

(d) [F(a):F]=mn,and 1,a,...,a" ! form a basis of F(a) as an F-vector space.

Proof. We have the evaluate map ¢ : F[x] — F(«) sending f + f(«). The image of ¢ is denoted
Fla] = {f(a) | f € F[x]}, a subring of F(«x). Hence, F[«] is a domain. Now, F[x]|/ ker ¢ = F[a].
Since F[x] is a PID, we have ker ¢ = (f) for a unique f € F[x] up to units, which we can make
completely unique by requiring that f is monic. Now, F[x]/ (f) is a domain, so f(x) is irreducible.
Hence, (f) is also a maximal ideal, so F[a] is a field. By definition, we therefore must have
F[a] = F(a). This proves (a)-(c).

Recall that F[x]/ (f) has a basis 1,%, ..., x"~L. Since F[x]/ (f) = F(a), we have the identification
X <+ «, proving (d). O

Example 24.9. Consider Q <\3/5> The minimal polynomial of /5 over Q is x> — 5 (irreducible by Eisen-

stein’s criterion), so

Q(V5) =Q[V5|=Q®Q V50 Q V25
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All Degree 2 Extensions 24.10

Assume char F # 2. Then, any extension K O F of degree 2 can be obtained by adjoining a
square root to F,i.e. K = F(8), where 62 € F.

Conversely, if § ¢ F, but 6> € F, then [F(8) : F] = 2.

Proof. Assume [K : F] = 2. Choose any & € K\ F. Then, {1,a} forms a basis of K over F (they
are linearly independent), hence there exists b, ¢ € F such that a? + ba + ¢ = 0. By the quadratic

formula, we want

‘e —b+Vb?—4c
=—

Let § := 2a + b. Then, since 2 # 0, we see that F(a) = F(6), and § € K\ F. Moreover, 6> =

b? — 4c € F, s0 6 is a square root.

Conversely, if § ¢ F and 6% € F, then J has degree 2 over F (its minimal polynomial is x? — 6% €
F[x]). Hence, [F() : F] = 2. O

Corollary 24.11

Suppose that «, B are algebraic over the field F. Then, the following are equivalent

1. There exists an isomorphism of fields ¢ : F[a] — F[B] which is the identity map on F (i.e.
o(x) =xforall x € F)and o(a) = B

2. « and B have the same minimal polynomial over F.

Proof. Assume that « and  have the same minimal polynomial f(x). Then, we have isomor-
4

phisms F[«] 2 Flx)/ (f) — F[B] defined by & +— X — B. We thus define ¢ = ¢ o ¢, and it
satisfies the desired properties.
Conversely, suppose ¢ : Fla] — F[p] is an isomorphism such that c(x) = x for all x € F, and
o(a) = B. Then, if f(x) =co+c1x+ - - -+ c,x" € F[x] and f(a) = 0, we have
f(B) =flo(a)) =co+cro(a) + - cpo(a)” = 0o(co+cra+ -+ - + cpa)
=0o(f(x)) =(0) =0.
Similarly, f(B) =0 = f(a) =0, so a and p are roots of the same set of polynomials in F[x], so

they must have the same minimal polynomial. O

25. Algebraic Field Extensions

A field extension K D F is algebraic over F if each element of K is algebraic over F. Otherwise,

K is transcendental over F'.

If « is algebraic over F, the degree of « over F is [F(«) : F].
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‘ Note ’
‘ If [K : F] = n is finite, then K is algebraic over F. ’

Proof. For any a € K, the elements 1, «, . ..,a" are linearly dependent. O

‘ Proposition 25.2 ’

‘ If K D Fis a field extension, the elements of K which are algebraic over F form a subfield of K. ’

Proof. Suppose «,  are algebraic over F, where « has degree n and p has degree m. Then,

[F(a,B) : F] = [F(a)(B) : F(a)] - [F(a) : F] < oo,
But, a £ B, - ﬁ,% € F(a, B) which we’ve shown has finite degree, so they are all algebraic over
F. O

A complex number « is algebraic if it’s algebraic over Q. Otherwise, « is transcendental. The

subfield Q C C of all algebraic numbers is countable.

26. Construction with Straight Edge and Compass

Start with a point (a,b) € Z? as known. A point (x,y) € R? is constructable if you can
construct it by straight edge and compass. A real number x is constructable if (x,0) is con-

structable.

Remark 26.2

Using analytic geometry, one sees that if « € IR is constructable, then « lies in a field K such
that

Q=KyCcKiCcKyC---CK,=K

where K; = K;_1(/&;) for some &; € K;_;. Therefore [K : Q] = 2". Therefore deg(a) = 2.

Proof. The intersection of two lines, the intersection of a line and a circle, and the intersection of

two circles can always be described with square roots. O

‘ Proposition 26.3 ’

/2 is not constructable, since it has degree 3 over Q. Similarly, 7 is transcendental, so it’s not

constructable.

27. Splitting Fields

Example 27.1. Let f(x) = x* + 1 € R[x]. We can then define the field C := R|x]/ (x* + 1), which is a
field where f has a root (namely X).
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‘ Proposition 27.2 ’

‘ Given a field F and f € F[x], there exists a field K in which f has a root. ’

Proof. If f is irreducible over F, then set K := F[x]/ (f), a field. Then, ¥ := x + (f) is a root of f
in K, since f(Xx) = f(x) =0 € K.
In general, if p is an irreducible factor of f, then set K := F[x]/ (p), so that p has a root in K, and

therefore f does as well. O

‘ Corollary 27.3 ’

Suppose f € F[x] has degree n. Then, there exists an extension K of F with [K : F] < n!in
which f has n roots. In this case, we say f splits completely in K.

Proof. Follows from the proof of Proposition 27.2 by induction on . O

The extension K D F is a slitting field for f € F[x] if
1. f splits completely in K|x]
2. f does not split completely over any proper subfield of K containing F.

In this case, K = F(aq,...,a,), where a1, . .., a, are the roots of F in K.

Example 27.5. 1. The splitting field of x> — 5 over Q is K = Q(v/5,wv/5,w?V/5) where w =
e2mi/3 = ’1%@ It’s easy to see that K = Q(~/5,w). Observe that 1 + w + w? = 0, some w
has degree 2. Therefore, 2,3 | [K : Q] < 3! = 6, hence [K : Q] = 6.
2. [Q(v/5),Q] = 4 since x* — 5 is irreducible over Q, and [Q(i) : Q] = 2. Moreover

Q CQ(V5) EQ¥E) (i) =K,
which we know because i ¢ Q(+/5) (it’s totally real).

Theorem 27.6
Let o : F — F' be an isomorphism of fields, let f € F[x] be irreducible, and let f' := of € F/[x]
be the (irreducible) polynomial obtained by applying o to the coefficients of f(x). Then,

1. Let a be a root of f in some extension of F, and b a root of ¢f in some extension of F’.
Then, there is an isomorphism ¢ : F(a) — F'(b) with g(a) = b, and 0|r = 0.

2. Let K be a splitting field for f over F and K’ be a splitting field for o f over F’. Then, ¢
extends to an isomorphism ¢ : K — K’ such that |r = 0.

Proof.

1. 0 is defined as the composite map
F(a) = F[x]/ (f) = F'[x]/ (cf) = F'(b)

2. We induct on n = deg f. Observe that if f splits completely in F[x], then of splits com-
pletely in F'[x], so K = F,K’ = F/, hence ¢ = ¢. This completes the base case.
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Now, assume n > 1, and suppose p(x) is an irreducible factor of f(x) of degree > 2. Then,
op is an irreducible factor of ¢ f with the same degree as p. So, let « € K be a root of p and
B € K aroot of op. Then, by (1), o extends to an isomorphism ¢’ : F(a) — F'(p) such that
o'(a) = .

Let F; := F(a),F| := F'(B). Then, f(x) = (x —a)fi(x), and of(x) = (x — )0’ fi(x), so
deg f1 = degofi = n — 1. Moreover, K is a splitting field of f; over F;, and similarly K’
is a splitting field of ¢’ f; over F|. By induction, there exists an isomorphism ¢ : K — K’

extending ¢’, which induces an extension of ¢.

K—% 4K

F(a) —7— F'(b)

Let K,L D F be two field extensions. A homomorphism ¢ : K — L is said to be an F-
homomorphism if 0(x) = x for all x € F. If ¢ is also an isomorphism, we say that K and L are

F-isomorphic.

Corollary 27.8

Any two splitting fields for a polynomial f € F[x] are F-isomorphic.

Proof. Take o : F — F to be the identity map idr in Theorem 27.6. O

An extension K O F is a normal extension if K is algebraic over F, and if every irreducible
polynomial f € F[x] with one root in K splits completely in K[x]. In this case, we say K is

normal over F'.

Theorem 27.10

Let f € F[x] and K be a splitting field of f over F. Then, K is a normal extension of F.

Proof. Letay,...,a, be the roots of f in K, so K = F(ay,...,a,). Let ¢ € F[x] be irreducible with a
root b € K. Let L be a splitting field of g over K, and b’ be any root of g in L.

Claim: V' € K, so g splits in K]x].
Let o : F(b) = F(b') be an isomorphism with o(b) = b'. Note that K is a splitting field for f
over F(b), and K(b') = F(ay,...,a,, ") is a splitting field of ¢ f = f over F(b'). Therefore, by the
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previous theorem, we obtain an isomorphism ¢ : K — K(b’) extending ¢

K 7 K(V)

N

In particular o(b) = b'. Now, b lies in F(ay,...,a,) = Flay,...,a,),s0b = h(ay,...,a,) for some
polynomial i € F[xy, ..., x,|. Furthermore, since o f = f, we know c(a1),...,0(a,) are roots of f
in K(V'), so they are just ay, ..., a, again in some different order. Therefore,

b =G(b) = F(h(ay,...,an)) = h(Fay), ..., 5(an)) € K,

proving the claim. O

We say that two elements 4,b € K are conjugate over F if they have the same minimal poly-

nomial over F.

Corollary 27.12

Let K D F be a finite extension. Then, TFAE:
(i) Kisnormal

(ii) Kis the splitting field of an f € F[x|

(iif) Every conjugate of an element of K lies in K.

Proof. Exercise. O

A field F is called an algebraic closure of F if F is algebraic over F, and if every polynomial
f € F[x] splits completely over F. A field K is algebraically closed if every non-constant
polynomial f € K[x] has a root in K (hence splits completely in K).

Remark 27.14

If F is an algebraic closure of F, then F is algebraically closed.

Proof. If f € F[x], and « is a root of f, then F(x) D F is an algebraic extension. Since F D F is
algebraic, we deduce that F(a) D F is algebraic, hence « is algebraic over F. Thus, a € F. O

Example 27.15. C is the algebraic closure of IR, and algebraically closed.
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27.1. Construction of Algebraic Closure of a Field (E. Artin)

‘ Proposition 27.16 ’

‘ For any field F, there exists an algebraically closed field K containing F. ’

Proof. To each polynomial f € F[x]| of degree > 1, we associate a letter x¢. Let S be the set of
all such letters, and form the polynomial ring F[S|. Let I be the ideal of F[S] generated by all

polynomials f(x¢). We claim I # F[S]: Indeed, otherwise, we have a finite combination

gufi(xg) + -+ gufulxs,) =1 (5)

with ¢; € F[S]. For simplicity, write x; := x¢. The polynomials g; involve a finite number of
variables, says x1, ..., xy with N > n. Then, the relation (5) now reads as

n

Zgi(xl,...,xN)fi(xi) =1. (6)

i=1
Now, let F/ D F be a finite extension in which each f; has a root a;. Let w; := 0 for i > n. Then,
substituting into (6) yields 0 = 1.
Now, knowing I # F[S], we have I C M for some maximal ideal M. Now, K; := F[S]/M is a
field containing (an isomorphic copy of) F. Moreover, each of the polynomials f € F[x] has a root
in K by construction, namely the image of x¢, since f(xy) € I C M.

Now, performing the same construction with Kj in place of F, we obtain a field K, D Kj, where
all non-constant polynomials in Kj[x] have a root. Continuing this way, we obtain a sequence
of fields F := Ky C K3 C K C - -, where each non-constant polynomial in K, [x] has a root in
Ky11. Let K = ;g Ky D F, and we can guarantee K is algebraically closed, since any polynomial
h € K][x] lies in K, [x] for some sufficiently large n. Then, & has a root in K11 C K. Therefore, K is

algebraically closed. O

‘ Theorem 2717 ’

Every field F has an algebraic closure. Moreover, the algebraic closure is unique up to isomor-

phism.

Proof. By the previous proposition, there exists an algebraically closed field K D F. Let F be the
collection of elements of K which are algebraic over F. By definition, F is an algebraic extension
of F. If f € F[x], then f splits completely over K into linear factors x — a, but each « is a root of f,
so algebraic over F, so « € F. Thus, each f € F|[x] splits completely in F|x].

Uniqueness is proved along the same lines as the uniqueness of splitting fields, using Zorn’s

Lemma, but working with a family F of polynomials in F[x] to be split, instead of a single f(x).
O
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28. Separable Extensions

Let f € F[x] with leading coefficient a € F \ {0}. Over a splitting field for f, we can factor

flx) =alx —an)™ - (x — )™,

where the «; are distinct, and n; > 1. We say that «; is a simple root if n; = 1, and a multiple

root if n; > 1. This n; is called the multiplicity of «;.

A polynomial f € F[x] is called separable if it has no multiple roots. Otherwise, f is called

inseparable.

Notice that if f(x) has distinct roots in one splitting field, then f(x) has distinct roots in any
splitting field, since we have an F-isomorphism between any two splitting fields for f that is

bijective on the set of roots.

Our focus is on the separability of irreducible polynomials. We’ll see that in fields of characteristic

> 0, there are many irreducible polynomials which are inseparable.

Example 28.3. Let F := Fy(t), where Fy = Z./27Z. Consider f(x) := x> —t € F[x]. It's easy to check

that f has no roots in F, hence irreducible over F. However, if « is a root of f in an extension field of F,

then a? = t, and since char F = 2, we have (x — zx)z =x2—a?2=x2—1t Therefore, f is inseparable over

F.

Given f(x) = ayx" +--- 4+ a1x +ap € F[x], the derivative of f is the polynomial f'(x) =
na,x" 14 - 4 2ax + ay.

Proposition 28.5

A polynomial f(x) has a multiple root &« <= ais also aroot of f/(x), i.e. f and f'(x) are both
divisible by the minimal polynomial of x over F.

In particular, f(x) is separable <= gcd(f, f') = 1.

Proof. If f(x) = (x —a)"g(x) for some n > 2, then

f1(x) = n(x —a)"Tg(x) + (x —a)"g'(x)
has « as a root. Conversely, if « is a root of both f and f’, then f(x) = (x —a)h(x) and f'(x) =
h(x) + (x — a)H (x), so h(a) = 0, hence h(x) = (x — a)hy(x), s0 f(x) = (x — a)?hy1(x). O

‘ Corollary 28.6 ’

‘ In characteristic 0, every irreducible polynomial f is separable. ’

Proof. Since deg f'(x) = deg f(x) — 1 in characteristic 0, we must have ged(f, f’) = 1 since f is
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irreducible. O

Corollary 28.7

In characteristic p, an irreducible polynomial f is separable, unless it has the form f(x) =
by + byx?P + - - - + by, x™P = g(x?) for some ¢ € F[x].

Let F be a field of characteristic p > 0. The p-th power map ¢(x) := x? is the Frobenius

endomorphism of F.

Remark 28.9

@ is an injective field homomorphism F — F. In particular, if F is a finite field, then ¢ is an

isomorphism, so every element of F is a p-th power.

Proof. Follows from (x +y)? = x¥ 4+ y? and (xy)? = xPy” in characteristic p. O

A field F of characteristic p > 0 is called perfect if every element in F is a p-th power, i.e.

F = FP,ie. ¢ is an isomorphism. Any field of characteristic 0 is also called perfect.

Proposition 28.11

Every irreducible polynomial over a perfect field F is separable. A polynomial in F|x] is sepa-

rable if and only if it is the product of distinct irreducible polynomials in F[x].

Proof. Suppose charF = p > 0, and f(x) € F[x] is irreducible. If f is inseparable, then f(x) =
q(x?) for some q(x) = ayx™ + - - +ayx + a9 € F[x]. Since F is perfect, let a; = b} for 0 < i < m.
Then,

f(x) =blpxP™ + -+ bxP + 0] = (bux™ + -+ + byx + by)?.
This contradicts the irreducibility of f(x). O

Remark 28.12

One can show that if F # F?, there exists irreducible inseparable polynomials in F|x].

A field extension K D F is separable if its algebraic, and if every element of K is a root of a
separable polynomial with coefficients over F. A field extension K D F which is not separable

is called inseparable.

Proposition 28.14

Any algebraic extension of a perfect field is separable.
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29. Finite Fields

‘ Lemma 29.1 ’

‘ Let F be a finite field containing a subfield E with |E| = g. Then, |F| = glFEl. ’

Proof. Letm := [F : E]. If by, ..., by, is a basis for F over E, then each element of F has a unique

expression x1by + - - - + x;,b,, with x; in E. Since each x; can take on g distinct values, we see that

[Fl = g™ O
Corollary 29.2

If F is a finite field, then |F| = p", where p = char Fand n = [F : IF,|.

Lemma 29.3

Suppose F is a finite field with g elements, and E C F is a subfield. Then,
(1) Every element a € F satisfies a7 = a.

(2) The polynomial x7 — x € E[x] factors in F[x] as

xq—x:H(x—a)

acF

Proof. For (1),ifa = 0,thena’ =0 =a.Ifa # 0, thena € F* = F \ {0}. The multiplicative group
(F*,-) has ¢ — 1 elements, hence a7~! = 1, s0 a¥ = a.

For (2), we know that every element of F is a root of x7 — x by (1). Moreover, x7 — x can have at

most g roots, hence it has exactly g roots (all the elements of F). O

‘ Existence and Uniqueness of Finite Fields (E. Galois) 29.4 ’

For every prime p and n > 1, there exists a finite field with p". Moreover, any finite field with

q = p" elements is isomorphic to the splitting field of x7 — x over [F,,.

Proof. Consider the splitting field F of f(x) = x7 — x over IF,. Note that f has g distinct roots in
F,since f'(x) = —1,soged(f,f') = 1. Let S := {a € F | a7 —a = 0}. Note that 0,1 € S, and if
a,b € S, then
(a+b)—(a+b)=a"+bT—a—-b=0

soa+bec S, andforb #0,ab~! € S aswell. Hence, S is a field. Moreover, f(x) splits completely
over S by definition, hence F = S, and |F| = |S| = 4.

For uniqueness: Let F be any finite field of order g = p". Then, F D [}, and by Lemma 29.3, F is
the splitting field of x7 — x over IF,. The result follows from the uniqueness of splitting fields. [

‘ Theorem 29.5 W

Let F be any field, and H < (F*, -) be a finite subgroup of F*. Then, H is cyclic, and consists
of roots of unity in F.
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‘ In particular, if F is finite, then F* is cyclic.

Proof. Suppose |H| = n. Then, a" = 1 for all « € H, hence all elements of H are root of x" — 1,
which is a polynomial of at most n roots. Hence, H consists exactly of the n-th roots of unity in F.

By the classification of finite abelian groups,

HE2Z/WZ&®---dZ/dy

as an additive group, where d; | dy | --- | dy, and n = d; - - - dy. So, each element in H has order
dividing dy, so is a root of x* — 1. This polynomial has at most dj roots in F, so we conclude that
dy =n,k=1,and H = Z/nZ is cyclic. ]
‘ Corollary 29.6 ’

ny finite tie m 18 a simple extension o SO generate a single element).
1) A yf' ite fi ld]Fq i i pl i fIFq( g dby i gl I )

(2) For all m > 1, there exists an irreducible polynomial in IF,[x] of degree m.

Proof.
(1) If (IF i, -) is generated by { € I, then clearly Fgn = Fy(C).

(2) Since [IF4(Z) : ;] = m, the minimal polynomial of { over [F; has degree .

30. Galois Theory

For any field K, the set of automorphisms of K (isomorphisms K — K) forms a group under
composition, denoted Aut K.

The set Gal(K/F') of all F-automorphisms of K (i.e. elements in Aut K which are the identity
on F) is called the Galois group of K over F.

Proposition 30.2

Let K D F be a field extension, and suppose a# € K is algebraic over F. Then, for any o €
Gal(K/F), o(«) is a root of the minimal polynomial of « over F. So, the elements of Gal(K/F)
permute the roots of polynomials in F|x].

Proof. If f(x) = co+ c1x + - - - + ¢, € F[x] is the minimal polynomial of « over F, then
fla) =0 = o(f(a)) =0 = 0=0(co+cra+---+cpa)
=0(co) +o(cr)o(a)+---+o(cn)o(a)"
=co+co(a)+---+o(cn)o(a)".

Example 30.3. 1. Gal(F/F) = {1}
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2. Gal(C/R) = {1,z — z} = Z/27Z. [Indeed, since C = R & Ri, 0 € Gal(C/R) is determined
by o(i). But, as x> + 1 is the minimal polynomial of i over R, o(i) = 4i.] More generally, if
K D F is a quadratic extension, and char F # 2, then K = F (\/5), so the same work shows
Gal(K/F) = Z/2Z.

3. Gal(Q(v/7)/Q) = {1} [If ¢ € Gal(Q(v/7)/Q), then ¢ is determined by o(v/7). Now, o(v/7) €
{W,wfﬁ, wZ\Sﬁ)} where w is a third root of unity. However Q(W) C R and the other two
options for o(~/7) are not in R. Hence, 0 = 1.]

Now, given any field extension F C K, we’ve associated to it some group Gal(K/F). Let’s go the

other way.

Given G < AutK, we say that the fixed field of G is the subfield
K¢ :={x€K|o(x) =xVoe G},

which one checks is indeed a field.

Now, suppose K D F is a field extension, and G = Gal(K/F). Then, we have maps:
K 1 1 K

E ~~~ Gal(K/E) H —~~~ KH
F G G F
It’s easy to see that K ~+ 1,F ~» G,1 ~» K at the three corners. But, at the fourth corner, G ~» F

is not always true, i.e. KS(X/F) may be different than F (example 3 in the above example). This

motivates the following definition:

Let K D F be a field extension. K is said to be Galois over F' and K D F is said to be a Galois
extension if K is algebraic over F, and F is the fixed field of Gal(K/F), i.e. F = KGal(K/F) [We

only consider finite Galois extensions, so algebraic is automatic]

Theorem 30.6
Let K D F be a finite field extension. Then, | Gal(K/F)| < [K : F]. Furthermore, TFAE:

(i) K D Fis Galois.
(i) |Gal(K/F)| = [K: F]

(iii) K D F is normal and separable.

(iv) K is the splitting field of a separable polynomial f € F[x].
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Remark 30.7

(1) Part (iv) tells us how to construct Galois extensions.

(2) We've already shown (iii) <= (iv) without the separable condition.

Fundamental Theorem of Galois Theory 30.8

Let K O F be a Galois extension. Then there is a bijection between subfields of K containing F,

and subgroups of Gal(K/F) given by

E — Gal(K/E)

KH +— H
which are inverses to each other. Moreover:
(1) These correspondences are inclusion reversing, i.e. H; < Hy <= KH > K2
(2) [K:E] =|H|and [E: F] = |Gal(K/F) : H when E <+ H.
(3) K D E is always Galois, with Galois group H = Gal(K/E).
(4) Eis Galois over F <= H < Gal(K/F). In this case, Gal(E/F) = Gal(K/F)/H

Remark 30.9

Given a finite extension K O F, and f € F[x], the Galois group Gal(K/F) permutes the roots
of f(x). If K is the splitting field of f, then K = Flay, ..., a,|, where the a; are the roots of f(x).
If X := {ay,...,a,}, we get a permutation representation ¢ : Gal(K/F) — S(X), where ¢(g)
is the permutation of X induced by g.

Moreover, the representation ¢ is faithful, i.e. ¢ is injective [an automorphism g € Gal(K/F)

acting trivially on X must be the identity, since X generates K over F]. So, Gal(K/F) is realized

as the set of permutations of X which come from F-automorphisms of K.

Remark 30.10

Since Gal(K/F) is finite, it has a finite number of subgroups. Hence, if K/F is Galois, the
fundamental theorem implies that there are only finitely many subfields E with F C E C K.

Proposition 30.11

Let K D F be a finite extension of fields. Then, there exists an element « of K such that K = F(«)

(so K/F is simple) <= there exist only a finite number of fields E with F C E C K.

Proof. If K is a finite field, then we know K = F(«) for some « € K, since (K*, ) is cyclic. Also,
clearly there are only finitely many subfields of K. Now, we may assume that F is an infinite field

(otherwise K would be finite since the extension is finite).
Suppose there are only finitely many fields E with F C E C K, say Ey,...,E,. Then, U/“; E; # K
(from HW #1 of last semester, where we showed a vector space over an infinite field can’t be

written as the union of finitely many proper subspaces). Now, choose « € K\ Uj“; Ei. Then,
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clearly F(a) = K, since F(a) # E; foralli=1,...,n.

Conversely, suppose K = F(«), and let f € F[x] be the minimal polynomial of « over F. Given
F C E C K, let ge(x) € E[x] be the minimal polynomial of « over E. Then, g¢ divides f. So, there
can only be finitely many such polynomials gr. We claim that the map E — g is injective, which

will conclude the proof.

Indeed, let Ey C E be the subfield generated over F by the coefficients of gr. Then, g has
coefficients in Ey, and is irreducible over E since it’s irreducible over E. Hence, the degree of «
over Ey is the same as the degree of « over E. Therefore, Ey = E, since K = F(a) D E D Ep and
F(a) = Eg(w) = E(a). This finishes the proof. O

Theorem of the Primitive Element 30.12

Given K D F a finite Galois extension, there exists ¢y € K such that K = F(7).

Remark 30.13

More generally, this is true for any finite separable extension, since any such is contained in a

Galois extension.

Proof. If K = F(way,...,&,), fi is the minimal polynomial of &;, and L is the splitting field of
fi-- fn, then F C K C L, and L/F is Galois by Theorem 30.6. O

Example 30.14. Any finite extension K of Q can be written as Q(vy).

31. Examples of Galois Correspondence

Consider the following four examples.

Example 31.1. Suppose char F # 2, and K D F is a quadratic extension. Then, we know K = F(y/a)
for some a € F, and then Gal(K/F) = {1,0}, where o(x + y/a) = x — y+/a. This corresponds to the
diagram:

1 F(v/a)

G ={1,0} F

Example 31.2. An extension K D F is biquadratic if [K : F] = 4, and K is generated by the roots
of two quadratic polynomials in F[x|. Assume char F # 2. Then, we have K = F(v/a,\/b) for some
a,b € F such that \/a,\/b & F. Then, the condition [K : F] = 4 is equivalent to \/ab ¢ F. [Indeed:
if K = F(y/a)(v/b) has degree 4 over F, then \/b & F[\/a], so there does not exists x,y € F with
Vb = x+yya < x = b~ y\/a. Bysquaring, we see this equality holds if and only if \/ab € F.]
Now, K = F(v/a,\/b) is the splitting field of (x> — a)(x* — b), a separable polynomial over F. Hence,
K D F is a Galois extension. By our first example, there exists a unique F(+/a)-automorphism o of K
with o(v/b) = —/b. Similarly, we have a F(~\/b)-automorphism T with T(v/a) = —+/a. We thus
also have their composition o as a F-automorphism, which maps \/a +— —+/a and /b — —~/b. Since
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| Gal(K/F)| = [K : F] = 4, these must be all the automorphisms, i.e.
Gal(K/F)={l,0,1,0t} 2 V4 =2 Z/2Z ®Z/2Z.
This has the correspondence diagram

Subgroups Fixed Fields

F(v/a,V/b)

I ]

{10} {101} {17} F(Va) F(\/ab) F(Vb)

\ ! / \ ! /
Example 31.3. Consider the splitting field K = Q(~/2,w) of x> — 2 over Q, where w is a primitive
third root of unity. Note that [Q(w) : Q] = 2 since w? + w + 1 = 0. Moreover, [Q(v/2),Q] = 3, so
2,3 | [K:Q] < 3!, hence [K : Q] = 6and | Gal(K/Q)| = 6. Since x> — 2 has three roots, Gal(K/Q) is
a subgroup of Sz = S({roots}), so by size considerations, Gal(K/Q) = Ss. By similar work to example
2,Gal(K/Q) = (o, 7), where ¢(v/2) = wv/2 is a Q(w)-automorphism, and T(w) = w? is a Q(v/2)-
automorphism. This has the correspondence diagram

Subgroups Fixed Fields
1 V2
= N Q(\f,w)\\
3727 2 2 37 2 2 2
/ / . N _ - —

(o) (1) (o7) (o) Qw) Q(V2w) QWV2) Q(wv?2)
\ e \Q/

S3

Notice how Q(w) /Q is Galois, corresponding to the normal subgroup (o) of S3. The other three extensions

are not Galois over Q, corresponding to the other three subgroups which are not normal.

Example 31.4 (The generic Galois extension). Let F be any field, x1, ..., x, indeterminants, and con-
sider the field K := F(x1,...,X,) of rational functions in x1, ..., x,. The symmetric group S, acts on K
by permuting the variables: o f (x1,...,%n) = f(Xp(1),- - -, Xg(n)). Consider the fixed field S := K5, con-
sisting of rational functions which are symmetric is x1,...,x,. In S, we have the elementary symmetric
polynomials
S1:=X1+ -+ Xy §j 1= Z Xiy « X Sp = X1 Xy
i <o+ <
We claim S = F(s1,...,5,),[K: S| = n!,and K D S is Galois with Galois group Sy.

Indeed, note S, C Gal(K/S) by definition, so | Gal(K/S)| > n!, hence | Gal(K/S)| = n!. Consider a
variable t and the polynomial

n

F(6) =TTt~ x) =

i=1

(=1)is;t" =" — s "L (—1)"s,

M-

0
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in S[t]. Kis clearly the splitting field of f(t) over F(s1,...,s,). AlsoK D S D F(sy,...,84),50 [K:S] <
[K:F(s1,...,52)] < nl. On the other hand by Theorem 30.6, we have n! < |Gal(K/S)| < [K: S] < nl.
This proves the claim.

Remark 31.5

In the fourth example, the roots of f(t) are independent variables, and each permutation of

these roots extends to an automorphism of F(xq,...,x,) = K

Corollary 31.6

Any finite group G is the Galois group of some field extension

Proof. We know that G is a subgroup of S,, for some n. Let K D F be a Galois extension with
Gal(K/F) = Sy. Then, by the Galois correspondence (Theorem 30.8), K D K¢ D F = K5 and
K D K€ is Galois with Gal(K/K®) = G. O

Open Question (Inverse Galois Problem)

Is every finite group G a Galois group over Q? That is, does there exists a Galois extension
K D Q with Gal(K/Q) = G.

If f € F[x] is a separable polynomial, the Galois group of f is Gal(K/F), where K is a splitting
field of f over F.

Theorem 31.8

Let f € Q[x] be irreducible with deg f = p a prime. If f has precisely 2 non-real roots in C,

then the Galois group of f over Q is 5.

Proof. Consider the following lemma:

Lemma 31.9
| |

‘ If H is a subgroup of S, and H contains both a p-cycle and a transposition (ij), then H = S,,. ’

Proof. Exercise. [

Now, let K be the splitting field of f over Q, and « a root of f. Then, [Q(«) : Q] = deg f = p since
f is irreducible. Now, K D Q(«) D Q, hence

p=[Q) : Ql|IK: Q] = | Gal(K/Q)|.
Also, we know G := Gal(K/Q) is a subgroup of S, since its elements permute the roots of f(x).
By Cauchy’s theorem, G has an element ¢ is order p, and ¢ maps to a p-cyclein S,,.

Let X = {z,z,a3,..., txp} be the set of all roots of f, where z,Z are the two compelx roots, and all
other a; € R. Complex conjugation 7(x) = X maps z ++ z, zZ > z, and fixes the a;, so restricts to

an element of Gal(K/Q), which is a transposition (ij) when mapped to S,,. Thus, Gal(K/Q) = S,
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by the lemma. O

Example 31.10. When p = 5, let f(x) = 2x° — 10x + 5, which is irredicible over Q. Using calculus,
one can show that f has three real roots, hence two complex roots, so its Galois group over Q is Ss.

Remark 31.11

One can show that S, is a Galois group over Q for all n > 1.

Theorem 31.12
x" — x + 1 has Galois group S, over Q (might be x" —x —1).

Theorem 31.13

Let g = p" for some prime p and G = Gal(IF;n /IF;). Then, the elements of G are the automor-
phisms 0y = 1 and 03, ...,0,—1 with (T]'(x) := x7. Hence, Fgm / Fj;isa Galois extension with

cyclic Galois group of order m.

Proof. Observe that each 0; is an injective endomorphism of F4n, hence an automorphism because
IF;n is finite. Since IF; consists of the roots of x7 — x, we see that 0']'|]F . = idg ;S0 0j € G for each ;.
Note that oy, . .., 0,1 are distinct since they take distinct values on a primitive element { of IF gm-
Therefore, m = [Fyn : Fy] > |G| > m,50G = {0;:0<i<m—1}and G = Z/mZis cyclic. [

32. Proofs of Theorems

We'll now attempt to prove Theorem 30.6 and Theorem 30.8. We begin with the following fact.

Proposition 32.1

Let G be a finite group of automorphisms of a field K, and let F := K© be its fixed field (so
K/F is a Galois extension). Choose B := B1 € K, and let {B1,...,B+} be its orbit under the

action of G. Then, B is algebraic over F of degree r, and its minimal polynomial over F is
gx) = (x=p1) - (x = Br).

Proof. The coefficients of g(x) are elementary symmetric polynomials in By, ..., B;, hence they

are fixed under the action of any ¢ € G. Hence, g(x) € K¢[x] = F[x]. Let f(x) be the minimal
polynomial of B over F. Since g() = 0, we have f(x) | g(x). But, since G permutes the roots of
irreducible polynomials, each p; must also be a root of f(x). Hence, g(x) | f(x). O

Example 32.2. Let K = Q(v/2,v/3),F = Q, and G = (0, 7) = V, from an earlier example. Then, the
minimal polynomial of B := 7+/2 + 5v/3 over Q is

g(x) = (x = 7V2+5V3)(x — 7v2 — 5vV/3) (x + 7V2 + 5V3) (x + 7V2 — 5V/3) € Q[«]

We can now prove Theorem 30.6. Here it is again:
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Restating Theorem 30.6

Let K D F be a finite field extension. Then, | Gal(K/F)| < [K : F|. Furthermore, TFAE:
(i) K D Fis Galois.
(i) |Gal(K/F)| = [K:F]

(iif) K D F is normal and separable.

(iv) K is the splitting field of a separable polynomial f € F[x].

Proof.
‘ Proposition 32.3 ’

If Kisafield, and o7, ..., 0, € AutK are distinct, then there do not exists elements a4, ...,a, €
K (not all zero) such that )" a,0;(u) = 0 for all u € K.

Proof. Assume contrarily that we have a relation of this type with as few terms as possible. Upon
renumbering, we may assume the minimal relation is a107(u) + - - - + a0 (u) = 0 with a; # 0
forall1 <i < m. Clearly, m > 1,sincem =1 = o7 = 0ora; = 0. So, there exists c € K with
o1(c) # om(c). Now,

1

1(©) Y ma(u) =0 = Y acr(c)ai(u) = 0,
i=1 i=1

1

m n
a;ioi(cu) =0 = ) aj0i(c)oi(u) =0
= =

so subtracting gives

NgE

ai(ai(c) — 0 (C))O’l’(u) = 0,

—_

so we obtain a contradiction with b; = a;(0;(c) — o1 (c)) for2 <i < m. O

Now, let G := {01 = 1,02,...,0,} be a subgroup of AutK, and let F := K. We claim [K : F] =
[K:KC] =n=|G]|

Proof. Indeed, suppose n > [K: F]. Letws, ..., w,, be a basis of K over F (so m < n). The system
o1 (w)x1 + -+ + op(w1)x, =0
7)
o (wp)x1 + -+ + 0y (W) xy, =0
of m equations in n unknowns has a non-zero solution f,...,B,. Given any u € K, write u =
Y.iL, a;w; with a; € F. Multiplying the i’th equation in (7) by 4;, and noticing that ¢;(a;) = a; for
all i, j, adding the resulting equation gives

o1 (u)B1+ -+ ou(u)Bn =0

for all u € K. This contradicts Proposition 32.3. On the other hand, if n < [K : F], then there are
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more than n F-linearly independent elements of K, say «y, ..., a,4+1. Then, they system

o1(a1)x1 + - -+ 01 (1) X041 =0
(8)

Ou(ar)x1 + -+ + ou(@py1X001 =0
has a solution By, ..., By+1 in K, where not all B; are zero. Moreover, at least one f; is not in F, as
otherwise the {a;} would be linearly dependent over F by the first equation in (8), since o7 = 1.

Now, choose a solution By, ..., B, with the minimal number of non-zero f’s. Dividing by B, we

may assume 3, = 1. After reordering the system now reads
oi(a1)Br+ -+ oi(ar-1)Br-1 +0i(ay) = 0
for 1 <i < n. Assume 1 ¢ F. Then, there exists 0} such that o3 (1) # B1. Applying oy to the
equation above yields
ox0;i(a1)ok(Bi) + - - - + oxoi(ar) =0
for 1 <i < n. But, since G is a group, we have {0y01,...,040,} = {01, ...,04}, so by reindexing,
we write
oi(a1)ox(B1) + - -+ 0j(a,—1)0%(Br-1) + oj(ar) = 0.

Then subtraction this system from the first of the three system, we obtain

oj(a1)(B1 — ox(B1)) + - +0j(ar—1)(Br—1 — 0k(Br-1)) = 0

for 1 < j < n. This is a solution to (8), and B — 0k (B1) # 0, contradicting minimality. ]

Now, back to Theorem 30.6. If K D F is any field extension, then for G = Gal(K/F), we have
K D K¢ D F. Hence, |G| = [K : K¢] < [K : F], with equality if and only if F = K©. This proves (i)
<~ (ii).

(i) = (ii): Let G D F be Galois, and take « € K\ F. Proposition 32.1 implies that the minimal
polynomial of « over F is [T/_;(x — 0;(«)), where o1 («), ..., 0+(«) are the distinct elements of the
G-orbit G - w := {o(«) : ¢ € G}. Hence, K/F is normal and separable.

(iii) == (iv): We've shown that K D F being normal implies K is the splitting field of a polyno-
mial f € F[x]. If K D F is separable, we can take f to be separable.

(iv) = (i),(ii): Suppose K is the splitting field of a separable polynomial f € F[x]. We use
induction on [K : FJ, so assume [K : F] > 1. Let p(x) be an irreducible factor of f(x) with
degp(x) > 1. Let « be a root of p(x) and E := F(a),so F C E C K. Then, K is the splitting field
of f over E, so by induction, K/E is Galois. Let H := Gal(K/E) < G = Gal(K/F). Letay, ..., a,
be the distinct roots of p(x), so [E : F] = r. By the isomorphism extension theorem, there exists
T, € Gwith 7j(a) = &; for 1 <i < r. Thatis 7; extends F(«) = F(«;) to K.

We claim that the cosets 7;H are distinct for 1 < i < r. Indeed, if i # j, and Tﬂ']fl € H, then

T 1

. Tj(«) = &, hence a; = 7;(«) = 7j(a) = «j, a contradiction. So, we conclude that

G=|G:H|-|H|>r-|H|=[E:F]-[K:E]=[K:F].
But, we always have |G| < [K : F|, hence |G| = [K : F], proving (ii). O
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Next, recall the statement of Theorem 30.8.

Restating Theorem 30.8

Let K O F be a Galois extension. Then there is a bijection between subfields of K containing F,

and subgroups of Gal(K/F) given by

E — Gal(K/E)

KH +— H
which are inverses to each other. Moreover:
(1) These correspondences are inclusion reversing.
(2) [K:E] =|H|and [E : F] = |Gal(K/F) : H when E <+ H.
(3) K D E is always Galois, with Galois group H = Gal(K/E).
(4) Eis Galois over F <= H < Gal(K/F). In this case, Gal(E/F) = Gal(K/F)/H

Proof. Let ¢ be the map H — K, and ¢ the map E — Gal(K/E). The definitions essentially
imply that they are inclusion reversing.

@ is injective: Let E; := KHi fori = 1,2, and E; = E; = E. Then, each H; is a subgroup of
Gal(K/E), while | Gal(K/E)| = | Gal(K/K")| = |H;| for both i = 1,2, hence H; = H,.

¢ is surjective: As K/F is Galois, K is the splitting field of a separable f € F[x] over F, so K/E is
a splitting field of f over E, hence K/E is Galois. So, E = KG!(K/E) 50 ¢(Gal(K/E)) = E.

Now, if ¢(H) = E, then |H| = |Gal(K/E)| = [K : E]. Also |G| = [K : F]. So, dividing gives
[G: H] =|G|/|H| = [E : F]. We've therefore proved statements 1,2, and 3.

Now for the last part. We first claim that E D F is Galois <= forallc € G, c(E) C E. First, note
that E D F is separable because K D F is separable. By the primitive element theorem, E = F(«)
for some w € E.

(=) If E D Fis Galois, it is normal, so the minimal polynomial p(x) of « over F has all its roots
in E. But, for any o € G, o(«) is also a root of p(x), so lies in E. Hence, 0(E) C E, since E = F(«)

(<= ) Suppose o(a) € E for all ¢ € Gal(K/F). Then, E is the splitting field of p(x) = [T,eq(x —

o(«)) € Flx], and hence is a normal extension of F. Hence, E D F is Galois.

Now, let H := Gal(K/E). Then, E D F is normal <= forallc € G,7 € H,a € E, we have
to(a) = o(a) < (¢ 't0)(a) =a <= o !tc € H, since E = F(a). Hence, E/F is normal
<= H is a normal subgroup of G. Also, we have a homomorphism ¢ : Gal(K/F) — Gal(E/F)

mapping o — o|g. Clearly, ker ¢y = Gal(K/E) = H. Also, 1 is surjective, since
|Img | = |G/H| = [G: H| = [E : F| = | Gal(E/F)|.
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33. Vieta’s Substitution on Cubic’s

We want to solve x> + ax? + bx +c¢ = 0. Set x := y— § to get > + py +¢q = 0. Next, set
yi=z—Ltogetz’+q— % = 0. Then z° + gz3 — g = 0, which is a quadratic equation in z°,

3 2
with solutions W = —% + \/ﬁ . If wq, wyp, w3 are the three cube roots of W, then the roots of

the original equation are w; — ﬁ, Wy — ﬁ, and w3 — ﬁ.

34. Solvability by Radicals

We want to make precise the notion of expressing a root by “radicals”.

One way to begin is by considering the extension Q(v/2) D Q, but the issue is that this extension
is not Galois (the roots of the minimal polynomial x* — 2 are not all in Q(+v/2)).

We restrict our work to characteristic zero.

A simple radical extension of a field F is an extension of the form F({/a) for some n > 1 and

a € F. A finite extension K D F is cyclic if K/F is Galois with a cyclic Galois group.

Theorem 34.2

Let F be a field which contain the n-th roots of unity.
(1) If a € F, then the extension F({/a) D F is cyclic of degree dividing n.

(2) Conversely, if K D F is cyclic of degree 1, then K = F({/a) for some a € F.

Proof. For (1), since F contains the n-th roots of unity 1,7, ...,{ n=1 and the roots of x" — a are

\n/alg\n/al- : ‘,gnfl\n/al

we deduce that F(/a) is the splitting field of x” — a over F, hence F({/a) D F is Galois. Moreover,
given o € Gal(F(y/a)/F), o({/a) is again a root of x"" — a, so 0({/a) = {s+/a for some {, € p, :=
{x € F| x" = 1}. Moreover, one checks that {,r = {s{7, so the map ¢ : Gal(F(/a)/F) — u, =
Z/nZ sending 0 — {, is an injective homomorphism. Therefore, Gal(F(1/a)/F) is a subgroup
of Z/nZ.

For (2), suppose K D F is a cyclic with G := Gal(K/F) =: (¢). Given « € K, and { any n-th root
of unity in F, we define

(0,0 = ¥ fbot(a) € K
k=0
Since 0({) = ¢, we have
(w00 = ¥ (@) = 1Y (o (@) = 01+ (w,0).
k=0 k=0

Therefore, o((a,0)") = ¢ "(a, )" = (a,{)", hence («,{)" is fixed by all o € G, so as the extension
is Galois, we have (a,{)" € F.



. Solvabilit adicals
§34. Solvability by Radical 77

Now, let { be a primitive n-th root of unity in F, so y, = (). Since the automorphisms
1,0,...,0" 1 are linearly independent, there exists a € K with (a,0) # 0. Moreover, iterating
o(a,l) =71 (a,Q) yields

o(w,0) = {7 (&)
for all j € [0,n — 1]. It follows that («,{) cannot lie in any proper subfield of K, and so K =
F((a,Q)). Finally, since a := (a,{)" € F, we get K = F(/a). O

An element & which is algebraic over F can be expressed by radicals if x € K, where K satisfies
F=KyCKiC---CKs1 CKs;:=K 9)

such that K; 11 = K( %/a;) witha; € K; foralli € [0,5 —1]. Such a field is called a root extension
of F. A polynomial f(x) € F[x] is said to be solved by radicals if the splitting field of F is

contained in a root extension of F.

Lemma 34.4

If K is a root extension of F as in (9), then K is contained in a root extension which is Galois

over F, and such that each intermediate extension K;1/K; is cyclic.

Proof. There exists a finite extension L D K D F such that L D F is Galois, since K D F is
separable. Let G = Gal(L/F), and consider the composite field
E:=[]o(K).
ceG
Since E is stable under the action of G (i.e. TE C E for all T € G), we know E D F is Galois
(E is called the Galois closure of K). Also, one checks that E D F is a root extension, since each
o(K) D F is a root extension, and the composite KK’ of two root extensions K, K’ D F is again a
root extension. Hence, E D F is a Galois root extension of F. Next, we adjoin to F the n;-th roots
of unity for all the roots %/a; which appear in (9) for K D F, to obtain a field F’. So, F' D F is

Galois an a root extension, with cyclic intermediate extensions. Moreover, we have composites
FCF =FKyCFKyC---CFK;=FK

Using splitting fields, one sees that the composite of two Galois extensions is itself a Galois exten-
sion, so F'K D F is Galois, and each F'K;; D F’K; is a simple radical extension. Moreover, since
F’ contains the appropriate roots of unity, we deduce from Theorem 34.2 that all intermediate

extensions of K'F D F are cyclic. O

A group G is solvable <= there exists subgroups G := Go> G > --- > Gs_1 > Gs = 1 such
that G;/ G4 is cyclic for all i.
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‘ Galois’ Theorem 34.6 ’

The polynomial f(x) € F[x] can be solved by radicals if and only if the Galois group of f(x) is

a solvable group.

Proof.

( = ) Let E be the splitting field of f(x) over F. By Lemma 34.4, E C K, where K/F is Galois
and each K;;1/K; is cyclic. Let G := Gal(K/F), and G; < G be the subgroup associated to the
intermediate fields K;. Since Gal(K;;1/K;) = G;/Gij41 is cyclic, we see that Gal(K/F) is solvable.
Now, K D E D F,and Gal(E/F) is a quotient group of Gal(K/F), hence Gal(E/F) is also solvable
(a result from last semester).

( <= ) Let K be the splitting field of f € F[x]|, and assume G := Gal(K/F) is a solvable group.
Then, there is a chain of subgroups G = Go > G > - - - > Gy = 1 with G;_1/G,; cyclic. Taking the
fixed fields of the G; produces a chain of subfields of K, namely

F=KgCKiC:---CK;:=K
with K;;1/K; a cyclic extension with degree n;. Let F’ be the field obtained from F by adjoining
all n;-th roots of unity for 0 < i < s — 1, and we form the composite fields
FCF =FKyCFK, C---CFK;=FK
Claim: The extension F'K;;1/F'K; is cyclic of degree dividing n;.
Note that this claim proves the theorem: since we have all appropriate roots of unity in the base

tield, Theorem 34.2 implies each of these cyclic extensions is a simple radical extension. All the

roots of f(x) are thus contained in the root extension F'K, so f(x) can be solved by radicals. [

The claim is itself proved by the following lemma:

Lemma 34.7

Let K D F be a Galois extension and F’ D F by any finite extension. Then, KF’ O F is Galois,
and
Gal(KF'/F") = Gal(K/KNF'),

so Gal(KF'/F) is a subgroup of Gal(K/F).

Proof. K is a splitting field of a (separable) polynomial f € F[x]. Hence, KF' is a splitting field of
f(x) over F/, so KF' D F' is Galois. If ay, ..., a, are the roots of f(x), then K = F(ay,...,ay), SO
KF' = F'(ay,...,a,). If o € Gal(KF'/F'), then 0(K) C K, since ¢ fixes F and permutes the roots
of ay, ..., a, of f. We therefore have a well defined map ¢ : Gal(KF'/F') — Gal(K/F) sending

o — 0|x. Now, we compute
kerp = {0 € Gal(KF'/F') : o|x =idx} =1,

since any o € Gal(KF'/F’) satisfies 0| = idp. Therefore, ¢ is an injection, so Gal(KF'/F’) is
realized as a subgroup of Gal(K/F). Finally, we need to show Img ¢ = Gal(K/KNF’).
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If o € Gal(KF'/F'), then ¢(0)|xnp = idxnp since o|p = idp. Therefore, KN F' C K™8 (the fixed
field). Conversely, if x € K\ F/, then there exists p € Gal(KF'/F’) such that p(x) # x. Therefore,
@(p)(x) # x as well, so x ¢ Km8¢. Hence, K™8% C KN F'. So, we've shown K'™8¢ = KN F/,

hence the Galois correspondence implies Img ¢ = Gal(K/K N F’). O
‘ Corollary of Lemma 34.7 34.8
In the above situation, P
[KE': F) = [[kn]P[/:%]]
Proof. Exercise. O
‘ Corollary of Galois’ Theorem 34.9 ’

‘ The general equation of degree n cannot be solved by radicals for n > 5. ’

Proof. The symmetric group S,, is not solvable for n > 5, since its composition seriesis S, > A, > 1
y group p

with A, simple. O

Example 34.10 (Osada, J. Number Theory 25 (1987), 230-238). x" — x — 1 has Galois group S, over
Q.
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Representations

35. Group Representations

We will work with representations of finite groups. These are very similar to (continuous) repre-
sentations of compact groups like S! := {z € C : |z| = 1},5! x --- x S}, O(n), and U(n).

Let G be a finite group. A matrix representation of G is a group homomorphism p : G —
GL,(C) for some n. The degree of p is n. If V is a complex vector space, a (linear) representa-
tion of G on V is a homomorphism p : G — Aut(V) = GL(V). The representation is faithful
if p is injective, so G is realized as a subgroup of GL(V). When p is given, we say that V is a
representation of G (by abusive language). Each ¢ € G gives an element p, := p(g) € GL(V),
which we may denote by ¢ : V. — V. Another way to view this is that V is a representation of
G <= G actson V by linear transformations.

We may use a field other than C, but there’s many reasons we like C. Specifically, it needs to be
an algebraically closed field of characteristic 0.

Remark 35.2

A linear representation of G becomes a matrix representation once a basis of V' is chosen. More
on this later.

A map of two representations V and W of G is a linear map T : V — W such that the diagram

v T.w

s ks

v L. w

commutes for all ¢ € G. Precisely, T(gv) = ¢T(v) for all ¢ € G. We say that T is G-linear or

G-equivariant. This allows us to define isomorphisms of two representations in the obvious

way.

Example 35.4. (1) A representation of degree 1 of G is a group homomorphism p : G — GL1(C) =
C*. Since G is a finite group, each element of G has finite order, so p(g) must be a root of unity for
every § € G. If we take p(g) = 1 for all g, we get the trivial representation of G.

(2) The cyclic and dihedral groups C, and Dy, act in the usual way on R? by rotations and reflections of

a reqular n-gon centered around the origin. These are representations in GLy(IR), which extend to
representations in GLy(C).
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(3) Let CG := @yec Ceg be the free C-module (vector space) with basis indexed by the elements of
G. Foreach h € G, let pj, : CG — CG be the linear map sending e — ey, This defines a
G-representation on CG called the regular representation of G.

(4) More generally that (3), suppose X is a finite set on which G acts, a inducing a permutation repre-
sentation G — S(X). Let V := @,cx Cey be the C-vector space with basis {ex | x € X}. Then,

the resulting linear representation of G on V is also called a permutation representation of G.

(5) Recall that CG is a non-commutative C-algebra under

(Eaheh)(zbkek) = E ( Z ahbk> eg.

g€G \hk=g
So, a complex vector space V is a (left) CG-module in the usual sense, such that the scalars in
CG (c - 1¢) act on the usual way on V [ie. Aeg(v) = Av when g = 1]. So, a CG-module by
definition is a complex vector space V, together with a compatible system of actions pg € GL(V),
i.e. a homomorphism p : G — GL(V). That is, the concepts of a linear representation of G and

a CG-module are equivalent. We may transfer concepts from module theory to representation theory
using this idea. For example, a homomorphism of representations is a just a homomorphism of CG-
modules. Note that this is somewhat similar to our discussion of C[x]|-modules, which were defined

with respect to some linear map.

Letp : G — GL(V) be a representation of G. Suppose W < V is a subspace. W is said to be
stable under the action of G, or G-invariant, if p(g)W C W for all g € G. In this case, p(g)
restricts to an isomorphism W — W for all ¢ € G, and p|w : G — GL(W) is a representation
of G on W. We say that W is a subrepresentation of V. This is equivalent to W being a CG-

submodule of V.

Example 35.6. Let V := CG be the regular representation of G, let x := Y . eg, and let W := (x), a

1-dimensional subspace. Then, we have pq(x) = x forall g € G, so W is a subrepresentation spanned by

x, isomorphic to the trivial representation of G.

We can define the direct sum of representations V, W of G as the vector space V & W with the

obvious action p := py @ pw. In matrix form, this looks like

([pv(g)] 0 )
0] low(g)

A G-representation V is irreducible if it has no G-invariant subspaces, besides 0 and V.

As usual, we want to decompose a representation as a direct sum of irreducible subrepresenta-

tions. The key to doing this is the following theorem. Note that this theorem fails in characteristic

p.
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‘ Maschke’s Theorem 35.9 ’

Let G be a finite group, and V be (finite dimensional) CG-module. If W is any CG-submodule
of V, there exists a CG-submodule U of V suchthat V = U & W.

Proof. Let (,); be any hermitian inner product on V (this always exists, since V = C", so we may
identify any inner product on C" with an inner product on V). We define a G-invariant inner
product (,) : V x V — Cby

(v1,02) ==Y (§v1,802); -
geG

It’s easy to check that this is indeed a hermitian inner product on V, and moreover (gx,gy) =
(x,y) for all x,y € V. Our claim is that W, defined under this inner product, is a G-invariant

subspace.

Indeed, if y € W and g € G, we just need to show gy € W+. Well,

(gy,w) = (gv,8(87'w)) = (y, 8 'w),
and g~'w € W because W is G-invariant. Hence, (y, ¢ 'w) = 0. This concludes the claim, and
the theorem with U := W-+. O

‘ Corollary 35.10 ’

‘ Every finite dimensional representation of G is a direct sum of irreducible representations. ’

Proof. This follows immediately by induction on dim V' using Maschke’s theorem. O

‘ Question ’

Suppose V.= W; @ - - - @ Wy is a decomposition of V into a direct sum of irreducible represen-

tations. Is this decomposition unique?

No. For example, p : G — GL,(C) given by p(g) = I, for all ¢ € G shows that this is not
true in general [every subspace is invariant, so any decomposition of C" into a direct sum of
lines is direct sum of irreducible representations]. We will see that the number of W; which are
isomorphic to a given irreducible representation does not change. Also, the isotypical summands

are uniquely determined.

Given a representation V of G via p : G — GL(V), we get a matrix representation of G by

choosing a basis B of V, and then pp(g) := (p(g))5- We use the shorthand (g) 3.

‘ Proposition 35.11

The CG-modules V and W are isomorphic <= there are bases B of V and C of W such that
(8)B = (g)c for all g € G. In other words, the matrix representations induced by B and C

coincide.

Proof. Let T : V. — W be a G-linear isomorphism, let B := {v1,...,v,} be any basis of V, and
let C := (T(v1),...,T(vy)). From T(gv;) = ¢(T(v;)), it follows that (¢)p = (g)¢ for all ¢ € G.
Conversely, suppose B = {v;} and C = {w;} are ordered bases for V and W such that (§)z = ()¢
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forall g € G. Then, let T : V. — W by the isomorphism sending v; to w;. Since T(gv;) = ¢T(v;) =

gw;, we see that T is G-linear and an isomorphism. O

Corollary 35.12 ’

Two matrix representations p1, p2 : G — GL,(C) are equivalent [i.e. they induce isomorphism
representations of C"] <= there exists a matrix P € GL,(C) such that p(g) = Pp1(g)P~!
for all ¢ € G. This P is the change of basis matrix given by T above.

36. Schur’s Lemma

Schur’s Lemma 36.1

If V, W are irreducible representations of G, and ¢ : V. — W is a G-linear map, then

(1) Either ¢ is an isomorphism, or ¢ = 0.

(2) If V=W, then ¢ = Al for some A € C, where [ is the identity.

Proof. For (1), observe that ker ¢ and Img ¢ are G-invariant subspaces of V and W, respectively.
But, V and W are irreducible, so ker ¢ = 0 and Img¢ = V, or vice-versa. For (2), since C is
algebraically closed, ¢ must have an eigenvalue A € C. This is equivalent to ¢ — Al having a

non-zero kernel, but ¢ — Al is G-invariant, hence ¢ — AI = 0 by the same reasoning. ]

Theorem 36.2

For any representation V of (a finite group) G, there is a decomposition
V=V""o eV ™,

where the V; are distinct irreducible representations. Moreover, the decomposition of V into a

direct sums of the k factors is unique (they are called the isotypical components of V), as are

the V; that occur, and their multiplicities ;.

Proof. First, suppose W is another representation of G with decomposition W = @ Wl-@mj . Any
G-linear map ¢ : V. — W by its action on each summand V;. If 7t; : W — Wi is the projection onto
any summand, the composition 77; o ¢|y; is a G-linear map V; — W;, so it must be zero unless
W; = V; by Schur’s Lemma. It follows that ¢ must map the factor Vi@”" into that factor W;emf for
which V; & W;. When we apply this to the identity map id : V' — V, the uniqueness statement
follows. O

Questions

1. Describe all irreducible representations of G.

2. Determine the direct sum decomposition for a representation of G (more importantly,

find the multiplicities of any irreducible summand ;).

Example 36.3 (Representation Theory of Finite Abelian Groups). Suppose G is an abelian group, and
V a representation of G. Generally speaking, for ¢ € G, themap g : V. — V won't be G-linear. But, when
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G is abelian, it is, because g - (x - v) = x - (g - v). If V is irreducible, Schur’s lemma says that forallv € V,
g+ v = Ag -0 for some Ay € C. It follows that any subspace of V is G-invariant, therefore dim V = 1.

Now, let G = Cy, X - - - X Cy,, a product of cyclic groups. Let Cp, = (c;yand g; == (1,...,1,¢;,1,...,1)
with ¢; in the i'th slot, so

G=1(g1-- 8|8 =ggg s =1).
Any irreducible representation V of G is 1-dimensional, and each g € G acts by multiplication by a scalar.

Therefore, giv = Ajv, where A; € C must be an n;-th root of unity. Moreover, the values Ay, ..., A,

determine the representation completely, since for each g € G,
k k
gu= (81" g =(A7 A7 )o.
Conwversely, given any n;-th root of unity Ay,..., A,
k k
gll...gﬁrHAll...Alﬁr

defines a map G — GL1(C) = C*, which is a 1-dimensional representation of G.

Theorem 36.4

LetG = Cy, x -+ - X Cp, be an abelian group. The representations p,,

,,,,, ), constructed above are

irreducible, and have degree 1. There are |G| such representations, and every irreducible rep-

resentation is equivalent to one of them. A general representation V of G will be decomposed

as a direct sum of such 1-dimensional representations.

Here’s some motivation for what’s coming: given an abelian group G, the action g : V — V'is
determined as soon as we know the eigenvalues Ay, ..., A, for the action. The important thing is,
we actually only need to know Y; A; for all g € G, because, then we’d know Y_; A¥ for all k > 1,
using ¢F : V — V, and this is enough to know all the A;. But, Y A; = Tr(g: V — V) =: xv(g).
We'll see in general that xy : G — C determines V (not just for abelian groups).

Example 36.5 (More Important Examples of New Representations from Old Ones). 1. Given
V, W two representations of G, the tensor product V@ W becomes a G-representation in a natural
way: p1 @ p2 : G — GL(V @ W) satisfies g - (v @ w) = gv ® gw.

2. Hom(V, W) is also a representation of G: For any ¢ € Hom(V, W) and g € G, we define g¢ :
V — W so that the diagram

commutes. That is, (§9)(g-v) = g - ¢(v), which is equivalent (replace v with ¢~ 'v) to (¢¢)(v) :=
v- (g o)

3. If W = Cand pw : G — C* is the trivial representation, then we get the definition of V* :=
Hom(V,C) as a CG-module. So, for any f € V*, (¢f)(v) = f(g~'v). In matrix notation,
viewing things as column vectors,

fglo) =f (g o= v = gf =@ f
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4. For V a representation of G, set
C.={veV|gv=09V¥geG}<V.

This is the sum of all trivial factors in the decomposition of V into irreducible G-representations.
Given any two representations V, W of G, let Homg(V , W) be the space of all G-linear maps
V — W. We claim Homg(V, W) = Hom(V, W)C.

Indeed, Hom(V,W)¢ = {¢p: V — W | (g9)(v) = ¢(v), V0 € V, Vg € G} ={p: V = W |
g9(g70) = ¢(v), Yo € V, Vg € G} = Homg(V, W).

‘ Exercise ’

‘ Show examples (1)-(3) are compatible with the isomorphism V @ W = Hom/(V*, W). ’

37. Characters

Letp : G — GL(V) be a representation of G. The character of the representation is the function

xv: G — Cwith xy(g) := Tr(p(g)) for all g € G. The degree is the degree p (i.e. dim V). xy
is said to be irreducible if p is irreducible.

The definitions in this section are somewhat scattered, so we state or restate them here:

Given V are representation of G, we set V¢ = {v € V | gv = v,Vg € G}. A class function
from G — C is a function which is fixed under the conjugacy classes of G. Given two class
functions f1, f» : G — C, we define their inner product to be
(fi, fa) = al G[ Y flg
geG
which turns the C-vector space of all class functions on G into a hermitian inner product space,

with dimension equal to the number of conjugacy classes of G.

Proposition 37.3

Suppose x is a character of a degree n representation. Then, forall g,h € G
) x(1) =mn
() x(g™) = x(g)
(iid) x(hgh™") = x(g)

Proof. For (i), p(1) = I, € GL(V), and Tr(I,) = n. For (ii), note that the eigenvalues A4, ..., A, of
p(g) are roots of unity, so satisfy [1;[2 =1 <= A; = A;"! for all i. Hence,

x(g) = Z* - if\fl =Tr(p(g)™") = Te(p(s™")) = x(87).
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Finally, (iii) follows for the property Tr(PAP~!) = Tr(A). O

Remark 37.4

Part (iii) from the above proposition says y is a class function.

Proposition 37.5

Suppose p1 : G — GL(V) and p2 : G — GL(W) are two representations of G. Then,
(i) xvew = Xv +Xw
(ii) xv- =xv

(i) xvew = Xvxw.

0
Proof. For (i), given pj, p2 in matrix form, we have p; © p2(g) = <P1 (8) )) . For (ii),

xve(8) = Tr(pi(g)) = Tr(e1(g™ ")) = xv(g™) = xv(g)-
Similarly, for (iii), Tr(p1(8) ® p2(8)) = Tr(p1(8)) Tr(p2(g)) O

‘ Question ’

‘ Given V, find V& explicitly. ’

Well, for any ¢ € G, themap g : V — V is generally not G-linear. However, if we take the average
Q= ‘1@ Yeec 8V — V, then ¢ is G-linear, since

Y g= Y hgh, Vhe G — (Zg>h=h<2g)-

g€G g€G g€G geG

{ Proposition 37.6 W

‘ ¢ is a projection of V onto V¢ [so ¢ : V — V&, ¢? = ¢]. ’

Proof. If v = ¢(w) = |1?| Y. qw, then forallh € G,
hv = hgw = gw = 0.
PP
Thus, Img @ C VC. Conversely, if v € VC, then ¢(v) = ﬁZv = v, 50 V¢ C Imgg. Also
@ o @ = ¢,so ¢ is a projection. O

‘ Question ’

‘ How do we find dim V©? ’

This will be the trace of the projection ¢. So,

G
Tr( 1
dim(V*>) = |G\ gEGG r(g ]G| gEeGXV (10)

If V is irreducible and not the trivial representation, then by definition VG = 0. Therefore, we de-
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duce that Y, xv(g) = 0. Now, let V, W be any two representations of G. Recall Hom(V, W)C =

Homg(V, W), so if V is irreducible, by Schur’s lemma dim Hom(V, W)¢ = multiplicity of V in

W. Similarly, if W is irreducible, then dim Hom(V, W)G is the multiplicity of W in V. Hence, if

both V and W are irreducible, then dim Homg(V, W) = L= W. Moreover, the character
0 VW

Xtom(v,w) (&) = Xveaw(g) = xv(8) - xw(8)- So, applying (10), we obtain

Ly nwwe=1 """
G| geG

0 VEW

Let C be the C-vector space of class functions on G. Define a hermitian inner product on C by

(fo) = 1 LA@RD =" [ )7

8€G

Theorem 37.7

The characters of the irreducible representations of G are orthonormal.

Remark 37.8

1. The number of irreducible representations is < the number of conjugacy classes in G

(we'll see later that they’re in fact equal).

2. Suppose dimC = k, and g3, ..., gk are representatives of the conjugacy classes of G. If

Cy, is the centralizer of g;, then

k k 7( )
X9 |IC i
2 wlx(@(e) = L5 e S

i=

Theorem 37.9

Let V be a representation of G with character yxy, and suppose V. = V" @ - @ Vk@nk is
the decomposition of V into a direct sum of distinct irreducible representations. If W is an

irreducible representation of G with character xy, then the number n; of V;’s isomorphic to W

equals (xv, xw) -

Proof. We have xy = Y¥_; n;xv, hence

(xv, xw) = Y_ i (xv, xw) = nj,
i=1

where W = V] O

‘ Corollary 37.10 ’

‘ Two representations with the same character are isomorphic. ’
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Corollary 37.11
| |

‘ A representation V is irreducible if and only if (xv, xv) = 1. ’

Proof. fV = V"™ & .- ® V"™ as usual, then (xv, xv) = Y+, n?, which is 1 if and only if V is

irreducible (i.e. we have n; = 1 once and the rest of the n; are zero). O

38. Decomposition of the Regular Representation CG

From now on, the irreducible characters of G will be denoted x1, ..., xx, and their degrees are
dy, ..., dr. This means d; = x;(1). Recall the regular representation
R:=CG = @ Ce,.
g€eG
Let xr be its character.
Ifg€ G,g#1,then g e, = ey # ey. So, the diagonal entries in the matrix (g)r representing the
action of g : R — R are all zero, hence Tr(g) = 0. Thus,

_)IGl g=1
Xr(g) = :
0 g#1

We therefore see that R is not irreducible by Corollary 37.11 when G # {1}. In fact, if R =
@, V", then

ni = (troxi) = |1| (v (1) - 1G]) = xu,(1) = di.

This produces the following result:

Theorem 38.1

The decomposition of CG into irreducible representations looks like

k
CG = @ ‘/iEB dlmVi.
i=1
Moreover,
(i) Every irreducible representation V of G appears in the regular representation dim V'
times.

(ii) The degrees dy, . ..,d; of the corresponding irreducible characters satisfy Y, d? = |G|
(iif) xr(g) = iz dixv,(g) = Oforallg # 1

Example 38.2 (Characters of S3). Some of the work in this example is skipped, motivated by facts we will

soon prove connecting irreducible representations, characters, and conjugacy classes (Theorem 38.4).

S3 has two degree 1 representations: Xy the trivial representation, xp the sgn representation. Moreover,
Ss acts on C3 be permuting ey, ea,e3. This has an invariant subspace U = ((1,1,1)) C C3, which is a
copy of the trivial representation. The complement V of U is

V=U"={(z1,20,23) € C® | 2y + zp + 23 = 0}.
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Now, xcs = (3,1,0), 50 xv = xc3 — xu = (3,1,0) — (1,1,1) = (2,0, —1). V is sometimes called the
standard representation of S3. This has the following character table (definition below):

5|1 (12) (123)

ujlt 1 1

uiil -1 1

Vi2 0 -1

Question

Which linear combinations of the endomorphisms g : V' — V are G-linear?

Proposition 38.3

Let f : G — C be any function on the group G. For V a representation of V, set

¢rv =Y f(g)g € Hom(V,V).
8cG

Then, ¢¢,y is G-linear for all representations V' if and only if f is a class function

Proof. Suppose f is a class function. Then, forh € G,v € V,

p(ho) = Y f(g)ghvo =Y f(hgh™")(hgh™")-ho =h ) f(8)g v = he(v),

gEG g eG geG
so ¢ is G-linear. The other direction is left as an exercise [show that if f is not a class function,
then ¢y r fails to be G-linear, where R is the regular representation of G]. ]
‘ Theorem 38.4

The number of irreducible representations of G is equal to the number of conjugacy classes
of G. Equivalently, their characters {xv} form an orthonormal basis for the space of class

functions C.

Proof. Suppose f : G — C is a class function and (f, xy) = 0 for all irreducible representation V
of G. We must show that f = 0 (this implies that the xy span C)

Let V be any irreducible representation and consider
prvi=) f(8)-g: V=V,
geG
which by the previous proposition is G-linear. So, by Schur’s Lemma, ¢ = Aidy, where

1 1 1
A= Tlory) = 3 g;;f(g)m(g) = —— {(fav) =0,

Thus, ¢,y = 0 for every irreducible representation V. Therefore, ¢, = 0 for every representation
of V. So, take V = R to be the regular representation of G. In R = CG, the elements {g | g €
G} C Hom(R, R) are linearly independent since {g(1) = e, }4cc are linearly independent. Since
0= gfr = Ygec f(g)8 we deduce that f = 0. O
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‘ Theorem 38.5 ’

‘ If x is an irreducible character of G, then x(1)||G| ’

Proof. Let Cy, ..., Ck be the conjugacy classes of G, C; = [g;]. Then, by the orthogonality relations,

L N (o TaT — vy — 1 - Gl Gl
@;\ ix@x(g) = (xx) =1 = W_;x(l)X(gl)X(gl)'

ICil

We claim -7 x(gi) is an algebraic integer. Note that this implies the theorem, since x(g;) is also
an algebraic integer for all i, hence % is both rational and an algebraic integer, thus an integer.
Let C = [g] be a conjugacy class of G. Consider

E = Z €x € CG

xeC
Observe that C lies in the center of CG, since for all g €G,
6:;;8%{1 = ¢-C=C-g
Now, suppose V is an irreducible CG-submodule of CG (i.e. an irreducible representation of G)
which character x. Then, forallg € G,v € V,wehave C- (gv) = ¢(C-v), hence themap v +— C-v
is g-linear. By Schur’s Lemma, we must therefore have Cv = Avforallv € V. Thus, taking traces,

we get

¥ x-0 =0 — [Clx(g) = ¥ x(x) = (1) = A= —=oalg)
xeC xeC X (1)

where C = [g]. Let g1,..., gy be the elements of G, so B := {eg,} is a basis of CG. If A := (C)g,

then A is a matrix with integer entries. So, the statement that C - v = Av with v # 0 implies A

is an eigenvalue of A, thus A is an algebraic integer (it’s the root of the characteristic polynomial

which has integer coefficients), and we’re done. O

39. Character Tables and Orthogonality Relations

Let x1, - .., Xk be the irreducible characters of G, and [g;] = C; be the distinct conjugacy classes
of G. The k x k matrix {x;(gj) }1<ij<k is called the character table of G. We usually have
X1 = 1g and g1 = 1. This is usually presented as follows:

|Cil ny np e Mg
gi 1 = $1 2 . Sk

X2 dy

Xk dy
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Orthogonality Relations 39.2

Let §,s be 1 when r = s and 0 otherwise. Then, we have the following relations:

Rows:
Xr gl Xs )
,Xs) =0
1':21 ’CG gz <Xr Xs> rs
Columns:
k

ZXi(gr)Xi(XS) = 0rs|Cc(gr)]

i=1

Proof. We’ll prove the column relation: For 1 < s < k, let 15 be the class function which satisfies

¥s(gr) = Jys. Since {x;}¥_, is an orthonormal basis of C, we have s = YX_; (v, x:) xi- Now,

Gl xilgs)
($s, xi) = ]G| g;} ¥s(8 |G ‘ xi(8s) |C8(gs)| .
Hence,
L k
s lps gr ; lPS/Xl " Xi gr) ; ’CG(gSH '
as desired. )

Example 39.3. Suppose we are given the following part of a character table of a group G:
|Cil 1 3 4 4
8i [1=81 & & &

x1 1 1 1 1
X2 1 1 w w?
X3 1 1 W w
X4 ? 2?22

where w = ¢*™/3_ Fill in the missing entries.
Well, |G| = 1+3+4+4 =12 = 12+ 12+ 12+ d?, so dy = 3. Now, from orthogonality between
columns 1 and 2,
1T-14+1-14+1-143 - x4(g2) =0 = xa(g) = —1.
Similarly, x4(g3) = x4(ga) = 0. So, we have
Gl 1 3 4 4

i |1=8g1 & & S
X1 1 1 1 1

X2 1 1 w «?
X3 1 1 «w* w
X4 3 -1 0 O

This is the character table for A4 (not obvious)

Example 39.4. For the cyclic group Cz, we have the table
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IGl|11 1 1
g |1 a a
x1 |1 1 1
X |1l w ?
31l W w

40. Burnside’s Theorem

Burnside’s Theorem 40.1

Any group G of order p*q”, with p, g prime, is solvable.

Lemma 40.2

Suppose (1, ...,(n € C are roots of unity such that %(Q + -+ 4 () is an algebraic integer.
Then, either 01 =--- =y, or {1+ -+, = 0.

Proof. Set o = %(Q + -+ 4 {y) and assume not all {; are equal. Then, the triangle inequality
implies [{1 + - - - + {u| < n, or equivalently || < 1. Let p(x) € Z|[x] be the minimal polynomial
of a over Q, and let K be the splitting field of p, with G := Gal(K/Q). For any automorphism

o € G, o(w) is the average of a set of 1 roots of unity, so |o(«)| < 1. Therefore,

[Te(

ceG

<L

However, we have (exercise)

[T(&x—c(a) = p(x)"

ceG
where m = [K : Q(«)]. We therefore deduce that the constant term of of [[(x — ¢(«)) is an integer,
but it's [To(a) which has absolute value < 1. Hence, [To(«) =0, i.e. « = 0. O

‘ Lemma 40.3 ’

‘ For any finite group G and representation p : G — GL,(C), the matrix p(g) is diagonalizable. ’

Proof. If m = |G|, then p(g)" = I in GL,(C). Hence, the minimal polynomial f(x) of p(g)
divides x™ — 1, which is a polynomial with m distinct roots. Hence, f(x) has distinct roots, so

p(g) is diagonalizable. O

‘ Theorem 40.4 ’

Let V be an irreducible representation of G, and suppose C is a conjugacy class in G with

gcd(|C|,dim V) = 1. Then, for any g € C, either xv(g) = 0, or g acts as a scalar on V.

Proof. There exists a,b € Z such thata - |C| +b-n =1, where n = dim V. Hence,

Xn® = a|nC|XV(g) +bxv(8),

but xv(g) = A + - - - + A, is an algebraic integer, when A; are the eigenvalues of g. By the proof
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in Theorem 38.5, we prove the first term is an algebraic integer as well, hence XVT® is an algebraic

integer. By Lemma 40.3, the eigenvalues A4, ..., A, are roots of unity, hence the result follows by
Lemma 40.2. OJ

‘ Theorem 40.5 ’

Let G be a finite group, and let C be a conjugacy class in G with |C| = p*, where p is prime
and k > 0. Then, G is not simple.

Proof. Choose an element ¢ € C. We know ¢ # 1 because k > 0, and by the orthogonality of the

columns of the character table of G, we have

Y. dimV-xy(g) =0, (11)
Velrr(G)

where Irr(G) is the set of k irreducible representations of G, up to isomorphism. We may divide

Irr G into three parts:
(i) The trivial representation.
(ii) S, the set of irreducible representations whose dimensions are divisible by p.
(iii) T, the set of non-trivial irreducible representations whose dimension is not divisible by p.

Now, we make the following claim:

Claim 40.6. There existsa V € T such that xv(g) # 0.

Proof. Indeed, if V € S, the number Cﬁ%v Xxv(g) is an algebraic integer, so a := Y ycs di‘;‘V xv(gQ)

is an algebraic integer. Now, by (11),
0=xc(g)+ Y dim(V)xv(g)+ ) dim(V)xv(G) =1+ pa+ ) dim(V)xv(G),
Ves VeT VeT
hence the last term is non-zero (because otherwise 2 = —1/p is not an algberaic integer). The

claim follows. O

Now, we have ¢ € C, where |C| = pf, and V € T with xv(g) # 0, and p { dim V. So, by
Theorem 40.4, ¢ acts by a non-zero scalar on V. Let H be the subgroup generated by all elements
ab~! witha,b € C:

H:= <ab’1 |a,be C>.

Note that for any x € G xab~'x~! = (xax~!)(xbx~!)~! € H, so H < G. Clearly, |H| > 1 since
|C| > 1. Moreover, the elements of H act trivially on V, hence H # G because V is not the trivial

representation of G. This proves G is not simple. O
We are now ready to prove Burnside’s Theorem.

Proof. Let |G| = p“g®. Assume for the sake of contradiction that G is not solvable. Then, there
exists a non-abelian simple group of order p?gq’: otherwise, any such G has a nontrivial normal
subgroup N, and by induction on |G| we may assume N, G/ N are both solvable. This implies G

is solvable.
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If G is simple, we may consider the class equation
e’ =1Gl= ). G+ ) Ici,
ICi[=1 ICi[>1
where the second term is = 0 (mod pg). We deduce that there are at least 2 conjugacy classes C;
with |Cj| = 1,i.e. Z(G) # 1. This contradicts the simplicity of G. O

Theorem 40.7
Let G be a finite group of order 1, and g € G. Then, TFAE:

(a) For every representation V of G, xv(g) € Q.
(b) For every representation V of G, xv(g) € Z.

(c) The element g is conjugate to g for all k € Z with ged(k, n) = 1.

Proof. Let K = Q({), with { = ¢¥™/" i.e. K is the splitting field of x" — 1 over Q. Then, it'’s known
that Gal(K/Q) = (Z/nZ)*, where k € (Z/nZ)* + (0} : { + C¥). For any ¢ € G and for any
representation V of G, we know xv(g) € K, and xv(g*) = ox(xv(g)) for all k coprime to n.

Now, we know xv(g) is an algebraic integer, so clearly (a) <= (b). If xv(g) € Z, we deduce
that xv(g) = xv(g¥), because if g, ¢ were in two different conjugacy classes, then there is a class
function f € C for which f(g) # f(g"), hence there exists a character xv with xv(g) # xv(g").
(227)

If (c) holds, then o (xv(g)) = xv(g) for all k coprime to 1, so xv(g) lies in K¢ = Q, hence (a)
holds. O

‘ Exercise ’

Check that (iii) holds for all g in the symmetric group S,. So, all character values for permuta-

tions in S, are integers. What can be said about A,?

41. More on Group Characters

Question

Does the character table of G determine G?

Answer
No.

For example, the groups Dy (the dihedral group of order 8) and Qg (the quaternion group) have
the same character table: Indeed, both groups have the same commutator quotient G/[G, G] =
V4, the Klein 4-group. It follows that they both have exactly four characters of degree 1, which
are easily computed, and then the orthogonality relations can be used to find the fifth irreducible

character, which has dimension 2. So the complete character table for Qs is

which is identical to that of Dy.
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Sizes | 1 1 2 2 2
Qs |1 -1 i j k
x1 |1 1 1 1 1
x2 |1 -1 1 -1
xs |1 1 1 -1 -1
xs |1 -1 -1
Xxs |2 -2 0 0 0

Question

What information about a group can be deduced by its character table?

Lemma 41.1
Let N JG and W be a C(G/N)-module. Then, W admits a canonical CG-module structure,
with a subspace of W being a CG-submodule <= it's a C(G/N)-submodule. If i is the
character of the C(G/N)-module W, then the character of the CG-module W is ¢ o 77, where
7t : G = G/N is the projection map.

Proof. Given g € G, w € W, we define g- w := (gN) - w. O

Letp : G — GL(V) be a representation with character x. Define K, := {g € G| x(g) = x(1)},
called the kernel of x. We have K, = kerp < G [indeed, x(g) is a sum of dim V eigenvalues,
each of which is a root of unity. If x(g) = x(1), then all the eigenvalues must be 1, so p(g) =
id.] We write K; instead of Ky, for x1, ..., xx the irreducible characters of G.

Proposition 41.3

All the normal subgroups of G are exactly the sets (;c; K; for all subsets I C {1,...,k}.

Proof. Since K; <G fori € {1,...,k}, then we know ;¢ K; are normal subgroups of G.

Conversely, let N < G be a normal subgroup, let W := C(G/N), and let i be the character of W as
a C(G/N)-module. Let x be the character of W as a CG-module. As ¢ is the regular character of
G/N,wehave x(g) = x(1) <= g € N. Therefore, N = K. Then, we may write y = YK aix,

and
k k
x(g)| < ; Ixi(g)] < ;az’?{i(l) = x(1).

So, since |[xu(g)| < xu(1) for any CG-module U, we see that g € K, <= ¢ € K; for all i for
which a; > 0. Therefore, N = (;c; K;, where [ = {1 <i <k |a; >0}. O
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Corollary 41.4

G is simple if and only if the only irreducible character yx; for which x;(g) = xi(1) for some
g # 11is the principal character x;.

Corollary 41.5

The character table of G can be used to determine whether or not G is solvable.

Proof. The character table allows us to determine the normal subgroups of G, and all the inclu-
sion relations between them, so we can determine whether or not G has a normal series whose

successive quotients are p-groups. ]

42. The Group Algebra

Recall that a complex vector space A is a C-algebra if there is a bilinear multiplication A x A — |

A which is associative and has a multiplicative unit.

Example 42.2. 1. M,(C) is a C-algebra. Generally, for V a complex vector space, End(V) :=
Hom(V, V) is a C-algebra.
2. CG, where G is a finite group, is a C-algebra.
3. If Ry and Ry are C-algebras, then Ry X Ry is a C-algebra.

An algebra A is semisimple if, given any two finite dimensional A-modules N C M, there
exists an A-submodule N’ C M such that M = N & N'.

Example 42.4. CG is a semisimple C-algebra.

We've seen that if Vj, ..., Vj are the irreducible representations of G, then CG = @le yedimVi

Now, we can refine this statement in terms of the group algebra.

Theorem 42.5

There exists an isomorphism of C-algebras

k k
CG=PEnd(V) = P (Vi @ Vi)
i=1 i=1

Proof. For any representation V of G, the group homomorphism G — GL(V) extends by linearity
to a map of C-algebras CG — End(V), since CG = @ Cg;. If we apply this to each of the k
irreducible representations V; of G, we get a canonical map

k k
F:CG— PEnd(V;) = [ [Mq4(C)
i=1

i=1
where d; = dim(V;). We claim F is an isomorphism.
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Indeed, if x = Y, f(g) - ¢ € CG for some function f : G — C and F(x) = 0, then F(x) = O as
an operator on each V;. It follows (since CG = @ Vi@d") that x = 0 on CG, hence x = 0, because
the representation of G on CG is faithful. Therefore, F is injective, and since the dimensions are

equivalent, we see that F is an isomorphism. O

Homework 11 (B1) interprets F as a Fourier transform, and discusses its inverse. The converse

of the theorem holds, and the precise result is a part of Wedderburn Theory:

Theorem 42.6

1. Let F be any field, and A a finite dimensional F-algebra with a unit. Then, A is semisim-

ple if and only if A is isomorphic to a direct sum of matrix algebras M, (D) over division
algebras D (fields that don’t need commutativity).
2. If F is algebraically closed, then any finite dimensional semisimple F-algebra is isomor-

phic to a direct sum of matrix algebras over F.

43. Compact Groups

A topological group G is a group with a topology such that multiplication by elements of
G is continuous. A compact group is a topological group that is compact. A left-invariant
measure dg on a group G is such that

(i) Forall f: G — C continuous, [ f(g)dg = [, f(hg)dg forallh € G
(i) VoI G := [.dg =1

Remark 43.2

The properties of dg imply that its also invariant under right translation.

Example 43.3. 1. Suppose |G| = n is finite. Then, dg assigns to each x € G the measure 1/n.
2. Let G=S":={z € C: |z =1} = {¢ | 0 € R}. Then, dg = d6, normalized so that [s, d = 1.
In other words, if f(e'®) is a function on Sy viewed as a 27t-periodic function f : R — R, then

Joes fe®)do = 5 Ozﬂf(x)dx.

A linear representation of G on a complex vector space V is a homomorphism p : G —
GL(V) which is continuous, where GL(V) = GL,(C) is viewed with the natural topology.
This is equivalent to saying that the multiplication map G x V — V sending (g, x) — p(g)(x)
is a continuous function of the two variables ¢ € G,x € V. Irreducible representations,

characters, etc. are defined in the same manner as for finite groups.
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If ,9 : G — C are any two functions (say continuous), their scalar product is defined by

(o) := / P(8)y(g)dg

G

Most of the properties from the representation theory of finite groups carry over to complex

groups replacing ‘1@ Yo f(8) by [ f(8)dg. More precisely:

Remark 43.6

The same:

1. Maschke’s Theorem remains true, so every representation of a compact group is a sum

of irreducible representations.
2. Schur’s Lemma holds
3. The irreducible characters of G are orthonormal elements of
C(G) := {continuous functions f : G — C}.
Different:

1. There may be infinitely many irreducible representations

2. There may be infinitely many irreducible characters

The “naive” analogue of CG, namely C(G), is no longer a finite dimensional C-vector space.
However, it is an inner product space, along with the space C of all class functions on G. But,
importantly, C(G) is not complex with respect to the norm ||f||]2 = /[ |f(8)|dg coming from
(,) [but it is complete with respect fo the supremum norm || - ||«]. The completion of (C(G), || -

||2) is the space L?(G) of square integrable measurable functions G: the functions f such that

Jo1f(8)Pdg < e

Peter-Weyl Theorem 43.7

The characters of irreducible representations span a dense subspace of the space of continuous
class functions on G. That is, if f is a continuous class function, then for all € > 0, there exists
X1,- -+, Xn irreducible characters A; € C such that

n
f=Y Aixi
=1

1

< &
2

Moreover, there exists a Hilbert space decomposition

LZ(G) _ @ VieBdimVi
i=1

where the V; are the irreducible representations of G, and this sum is an orthogonal direct

sum.

C(G) is still a “representation” of G with the group action (¢f)(t) = f(¢~'t) forall f € C(G),g €
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G. We're putting representation in quotes because it’s infinite dimensional, so we can’t speak of

its character, but the Hilbert space decomposition makes sense of this.

Example 43.8. Consider the compact group S'. Since S is abelian, its characters are 1-dimensional. If
f: St — C* is a continuous group homomorphism, then since S' is compact, Img f C S' C C*. Exercise:
Show that all characters are of the form x, : z — z", n € Z. Then,
L*(S") = P C- xn.
nez
So, for any square integrable f : S' — C, f € L2(S!),
f = Z <f,X11>XH = Z AnXn
neZ neZ
where
1 2 —inx
an = 5 ; fx)e "™dx
is the n-th Fourier coefficient of f.

44. Representation Theory of the Symmetric Group

Recall that the conjugacy classes in S, are indexed by partitions of n. For example, S4 has the

identity, two-cycles, three-cycles, four-cycles, and products of disjoint two-cycles.

A partition of 7 is a decreasing sequence of integers A = (A1 > Ay > - -+ > Ay > 0) such that
k

|)\| = 2)\1 = n.

i=1
We write A = n if A is a partition of n. The number k of (non-zero) partitions A; is the length
of A, denoted I(A). A partition A is identified with its Young diagram of boxes, with A; boxes
in each row. By a numbering of A - n we mean a numbering of the boxes in the diagram of A

using 1,...,n. There are n! possible numbering of A.

Example 44.2. The partition (3,2,1,1) has the Young diagram

|

Consider R := Clxy,...,x,]. S, acts linearly on R by permuting the variables. The irreducible
representations of S, will be constructed as S, submodules of R, one for each A I n.
Given A and a fixed numbering T of A, define the polynomial
fri= TI (i—x)
i north of j

where the product is over all pairs (i, j) such that i lies due north of T. Then, fr is the product of

all Vandermonde determinants corresponding to the columns of T.
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For example, consider the partition, A = (3,2,1,1) with the following numbering;:

—_

6]

’N|>-I>UJ\1

Then,

fr = (x7 — x3)(x7 — xa) (x7 — x2) (x3 — x4) (x3 — x2) (x4 — x2) (x1 — x35).

Define V), C CJxy,...,x,] to be the C-vector space spanned by all n! polynomials fr, for all
numberings of the Young diagram of A. S, acts on V) by permuting the variables. Hence,
V) = C[Sy] - fr is the C[S,|-submodule of C[xy, ..., x,] spanned by fr, for any numbering T
of A. V) is sometimes called the Specht module.

Theorem 44.4

For A - n, the V) forms a complex set of the irreducible representations of S,

Example 44.5.
(1) Let n = 2. We have partitions (2) and (1,1). Then,

Vo = (1) C C[xy, x| is the trivial representation
Vi1 = (x1 —xo,x2 — x1) = (X1 — Xxp) is the alternating representation of Sp
(2) Let n = 3. Then, we have the partitions (3),(1,1,1),(2,1). Then,
Vs=(1)
Vi1 = ((x1 — x2) (%1 — x3) (X2 — x3)) is the alternating representation
Voqg = (xj—xj | 1 <i<j<3)=(x;—xp,x1 — x3) is the standard representation
(3) For any n, V,, is the trivial representation, and V1, _ 1 is the alternating representation.
(4) Let n = 4. Besides the above 2, we have
V31 = (x1 —x; | i =2,3,4) is three dimensional
Vou1 = ((x1 —xi)(x1 — xj) (xi — xj) | 1 < i < j < 4) is three dimensional
Voo = ((x1 — x2) (%3 — x4), (x1 — x3)(x2 — x4)) is two dimensional.

Note that our presentation for Vs is not obvious. Namely, we have the numbering

1|2
4|3

which induces the polynomial (x1 — x4)(x2 — x3), but this polynomial in fact equals

(x1 — X3)(X2 — X4) — (X1 — XQ)(XQ, — X4).

This motivates us to think about whether or not the numbers are increasing along the rows.
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Any numbering T of A is called a standard tableau if the numbers are increasing along each

row and down each column.

Theorem 44.7

The polynomials fr where T is a standard tableau of shape A form a basis for V). Hence,

f* := dim¢ V) equals the number of standard tableau shapes of A.

Proof. We'll prove that the fr are linearly independent. The proof that they span is left as an

exercise.

Consider the monomials x* := x7' - - - x3", where & = (ay,...,a,) € Z" with a; > 0. We order

them as follows: x* < xf <= a < B is the lexicographic order on Z%,. For example,
(0,1,2) < (0,2,1) < (1,0,2) < (1,2,0) < (2,0,1) < (2,1,0)
= 0% < ¥3x3 < 1143 < x1x5 < xfaz < xivo.

For T a standard tableau of A, let m be the monomial xlfl e x]fl” where k; = r — 1 is i lies in the
r’th row of T. For example:

1|3

215 P mr = X2XEX5, fT = (X1 — XZ)(X1 — X4)(XQ — x4)(x3 — x5)
4

It’s left as an exercise to show that if T is standard, then fr = £mr+ a later monomial.

Let Ty, ..., Ts be the standard tableau of shape A, so s = f)‘. The monomials mr,, ..., mr, are all
distinct, and we may assume that mp, < --- < mr7,. We claim fr,,..., fr, are linearly independent.
Indeed, if };_; cifr, = 0, the coefficient of mt on the LHS is -c;. Hence c; = 0. Repeating the
argument shows that c; = 0, and so on. It is “much harder” but “completely trivial” to show that
fr for T standard span V. O

Given a box x in A, the hook H at x is the together with all boxes due east and south of x. The

hook length /i, is the number of boxes in H,.

Example 44.9. The box labeled x has the following hook:

X
‘ Frame-Robinson-Thrall Theorem 44.10 ’
»_ n!
f er)\ hx '
Example 44.11.
4!
(2’2) = 7. e 2
f 3.2.2-1 )
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As a matter of fact,

the n’th Catalan number.

‘ Corollary 44.12

[Lica by divides n! for A = n. Moreover,

Y (2 =t

AFn

45. The Character x, of V)

We want to compute x, (y) for A, u = n, where A corresponds to the irreducible representations
of V), and p corresponds to the conjugacy classes of S,. Let k = I(A), and introduce the variabels
X1,...,X;. Moreover, let
Alx):= J] (xi—xp).
1<i<j<k
Suppose C = C[m] is a conjugacy class of S, consisting of permutations with m; 1-cycles, my

2-cycles,. .., my d-cycles, so y = (1™M2"2 ... 4"d),

Frobenius Formula 45.1

x1(C[m]) is the coefficient of xi’“ . -xZ“ in A(x) - H}i:l pj(x)™, where p;(x) = le. +- x{(.

Here, h1j = A; + k — j are the hook lengths of A in the 1st column.

The Murnagham-Nakayama Rule is a combinatorial algorithm for computing character val-

ues, described below.

If v C Ais a subset of the diagram of A, write A \ v for the set-theoretic difference. For x a
box in A, the rim hook « of A corresponding to x is obtained by projecting the hook H, along
diagonals to the southeast boundary of A. The height ht(«) of « is one less than the number of

rows it occupies.

Example 45.4. The rim hoox of x is filled in green.
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Theorem 45.5

If A = n and p is another partition of n corresponding to a conjugacy class in S, then

xalp) = | |Z (=)Mo (1 \ 1)
a|=m

summed over all rim hooks « such that |a| = y4

Example 45.6. We may now compute the character recursively. For example,

X(4,4,3)((5r 4,2)) = —X(42) (4,2) + x32,1(4,2)
= (1) (-Dx1)2) +0 = —(—(—=(x0(0)))) = (-1)> = —1.

This corresponds to the following recursive tree of rim hooks:

/N

s

 p

|
(-1

Example 45.7. We'll compute the character values for the standard two dimensional representation V31
of S3. We have three conjugacy classes: (1,1,1),(2,1), (3).

x(1,1,1)=1+1=2

x((2,1)) = 0since no rim hook of length 2 can be subtracted

x(3)=-1

46. Polynomial Representations of GL,(C)

In this section, we use G := GL,(C)

‘ Definition 46.1 ’
A matrix representation p : G — GLy(C) is called polynomial if for any matrix A € GL,(C),

the entries of p(A) are polynomials in the entries of A. If V is a complex vector space with
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dimc V = N, the isomorphism V = CN may be used to define polynomial representations
p:G— GL(V).

Example 46.2. 1. V = C" with the usual action of G on V is the standard representation of G.

2. Forany k > 1, T*V, SXV, A€V are all polynomial representations of G (for example, if ¢ € G, then
g1 ® - @) = gu1 ® - - - @ goR). Moreover, SKV and N\*V are irreducible, but TXV is not for
k>2.

3. detV = A"V is a degree 1 representation of G. That is, p : G — C* given by p(A) = det A.

4. G has finite dimensional non-polynomial representations, which are instead rational or meromorphic.
For example, p(A) = (det A) L.

5. U(n) C GL,(C) is a maximal compact subgroup of GL,(C). Weyl’s “unitary trick” ensures that
the polynomial representations of U(n) and GL,(C) actually coincide. Since U(n) is compact, it
has more manageable representation theory.

47. Schur Modules

For any partition A and vector space V, we define the Schur module s, (V) as follows:

Number the boxes in the Young diagram of A with the integers 1,2,...,p = |A| in order going
from left to right and top to bottom. This gives a standard tableau T on A. Let R (resp. C)
denote the subgroup of S, consisting of the elements which permute the entries in each row
(resp. column) of T with themselves. Now, consider the elements
ay:= ) sgn(u)u, by:=) v
ueC veR

in C[S,]. Define the Young symmetrizer c) := a,b,. Now, given any complex vector space
V,let M =T'V =V ®- " @V. Then, the group S, acts on the right on M by permuting the
factors:

(Ul SJEI ®Z)p)0' = Ug(1) Q& Uo(p)-
Moreover, the group G := GL(V) acts on the left on M by

g1 ®---®vy) =(g01) ® - ®(gvp).

One can see that the two actions commute with each other. Finally, the Schur module s, (V) is
defined at the image of the map M — M which is right multiplication by c,. This construction
is functorial: a linear map f : V — W of vector spaces induces a linear map s, (f) : sy(V) —
sy(W) with sy (f1 0 f2) = sa(f1) 051 (f2) and sp(idy) = ids, (1)

1[2]3]4]
Example 47.2. If A = (4,3,2),then Tis|5|6|7
819

Example 47.3. 1. Let p = 2, and write Sy = {1,0}. The two partitions of 2 are (2) and (1,1), with
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Young symmetrizers c; = 1+ and c1 1 =1 — 0. We have s,(V) = S?V and s,1 = \* V, sitting
inside T?V. In fact, VRV = S’V & \* V.

2. Generalizing (1), for any p > 1, we have cp = Y ycs, 0, and cip = Yoes, sgn(c)o, s0s,(V) =
SPV and s1p(V) = NP V.

3. Given any matrix A = {a;;} and partition A, the Schur matrix is s)(A), generalizing S? A and
AP A. No general formula is known.

Theorem 47.4
Let V = C" be the standard representation of G := GL,(C), and let A be any partition of

length I(A) < n. Then, s,(V) is an irreducible polynomial representation of G. Moreover,

{sx(V)} | I(A) < n} is a complete set of irreducible polynomial CG-modules.

Question

What is dims, (V)?

A semistandard tableau T on A is a filling of the boxes in A with positive integers so that the

entries are weakly increasing along each row, and strictly increasing down each column.

1[1]3]3]4]
Example 47.6. |2 (2|4 |4
4155
‘ Proposition 47.7 ’

‘ The dimension dim s, (V) is the number of semistandard tableaux of shape A with entries < n. ’

Example 47.8. The module \P C" is the Schur module for 17, so its dimension is the number of ways to
fill in the vertical line of boxes so that it’s semistandard. This is (Z) The dimension SPC" corresponds to

the semistandard fillings of the horizontal line of boxes, which is (”*l’;*l).

If A is a diagonal matrix with eigenvalues x1, ..., x,,, then Tr(s) (A) : s, (V) — sA(V)) is the Schur
polynomial s, (x1,...,x,). This is the character of s, (V) in the following sense:

The diagonalizable matrices form a dense open subset of GL,,(C). So, any polynomial character
X : GL,(C) — C is determined by its values on diagonalizable elements.

Example 47.9. s1 =x1+ -+ Xp. s1p = ep(xl, ..., Xp), the p-th elementary symmetric polynomial.

the sum of all monomials of degree p.
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D. Littlewood’s Theorem (not that Littlewood) 47.10

In general,

sa(xr, e x) = Y 2D,
T

where the sum runs over all semistandard tableaux T on A with entries < n, and ¢(T) =

(c1,...,cn) is the content vector of T, where ¢; := the number of entries equal to i in T.

Example 47.11. Let A = (2,1). A semistandard Young tableau of shape A is of the form b] where

1<a<banda<c. So,ifx = (x1,...,%y), then

s21(x) = Y xaxpxe = Y x3xp+2 Y xaxpxe

a<b a#b a<b<c
a<c

‘ Remark 47.12 ’

‘ sa(xq,...,x,) is a symmetric, homogeneous polynomial in x1, ..., x,, of degree |A|. ’

Much else is known about Schur polynomials.

Proposition 47.13

sa(x Xn) det(x;"" ) 1cijcn
AlX1, ... = —
’ T det(x? ])1§i,j§n

This was Cauchy’s original definition of Schur polynomials.

Consider the ring of symmetric polynomials Cley, . .., e,]. As it turns out, this is

P Csa(x) = Polynomial representation ring of GL, (C)
AI(A)<n

and also

The products correspond to

and

If |[A| = m, we have an irreducible character x, of S,,. For any partition y := (p1,..., pis),

let pu(x) := pu, (x) - pyu (x) be the u-th power sum, where py(x) = x5+ --- + x&, where
n>1(A).
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Frobenius’ Theorem 47.15

‘(97;'1) of

symmetric polynomials in xi, ..., x, which are homogeneous of degree m. These are related

The sets {s)(x) }|j=n and {pa(x) }|r|—m are two C-bases of the vector space C[xy, ..., x,]

by the following change of basis formula: for any p - m,
pu(*) = ) xa(p) 52 (x),
AFm
where x, is the irreducible character of S,, indexed by A, and y in x, (i) corresponds to a
conjugacy class in S,,. We also have

()= ¥ xao)pel®)

=™
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