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1. Introduction: From Complex Analysis to Algebraic Geometry

“Complex analysis is more rigid, even magical, when compared to real analysis.”

For example, if U ⊂ C is open. and f : U → C has a single complex derivative at each point

x ∈ U, then f is smooth (has infinitely many derivatives) and analytic (locally representable by a

power series). Since power series are close to polynomials, it’s not surprising that the local study

of power series (analysis) and polynomials (geometry) is similar.

Definition 1.1

A complex analytic set is defined locally as

{x ∈ U | f1(x) = · · · = fm(x) = 0},

where fi : U → C are holomorphic.

A complex algebraic set is defined in the same way, replacing “holomorphic” by “polyno-

mial”.

1.1. Classification of Real and Complex Manifolds

Real manifolds were defined and studied as sub-manifolds of Rn long before their definitions

using charts and atlases. We can think of “embedding theorems” as a way of seeing an abstract

manifold X by embedding it in coordinate space, writing down global equations for it.

Whitney’s Theorem, ∼1935 1.2

If M is a smooth manifold of dimension n, then there exists a smooth (C∞) embedding f :

M ↪→ R2n+1.

Suppose X is a complex manifold (more generally, a complex analytic space, which is a space lo-

cally defined by a system of holomorphic functions). Then, there exists a holomorphic embedding

f : X ↪→ CN for some N ⇐⇒ X is a Stein manifold.

Definition 1.3

A complex manifold X is Stein if for any discrete subset {xn}n≥1 for points in X, and sequence

{cn}n≥1 of complex numbers, there exists a holomorphic function f : X → C such that f (xn) =

cn for all n ≥ 1.

Theorem 1.4

The only compact complex manifolds that embed holomorphically in CN are points.

Proof. We have the projection maps zi : X → C for i = 1, . . . , N. Because X is compact, zi is a

closed map. By the open mapping theorem, if zi is not constant, then zi is open. This is impossible

since C is connected, so zi = ci is constant for all i. Hence, X = {(c1, . . . , cn)} is a point.

Since CN can’t serve as an embedding space for compact complex manifolds, we can try to use
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projective space PN instead. On PN = {[z0 : · · · : zn]} we have homogeneous coordinates zi, and

analytic/algebraic subsets can be defined using homogeneous polynomials.

Chow’s Theorem, 1949 1.5

If a complex manifold (or analytic space) embeds holomorphically as a complex submanifold

of PN for some N, then X is a smooth algebraic variety. That is,

X =
¶
[z] ∈ PN

∣∣∣ f1(z) = · · · = fm(z) = 0
©

,

where f1, . . . , fm are polynomials in z0, . . . , zn

Remark 1.6. There is a 1-variable analogue of this result: if f : C → C is an entire function such that
limz→∞ f (z) exists in C ∪ {∞}, then f is a polynomial.

The condition on f means that f : C → C extends to a holomorphic function f̃ : P1 → P1, where
P1 = C ∪ {∞}

Soon after, Serre proved comparison theorems for sheaves and sheaf cohomology on projective

varieties.

Serre’s “GAGA” Theorem, 1955, Géométrie Algébrique et Géométrie Analytique 1.7

If F is a coherent analytic sheaf on a projective variety Xhol, there is a unique coherent algebraic

sheaf Falg on Xalg such that F = (Falg)hol. Moreover, the natural maps

Hi(Xalg,Falg) → Hi(Xhol,F )

are isomorphisms for all i ≥ 0.

Definition 1.8

A Riemann surface is a 1-dimensional complex manifold X. Underlying X is a 2-dimensional

orientable real manifold XR. If X is compact, then XR is diffeomorphic to a g-torus, which we

represent as

H1(XR, Z) ≃ Z2g

Consider an irreducible polynomial p ∈ C[z, w], and the subset of C2 given by

V(p) :=
¶
(z, w) ∈ C2

∣∣∣ p(z, w) = 0
©

.

In general, V(p) ⊂ C2 is neither compact nor a smooth manifold. Riemann showed that V(p)
can be modified to obtain a compact complex manifold X(p), which is the Riemann surface of the

algebraic function p(z, w). Moreover, X(p) comes with two meromorphic functions f , g which

extend z and w.

Later, Riemann defined abstract manifolds. We obtain compact Riemann surfaces X, which do

not obviously come from polynomials p, but it turns out that these are all algebraic varieties. This

was shown by studying the function theory on X. For every compact X,

O(X) := { f : X → C holomorphic} ≃ C
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is just the constant functions. Instead, we consider the field m(X) of meromorphic functions on

X (these are just holomorphic functions f : X → P1).

Example 1.9. For the projective line, m(P1) ≃ C(z), where z is the affine coordinate on C ⊂ P1.

Studying meromorphic functions instead of holomorphic functions makes things more interest-

ing. For instance, we’ll prove the following theorem later, which is rather difficult.

Theorem 1.10

If X is a compact Riemann surface, then there exists a non-constant meromorphic π : X → P1.

Consider the sequence

X π−→ P1 z−→ C.

Pulling back z via π to m(X) gives an inclusion of fields

C(z) ∼−→ C(π) ↪→ M(X).

So, M(X) ⊃ C(z) is a field extension, which turns out to be finite. Thus, the primitive element

theorem yields

M(x) = C(π)(g).

Let p̃ ∈ C(π)[z] be the minimal polynomial of g. Then, clearing denominators, we get a polyno-

mial p with p(π, g) = 0. Moreover, X is the Riemann surface associated to p. We therefore see

that X is determined by m(X), an “algebraic function field in one variable”. This is the point of

view in algebraic geometry, where X is a smooth algebraic curve over C.

1.2. The Riemann-Roch Problem

Given a compact Riemann surface X, let f ∈ m(X) be meromorphic, and

D := div( f ) = “Zeros( f )′′ − “Poles( f )′′.

More formally,

D ∈
⊕
p∈X

Z[p].

Note that we must have deg D = 0, where

deg D = deg
(⊕

np[p]
)
= ∑ np.

In fact, D determines f up to scalar. Indeed, if div f = div g, then f
g ∈ O(X) is non-zero and

holomorphic on X, and is therefore constant.

Riemann’s Idea. Given any divisor D, consider the complex vector space

H0(D) := { f ∈ m(x) | div f ≥ −D} .

Then, dimC H0(D) < ∞.

Riemann-Roch Problem. Compute dimC H0(D).
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Riemann showed

dim H0(D) ≥ 1 − g + deg D.

This problem in its entirety is still open, and is a motivating problem for this course.

2. Riemann Surfaces

Definition 2.1

Let X be a 2-dimensional real topological manifold. We consider pairs (U, φ) where U ⊂ X is

open, and φ : U → C is a homeomorphism on its image. Two such pairs (U1, φ1) and (U2, φ2)

are said to be compatible if

φ2 ◦ φ−1
1 : φ1(U1 ∩ U2) → φ2(U1 ∩ U2)

is holomorphic. In this case, its inverse is also holomorphic.

A complex structure on X is a family of pairs {(Ui, φi)}i∈I which are compatible, and X =⋃
I Ui. We typically assume such a family is maximal. The pairs (Ui, φi) are called holomor-

phic charts. In a coordinate neighborhood U, we usually identify U with φ(U), and write z
for the map φ as one does with 1 complex variable in C.

A Riemann surface is a connected 2-dimensional real manifold with a complex structure on

it. Given a Riemann surface X, a function f : X → C is holomorphic if f is continuous, and

for every chart (U, φ) of X,

f ◦ φ−1 : φ(U) → C

is holomorphic. This also defines holomorphic functions on open subsets Ω ⊂ X. Let O(Ω)

denote the C-algebra of all holomorphic functions on Ω. If X, Y are Riemann surfaces, and

f : X → Y is continuous, we say that f is holomorphic if for every chart (V, ψ) on Y, the

function

ψ ◦ f : f−1(V) → ψ(V)

is holomorphic. A holomorphic map f : X → Y is an analytic isomorphism (or biholomor-

phism) if there exists a holomorphic map g : Y → X such that f ◦ g = idY and g ◦ f = idX.

Remark 2.2. A theorem of Rado asserts that any Riemann surface X is a 2nd-countable topological space,
so has a countable basis for its topology.

Example 2.3. Any connected open set Ω in C is a Riemann surface. Similarly, any connected open subset
Ω of a Riemann surface X is a Riemann surface.

Example 2.4 (The Riemann sphere P1). The Riemann sphere P1 = C ∪ {∞} is the one-point com-
pactification of C, where the open neighborhoods of ∞ are complements of compact subsets K ⊂ C.
With this topology, P1 is homeomorphic to the 2-sphere S2 ⊂ R3. Set U1 := P1 \ {∞} = C and
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U2 := P1 \ {0} = C∗ ∪ {∞}, and define the charts φi : Ui → C by φ1 = idC, and

φ2(z) =

1/z z ∈ C∗,

0 z = ∞.

Then,

φ2 ◦ φ−1
1 : φ1(U1 ∩ U2) = C∗ → C∗ = φ2(U1 ∩ U2)

sends z 7→ 1/z, and is a biholomorphic map on C∗.

Example 2.5 (Complex tori). Let ω1 and ω2 be non-zero complex numbers, which are linearly indepen-
dent over R. Define Λ = Zω1 + Zω2 to be a lattice in C, and let π : C −→→ C/Λ be the canonical
projection, giving C/Λ the quotient topology. Since π is a covering map, C/Λ inherits a complex struc-
ture from the complex structure on C. Note that C/Λ is compact, and is homeomorphic to the real 2-torus
S1 × S1.

More explicitly, let C =
⋃

Vi be an open cover of C by disks such that π|Vi is a homeomorphism onto
Ui := π(Vi) ⊂ C/Λ. Let φi : Ui → Vi ⊂ C be the inverse (π|Vi)

−1. Then, the family {(Ui, φi)} is
a complex structure on X := C/Λ. Indeed, let x0 ∈ Ui ∩ Uj, zi := φi(x0), and zj := φj(x0). Then,
λ := zi − zj ∈ Λ, and

φi ◦ φ−1
j : φj(Ui ∩ Uj) → φi(Ui ∩ Uj)

sending z 7→ z + λ is biholomorphic.

Riemann Extension Theorem 2.6

Let X be a Riemann surface, and a ∈ X. Let f ∈ O(X \ {a}) be such that f is bounded on

U \ {a} for some neighborhood U of a. Then, there exists a function F ∈ O(X) such that

F|X\{a} = f .

Principle of Analytic Continuation 2.7

Let X and Y be Riemann surfaces, and f : X → Y be holomorphic. If there is a non-empty

open set U0 ⊂ C such that f |U0 is a constant y0 ∈ Y, then f (x) = y0 for all x ∈ X.

Proof. Let

E := {x ∈ X | ∃U ∋ x open, f (U) = {y0}} .

Then, E is open and U0 ⊂ E. Let x0 ∈ E and (U, φ), (V, ψ) be charts on X and Y respectively with

x0 ∈ U and f (x0) ∈ V. Let Ω be the connected component of φ
(
U ∩ f−1(V)

)
containing φ(x0).

Now, φ(E ∩ U) ∩ Ω is a non-empty open set. Moreover, F := ψ ◦ f ◦ φ−1|Ω is holomorphic on Ω,

and

F(φ(E ∩ U) ∩ Ω) = {ψ(y0)}.

Thus, by analytic continuation on C, F(Ω) = {ψ(y0)}, hence f (x) = y0 for all x in a neighborhood

of x0. Therefore, x0 ∈ E, so E is closed. Since X is connected, and E is both open and closed, we

must have E = X.
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Exercise 1. Show that the principle of analytic continuation stated above is equivalent to the formulation
involving accumulation points in X.

Definition 2.8

A meromorphic function on a Riemann surface X is a holomorphic function f : X′ → C,

where X′ ⊂ X is an open subset such that

(i) X \ X′ is discrete in X,

(ii) For any point p ∈ X′,

lim
x→p

| f (x)| = ∞

The points of X \ X′ are called the poles of f . Let M(X) denote the C-algebra of all meromor-

phic functions on X. We’ll soon show that M(x) is a field.

Remark 2.9. If (U, z) is a coordinate neighborhood of a pole p of f , with z(p) = 0, then f has a Laurent
expansion

f (z) =
+∞

∑
v=−k

cvzv

in a neighborhood of p, with c−k ̸= 0. The integer −k := ordp( f ) is well-defined, and independent of the
choice of local coordinates around p.

Our definition of meromorphic functions does not work in higher dimensions, since isolated

zeros/poles don’t exist in complex dimension n ≥ 2. The following is a better, more generalized

definition:

Definition 2.10

A meromorphic function f is one that locally can be written as g
h , where g and h are holomor-

phic functions.

Theorem 2.11

Let X be a Riemann surface, and f ∈ M(X). For each pole p of f , let f (p) := ∞. Then, the

extended function

f : X → P1

is holomorphic. Conversely, if f : X → P1 is holomorphic, either f is identically ∞, or f−1(∞)

consists of isolated points in X, and

f : X \ f−1(∞) → C

is a meromorphic function on X. Hence, we can identify f ∈ M(X) with the corresponding

holomorphic map f : X → P1

Proof.
( =⇒ ) Let f ∈ M(X) be meromorphic, and let P be the set of poles of f . Then, the induced map

f : X → P1 is continuous. Suppose φ : U → V and ψ : U′ → V ′ are holomorphic charts on X and
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P1 with f (U) ⊂ U′. We must show that g := ψ ◦ f ◦ φ−1 : V → V ′ is holomorphic. Indeed, since

f ∈ O(X \ P), we get g ∈ O(V \ φ(P)). By the Riemann Extension Theorem (Theorem 2.6), g is

holomorphic on all of V.

( ⇐= ) Easy consequence of analytic continuation.

Corollary 2.12

Analytic continuation also holds for meromorphic functions on a Riemann surface X. So, any

f ∈ M(X) which is not identically zero has isolated zeros on X. This implies that 1/ f ∈
M(x), thus M(X) is a field.

Local Behavior of Holomorphic Maps 2.13

Suppose X, Y are Riemann surfaces, and f : X → Y is a non-constant holomorphic map. Let

a ∈ X and b = f (a). Then, there exists k ∈ Z+ and charts φ : U → V on X, ψ : U′ → V ′ on Y,

such that

(i) a ∈ U, φ(a) = 0, b ∈ U′, ψ(b) = 0, f (U) ⊂ U′.

(ii) F := ψ ◦ f ◦ φ−1 : V → V ′ is F(z) = zk for all z ∈ V.

Proof. Charts (U, φ) and (U′, ψ) satisfying (i) clearly exist, and the induced map F of (ii) is non-

constant by analytic continuation. Hence, the question is local, and it suffices to show that if

f : Ω → C is holomorphic and non-constant in a neighborhood Ω of 0 ∈ C, then there exists a

neighborhood U of 0 and ψ : U → U′ biholomorphic such that f ◦ ψ(z) = zk for some k ≥ 1.

Since f is holomorphic and non-constant, we may write f (z) = zkg(z) for some k ≥ 1, and

g ∈ O(0) with g(0) ̸= 0. We claim that there exists a neighborhood U′′ of 0 such that g(z) = h(z)k

for some h ∈ O(U′′), with h(0) ̸= 0. Indeed there exists g̃ such that

C

D C∗

expg̃

g

commutes. Let h := exp(g̃/k). Then, φ(z) = zh(z) is a biholomorphic map for some neighbor-

hood U′ of 0, U′ ⊂ U′′, onto its image U such that

f ◦ φ−1(z) = zk

for all z ∈ U

Remark 2.14. The integer k may be characterized as follows: for any neighborhood U0 of a, there exists
neighborhoods U ⊂ U0 of a and W of b = f (a) such that # f−1(y) ∩ U = k for all y ∈ W, y ̸= b. This k
is the multiplicity of f at k.

Notation. If K ⊂ C is compact, we write O(K) to mean functions f : K → C which are holomorphic in
an open neighborhood of K.
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Corollary 2.15

Let f : X → Y be a non-constant holomorphic map. Then, f is an open map.

Proof. By Theorem 2.13, it is clear that if U is a neighborhood of a ∈ X, then f (U) is a neighbor-

hood of f (a).

Theorem 2.16

Suppose that X and Y are Riemann surfaces with X compact and Y connected, and f : X → Y
is a non-constant holomorphic map. Then, f is surjective, and Y is compact.

Proof. By Corollary 2.15, f is an open map, hence f (X) is both an open and closed subset of Y
which is connected. Hence, f (X) = Y, and Y is compact.

Corollary 2.17

If X is a compact Riemann surface, and f : X → C is holomorphic, then X is constant.

Corollary (Maximum Principle) 2.18

Let X be a Riemann surface, and f : X → C a non-constant holomorphic map. Then, | f | does

not attain a maximum.

Proof. As f is non-constant, f (X) is an open subset of C, so if f (X) ⊂ D(x0, R) for some x0 ∈
C, R > 0, then f (X) ⊂ D(x0, R). So, the complex maximum principle applies.

Corollary 2.19

Every meromorphic function on P1 is rational, that is, can be written as a quotient of two

polynomials.

Proof. If f ∈ M(P1), then f induces a holomorphic map f̃ : P1 → P1 by Theorem 2.11, so f has

finitely many poles. We may assume ∞ is not a pole of f , otherwise consider 1/ f instead of f .

Let a1, . . . , an ∈ C be the poles of f , and

hν(z) :=
−1

∑
j=−kν

cνj(z − aν)
j

be the principle part of f at the pole aν, for ν = 1, 2, . . . , n. Then,

f − h1 − h2 − · · · − hn

is holomorphic on P1, and is therefore a constant.

We’ve shown that M(P1) ≃ C(z), the field of rational functions in z.

Exercise 2. Deduce that

Aut(P1) := { f : P1 → P1 biholomorphic} ≃ PGL2(C) := GL2(C)/Z(GL2(C))
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3. Covering Maps

In this section, X and Y are topological manifolds.

Definition 3.1

Let X and Y be topological manifolds (more generally, locally compact Hausdorff spaces). A

continuous map f : X → Y is proper if f−1(K) is compact for any compact K ⊂ Y. We say that

f is a local homeomorphism if for all x ∈ X, there exists an open neighborhood U ∋ x such

that f (U) is open in Y, and f |U : U → f (U) is a homeomorphism. We say that f is a covering

map if for all y ∈ Y, there exists a neighborhood V ∋ y which is evenly covered by f , meaning

f−1(V) =
⊔
j∈J

Uj

is a disjoint union of open sets Uj such that f |Uj : Uj → V is a homeomorphism onto V, for all

j ∈ J. We say X is a covering of Y if a covering map exists.

Remark 3.2. 1. Since the cardinality |J| of f−1(y) is a locally constant function on Y for any covering
map f , if Y is connected then # f−1(y) is independent of y ∈ Y. The covering is said to be finite (resp.
infinite) if f−1(y) is constant (resp. infinite). The covered is said to be an n-sheeted covering if
# f−1(y) = n.

2. If f : X → Y and f̃ : ‹X → Y are two coverings of Y, they are said to be isomorphic coverings if
there exists a homeomorphism φ : ‹X → X such that f ◦ φ = φ̃. That is, the diagram

X ‹X
Y

f

φ

f̃

commutes.

3. Any covering map is a local homeomorphism, but the converse is false. For example, the inclusion
i : C∗ ↪→ C is clearly a local homeomorphism, and clearly not a covering map.

Example 3.3. Any n-sheeted covering of D∗ := {z ∈ C | 0 < |z| < 1} is isomorphic to fn(z) := zn.

Lemma 3.4

If f : X → Y is proper, then f is closed.

Proof. If F ⊂ X is closed, and K ⊂ Y is compact, it suffices to show f (F) ∩ K is closed. Indeed,

f (F) ∩ K = f (F ∩ f−1(K)), and since f is proper we know f−1(K) is compact, hence F ∩ f−1(K)
is compact. Thus, the image of F ∩ f−1(K) is closed in K.

Proposition 3.5

Suppose p : X → Y is a local homeomorphism with Y connected. Then, p is a finite covering

map if and only if p is proper.
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Proof.
( =⇒ ) If p is a finite covering, y0 ∈ Y, and V ⊃ y0 evenly covered, then p|p−1(V) : p−1(V) → V is

clearly proper, since p is a finite cover. In general, if K is any compact set, then K can be covered

by finitely many compact neighborhoods, each evenly covered by p, so it follows that p is proper.

( ⇐= ) Let p be a proper local homeomorphism. Then, p is closed by Lemma 3.4, so p(X) is

both open and closed in Y, which is connected, hence p is surjective. Now, let y0 ∈ Y and

p−1(y0) = {x1, . . . , xn}. Let U′
j be a neighborhood of xj such that p|U′

j
: U′

j → p(U′
j) =: Vj is

a homeomorphism, and the U′
j are disjoint.

We want to find our evenly covered neighborhood. If X \ ⋃U′
j is closed in X, and p is proper,

then F := p(X \⋃U′
j) is closed in Y, and y0 ̸∈ F. Hence, V ′ := Y \ F is an open neighborhood of

y0, and p−1(V ′) ⊂ ⊔
U′

j . Define V := V ′ ∩ V1 ∩ · · · ∩ Vn. Then, V is our desired neighborhood: it

is an open neighborhood such that p−1(V) ⊂ U′
1 ∪ · · · ∪ U′

n. For 1 ≤ i ≤ n, define

Ui := p−1(V) ∩ U′
u =

(
p|U′

i

)−1
(V).

Then, Ui is mapped homeomorphically onto V by p, and U1, . . . , Un are disjoint. So, V is evenly

covered by p.

4. Branched and Unbranched Coverings

Definition 4.1

Let f : X → Y be a non-constant holomorphic map of Riemann surfaces. A point x ∈ X is

called a branch point or ramification point of f if there is no neighborhood U of x such that

f |U is injective. We say that f is an unbranched holomorphic map if it has no branch points.

This happens if and only if f is a local homeomorphism.

Remark 4.2. The set of branch points of f in X is closed and discrete in X.

Definition 4.3

Assume f : X → Y is a proper map, and let A be the set of all branch points of f . Then, the set

B := f (A) is also closed and discrete. B is called the set of critical values of f .

Let Y′ := Y \ B and X′ := X \ f−1(B) ⊂ X \ A. Then, f |X : X′ → Y′ is a proper unbranched

holomorphic covering map, with a well-defined finite number of sheets in n (that is, every c ∈ Y′

is achieved exactly n times). We will extend this statement to include the critical values b ∈ B by

considering multiplicities. For x ∈ X, let v( f , x) be the multiplicity with which f takes the value

f (x) at the point x. We say that f takes the value c ∈ Y, counting multiplicities, m times on X, if

m := ∑
x∈ f−1(c)

v( f , x)
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Theorem 4.4

Suppose that X and Y are two Riemann surfaces, and f : X → Y is a proper, non-constant,

holomorphic map. Then, there exists n ∈ Z+ such that f takes every value c ∈ Y, counting

multiplicities, n times.

Proof. Let n be the number of sheets of the unbranched cover f : X′ → Y′ defined earlier. Suppose

b ∈ B is a critical value, f−1(b) = {x1, . . . , xr}, and let k j := v( f , xj) for j = 1, . . . , r. Then, there

exists neighborhood Uj of xj, and Vj of b, such that for all c ∈ Vj \ {b}, the set f−1(c) ∩ Uj has

cardinality k j for 1 ≤ j ≤ r.

Claim 4.5. We can find a neighborhood V ⊂ V1 ∩ · · · ∩ Vr of b such that f−1(V) ⊂ U1 ∩ · · · ∩ Ur.

Proof. Indeed, f is proper, hence closed, so f (X \ (U1 ∪ · · · ∪Ur)) is a closed set in Y not containing

b. So, take V := V ′ ∩ V1 ∩ · · ·Vn, where V ′ := Y \ f (X \ (U1 ∪ · · · ∪ Ur)).

Now, for every c ∈ V ∩ Y′, f−1(c) consists of k1 + · · ·+ kr points, and this number is exactly n
since # f−1(c) = n for all c ∈ Y′.

Corollary 4.6

Let X be a compact Riemann surface. Then, every non-constant meromorphic function f :

X → P1 has as many zeros as poles, where each is counted with multiplicities.

Proof. f is proper, so Theorem 4.4 applies.

We want to study M(X) for any compact Riemann surface X, generalizing M(P1) ≃ C(z). The

main difficulty is that if X is a compact Riemann surface, we can construct any non-constant

f ∈ M(X). We examine the case of M(C \ Λ) where Λ ⊂ C is a lattice. These are elliptic

functions.

Definition 4.7

A meromorphic function f on C is said to be elliptic if there exists a lattice Λ = Zω1 ⊕Zω2 in

C such that f (z + ω) = f (z) for all z ∈ C \ Λ and ω ∈ Λ. These correspond to meromorphic

functions on the torus C/Λ.

5. Elliptic Functions

Definition 5.1

Let Ω := Zω1 + Zω2 be a lattice in C. A meromorphic function f : C → P1 is elliptic with

respect to Ω if f (z + ω) = f (z) for all ω ∈ Ω. Such a function corresponds to a holomorphic

map f : T → P1, where T := C/Ω.
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Definition 5.2

The order ord( f ) of an elliptic function f is the number of solutions f (z) = ∞, i.e. the number

of poles of f on T, counted with multiplicity.

Remark 5.3. An elliptic function f is constant ⇐⇒ ord( f ) = 0.

Assume that P is a fundamental parallelogram for Ω with vertices at t, t + ω1, t + ω1 + ω2, and

t + ω2, where t ∈ C is such that ∂P has no zeros or poles of f . In the homework, we showed∫
∂P

f (z)dz = 0,

so by the residue theorem, the sum of the residues of f inside P is 0.

Corollary 5.4

There are no elliptic functions of order N = 1.

Corollary 5.5

If an elliptic function has order N > 0, then f takes every value c ∈ P1 exactly N times on P,

counting multiplicities.

Corollary 5.6

Let f , g be elliptic functions with respect to Ω, with zeroes and poles of the same orders, and

at the same points. Then, f (z) = λg(z) for some λ ∈ C∗.

Proof. The map f /g : T → P1 is holomorphic on compact Riemann surfaces, hence constant.

Theorem 5.7

Let the congruence classes mod Ω of zeros and poles of an elliptic function f be [a1], . . . , [ar]

and [b1], . . . , [bs], with multiplicities k1, . . . , kr and ℓ1, . . . , ℓs respectively. Then,
r

∑
j=1

k jaj ≡
s

∑
j=1

ℓjbj (mod Ω) .

This means we cannot just choose any set of zeros/poles, and assume an elliptic function has

them.

6. The Weierstrass ℘-function

Lemma 6.1

If s ∈ R, then

∑
ω∈Ω\{0}

1
|ω|s converges ⇐⇒ s > 2
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Proof. Let

Pr := {aω1 + bω2 | a, b ∈ R, max{|a|, |b|} = r}

for r ∈ Z+, and Ωr := Ω ∩ Pr. Then,

Ω = {0} ⊔
⊔
r≥1

Ωr,

and |Ωr| = 8r. Let m and M be the smallest and largest moduli of all elements of P1. Then, since

Ωr ⊂ Pr = r · P1, we have

rM ≥ |ω| ≥ rm, ∀ω ∈ Ωr.

Thus,

σr := ∑
ω∈Ωr

1
|ω|s =⇒ 8r(rM)−s ≤ σr ≤ 8r(rm)−s,

thus
∞

∑
r=1

σr < ∞ ⇐⇒
∞

∑
r=1

r1−s < ∞ ⇐⇒ s > 2.

Corollary 6.2

For each integer N ≥ 3, the function

FN(z) := ∑
ω∈Ω

1
(z − ω)N

is elliptic of order N.

Proof. Let K be a compact subset of C \ Ω. Then, for all but finitely many ω ∈ Ω, say for all

Ω′ ⊂ Ω, we have |ω| ≥ 2z for all z ∈ K. Hence,

|z − ω| ≥ |ω| − |z| ≥ 1
2
|ω|, ∀z ∈ K, ∀ω ∈ Ω′.

Thus, ∥∥∥∥ 1
(z − ω)N

∥∥∥∥
k
≤ 2N 1

|ω|N , ∀ω ∈ Ω′.

Hence, if N ≥ 3, then by the previous lemma,

∑
ω∈Ω

∥∥∥∥ 1
(z − ω)N

∥∥∥∥
k

converges,

so FN(z) converges to a meromorphic function with a pole of order N at each ω ∈ Ω, while

FN |C\Ω is holomorphic. Since the series converges absolutely, it can be rearrared, so if ω0 ∈ Ω,

Fn(z + ω0) = ∑
ω∈Ω

1
(z + ω0 − ω)N = ∑

ω′∈Ω

1
(z − ω′)N = FN(z)

and we’re done.
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Definition 6.3

The Weierstrass ℘-function for a lattice Ω is

℘(z) :=
1
z2 + ∑

ω∈Ω∗

(
1

(z − ω)2 − 1
ω2

)
.

For z bounded and staying away from the lattice points, 1/(z − ω)2 − 1/ω2 has order of mag-

nitude 1/|ω3|. Hence, p(z) is meromorphic with a pole of order 2 at each lattice point.

Theorem 6.4

℘ is periodic, hence an elliptic function.

Proof. First, note that ℘ is an even function: ℘(−z) = ℘(z), and ℘′ is odd. In particular,

℘′(z) = −2 ∑
ω∈Ω

1
(z − ω)3 ,

which we know is an elliptic function. From the periodicity, we obtain c ∈ C such that

℘(z + ω1)− ℘(z) = c.

Let z := −ω1/2. Then,

℘(ω1/2) = ℘(−ω1/2) + c,

thus c = 0 because p is even. Similarly ℘(z + ω2) = ℘(z), so ℘ is elliptic.

Let M(Ω) = M(T) denote the field of all elliptic functions with respect to Ω. Our goal is to

classify M(Ω). We will show M(Ω) = C(℘,℘′).

Theorem 6.5

If P is a fundamental parallelogram with 0, ω1/2, ω2/2, and ω3/2 := (ω1 + ω2)/2 in its inte-

rior, then ω1/2, ω2/2, ω3/2 are the zeros of ℘′ in P.

Proof. Note that ℘′(z) has order 3, hence ℘′ has three zeros in P. If ω ∈ Ω, we have

℘′(ω/2) = ℘′(−ω/2) = −℘′(ω/2)

since ω/2 ≡ −ω/2 (mod Ω). Therefore, ℘′(ω/2) equals 0 or ∞. Since the only pole of ℘′ is the

triple pole at 0, we deduce that ℘′(ω/2) = 0 for ω = ω1, ω2, ω3.

Remark 6.6. Let ei := ℘(ωi/2) for i = 1, 2, 3. Since

S :=
[ω1

2

]
∪
[ω2

2

]
∪
[ω3

2

]
is the set of all zeros of ℘′ on C, we see that

{e1, e2, e3} = ℘(S)

is independent of the choice of basis ω1, ω2 for Ω.
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Corollary 6.7

For each point c ∈ P1 \ {e1, e2, e3, ∞}, the equation ℘(z) = c has 2 simple solutions, and for

c ∈ {e1, e2, e3, ∞}, the equation ℘(z) = c has a double solution.

Proof. This is clear, since e1, e2, e3, ∞ are the critical values of the branched cover ℘ : T → P1 given

by ℘, while 0, ω1/2, ω2/2, ω3/2 are the branch points.

Theorem 6.8

If f is an even elliptic function, then f = R1(℘) for some rational function R1 ∈ C(z). Thus,

Meven(Ω) = C(℘).

Moreover, if f is any elliptic function, then

f = R1(℘) + ℘′R2(℘),

where R1, R2 ∈ C(z). Hence,

M(Ω) = C(℘,℘′).

Proof. We begin with the even elliptic functions. Let f be a non-constant even elliptic function of

order N > 0. If k ∈ C, the equation f (z) = k has multiple roots where f ′(z) = 0, and this occurs

at only finitely many points of P. Hence, f (z) = k has only simple roots for all but finitely many

values of k. Therefore, we can choose c, d ∈ C with c ̸= d such that

(a) the roots of f (z) = c and f (z) = d are all simple,

(b) none of these roots is congruent to 0 or ωi/2 modulo Ω, i = 1, 2, 3.

Since f is even, a complete set of solutions to f (z) = c looks like A := {a1,−a1, . . . , an, an}, these

being simple and distinct modulo Ω. We say the same for the roots B := {b1,−b1, . . . , bn,−bn} of

f (z) = d. Therefore,

g(z) :=
f (z)− c
f (z)− d

has simple zeros at A, and simple poles at B. By Corollary 6.7, the equation ℘(z) = ℘(ai) and

℘(z) = ℘(bi) have simple roots at z = ±ai and z = ±bi respectively, for 1 ≤ i ≤ n. Hence,

h(z) := ∏n
i=1(℘(z)− ℘(ai))

∏n
i=1(℘(z)− ℘(bi))

has the same zeros and poles as g(z) all of them simple. Therefore, by Corollary 5.6, g = λh for

some λ ∈ C∗. Now, solve
f (z)− c
f (z)− d

= λ
∏n

i=1(℘(z)− ℘(ai))

∏n
i=1(℘(z)− ℘(bi))

for f (z), and we get f (z) ∈ C(℘).

Now the general case. If f is odd, the f /℘′ is even, so f = ℘′R2(℘) by the even case. In general,

for any f ∈ M(Ω), we may write

f (z) =
f (z) + f (−z)

2
+

f (z)− f (−z)
2

,

and the two terms are even and odd respectively. This concludes the proof.
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We’ve shown that M(Ω) = C(℘,℘′). This is not to say that ℘ and ℘′ are algebraically indepen-

dent: this would be absurd anyway. We now want to know understand their relationship.

7. The Differential Equation for ℘(z)

Definition 7.1

We define the Weierstrass ζ-function

ζ(z) :=
1
z
+ ∑

ω∈Ω∗

(
1

z − ω
+

1
ω

+
z

ω2

)
. (1)

Note that
1

z − ω
+

1
ω

+
z

ω2 =
z2

ω2(z − ω)
,

so by comparison with

∑
ω∈Ω∗

1
|ω|3

we see that (1) converges absolutely for z ∈ C \ Ω.

Let D := D(0, R) be the largest open disc centered at 0 and containing no other lattice points. For

ω ∈ Ω∗, the series
1

z − ω
= − 1

ω
− z

ω2 − z2

ω3 − · · ·

converges absolutely for z ∈ D. We can substitute this in (1) and reverse the order of summation

to get

ζ(z) =
1
z
+ ∑

ω∈Ω∗

(
− z2

ω3 − z3

ω4 − · · ·
)
=

1
z
− G3z2 − G4z3 − · · ·

for all z ∈ D, where

Gk := Gk(Ω) := ∑
ω∈Ω∗

1
ωk

are the Eisenstein series for Ω.

For k odd, the terms 1/ωk and 1/(−ω)k cancel, so Gk = 0. Therefore, the Laurent series for ζ(z)
at 0 is

ζ(z) =
1
z
−

∞

∑
n=2

G2nz2n−1

for z ∈ D. Expanding, we get

℘(z) = −ζ ′(z) =
1
z2 + 3G4z2 + 5G6z4 + · · · ,

hence

℘′(z) = − 2
z3 + 6G4z + 20G6z3 + · · ·

℘′(z)2 =
4
z6 − 24G4

z2 − 80G6 + z2φ1(z)

4℘(z)3 =
4
z6 +

36G4

z2 + 60G6 + z2φ2(z)
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60G4℘(z) =
60G4

z2 + z2φ3(z)

for φ1, φ2, φ3 ∈ O(0). We deduce that

℘′(z)2 − 4℘(z)3 + 60G4℘(z) + 140G6 = z2φ(z), (2)

where φ(z) = φ1(z) − φ2(z) + φ3(z) converges in D. Since ℘′,℘ ∈ M(Ω), the LHS in (2) is

elliptic, and equals z2φ(z) on D. Hence, the LHS has no poles, so is constant. This constant is

zero since z2φ(z)|z=0 = 0.

Theorem 7.2

The Weierstrass ℘ function satisfies the differential equation

℘′(z)2 = 4℘(z)3 − 60G4℘(z)− 140G6.

Then, writing g2 := 60G4 = 60 ∑ω ̸=0
1

ω4 , and g3 := 140G6 = 140 ∑ω ̸=0
1

ω6 , we have

℘′(z)2 = 4℘(z)3 − g2℘(z)− g3.

Thus, the points (℘(z),℘′(z)) lie in the algebraic curve with equation

y2 = 4x3 − g2x − g3,

called an elliptic curve. The RHS is a cubic with discriminant ∆ = 16(g3
2 − 27g2

3).

Proof. Above.

Moreover, it’s possible to show that

℘−1(w) =
∫ dw√

4w3 − g2w − g3
.

Thus, the inverses of elliptic functions appear as indefinite integrals.

Proposition 7.3

The discriminant ∆ of the elliptic curve above is never 0. Equivalently, the three roots e1, e2, e3

of ℘′(z) = 0 are mutually distinct.

Proof. Let hj(z) := P(z) − ej for j = 1, 2, 3. Then, the poles of hj are the same as those of ℘,

and hj is elliptic of order 2. Hence, hj has two classes of zeros, counting multiplicities, on the

corresponding torus T. But,

hj(ωj/2) = h′j(ωj/2) = 0,

hence hj has a double zero at [ωj/2], and no more zeros. For k ̸= j, it follows that

ek − ej = hj(ωk/2) ̸= 0,

and we’re done.

Remark 7.4. Let p(x) := 4x3 − g2x − g3. Then, ℘′ =
√

p(℘). Using this, one can construct a
homeomorphism α : C/Ω → X, where X is the “Riemann surface of the algebraic function y2 = p(x)”.
Conversely, one can show that if p(x) is any cubic polynomial 4x3 − g2x − g3 with distinct roots, then
there exists a lattice Ω ∈ C such that the associated Weierstrass function ℘ satisfies ℘′(z)2 = p(℘)
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8. Weierstrass’ σ-Function

8.1. Background on Infinite Products

If {bn}n≥1 is a sequence of non-zero complex numbers, we say that the infinite product ∏∞
n=1 bn

converges to p ∈ C if p ̸= 0, and

lim
N→∞

N

∏
n=1

bn = p.

In this case, we must have limn→∞ bn = 1, so putting bn = 1 + cn, then limn→∞ cn = 0.

Since limn→∞ bn = 1, we may assume Re bn > 0, and choose a branch Log of log z defined on

{Re z > 0}, for example Log(z) := log |z|+ i arg(z), where −π < arg(z) < π. Assuming bn ̸= 0

for all n, we can show the following prop

Proposition 8.1

Suppose bn ̸= 0 for all n.

1. ∏∞
n=1 bn converges ⇐⇒ ∑∞

n=1 Log(bn) converges, in which case

∞

∏
n=1

bn = exp

(
∞

∑
n=1

Log(bn)

)
2. We say ∏∞

n=1 bn converges absolutely if ∑∞
n=1 Log(bn) converges absolutely. Then, the

product ∏∞
n=1(1 + cn) converges absolutely ⇐⇒ ∑∞

n=1 |cn| < ∞.

3. If { fn} is a sequence of holomorphic functions on an open U ⊂ C, and if fn = 1 + Fn, we

say that the product ∏∞
n=1 fn converges uniformly on U if and only if the series ∑∞

n=1 Fn

converges uniformly on U. Moreover, uniform convergence on compact subsets of U
implies ∏∞

n=1 fn is holomorphic on U.

Proof. To prove (2), we use the inequality

|z|
2

≤ |Log(1 + z)| ≤ 2|z|

for small z, which holds since

lim
z→0

Log(1 + z)
z

= 1.

Now, we’re going to want some terms to be zero in an infinite product.

Definition 8.2

We extend our definition of convergence to mean ∏∞
n=1 bn converges when there exists N ∈ N

such that bn ̸= 0 for all n ≥ N, and ∏∞
n=N bn converges to a non-zero complex number p. The

value of ∏∞
n=1 bn is then defined to be b1 · · · bN−1 · p.
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8.2. The σ-Function

Definition 8.3

Given a lattice Ω = Zω1 + Zω2 ⊂ C, define the Weierstrass σ-function to be

σ(z) := z ∏
ω∈Ω∗

(
1 − z

ω

)
exp

(
z
ω

+
z2

2ω2

)
.

The exponential factor is included to ensure convergence.

Proposition 8.4

σ(z) converges.

Proof. Let K ⊂ C be any compact set, and for ω ̸= 0

gω(z) :=
(

1 − z
w

)
exp

(
z
ω

+
z2

2ω2

)
.

Then, as |ω| → ∞, we have gω(z) → 1 converges uniformly on K. Now, for |ω| large — say

|ω| > 2|z| for z ∈ K — we have

|Log gω(z)| =
∣∣∣∣∣Log

(
1 − z

ω

)
+

z
ω

+
z2

2ω2

∣∣∣∣∣ =
∣∣∣∣∣13 z3

ω3 +
1
4

z4

ω4 + · · ·
∣∣∣∣∣

≤ 1
3

∣∣∣ z
ω

∣∣∣3 (1 + 1/2 + 1/4 + · · ·) ≤
∣∣∣ z
ω

∣∣∣3
for all z ∈ K. Then, since ∑ω ̸=0

1
|ω|3 < ∞, we see that

z ∏
ω ̸=0

gω(z)

converges uniformly on compact subsets of C to σ(z).

Remark 8.5. Observe that σ(−z) = −σ(z), so σ is an odd function with simple zeros at the points of Ω.
Also,

ζ(z) =
σ′(z)
σ(z)

=
d
dz

(Log σ(z)) .

Since ζ ′(z) = −℘(z) and ℘ is periodic, there is a constant η(ω) such that

ζ(z + ω) = ζ(z) + η(ω)

for all ω ∈ Ω. Clearly, η(ω) is Z-linear, so if η1 := η(ω1) and η2 := η(ω2), then

η(ω) = η(mω1 + nω2) = mη1 + nη2.

Legendre’s Relation 8.6

η1ω2 − η2ω1 = 2πi.

Proof. Since ζ(z) is meromorphic with a single pole at 0 with residue 1, we get that∫
∂P

ζ(z)dz = 2πi. (3)
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Break ∂P into the four sides γ1, . . . , γ4. Then, observe∫
γ3

ζ(z)dz = −
∫

γ1

ζ(z + ωw)dz = −
∫

γ1

[ζ(z) + η2] dz,

hence ∫
γ1

ζ +
∫

γ3

ζ = −
∫

γ1

η2dz = −η2ω1.

Similarly, ∫
γ2

ζ +
∫

γ4

ζ = η1ω2,

so plugging into (3) yields the result.

Now, we examine how σ(z) behaves under translation. Using

σ′(z)
σ(z)

= ζ(z)

gives
σ′(z + ω)

σ(z + ω)
=

σ′(z)
σ(z)

+ η(ω)

for all ω ∈ Ω. Integrating yields

log σ(z + ω) = log σ(z) + η(ω)z + c

where c depends only on ω. Hence,

σ(z + ω)

σ(z)
= eη(ω)z+c. (4)

Now evaluating c: assume that ω/2 ̸∈ Ω, so σ(ω/2) ̸= 0. Put z := −ω/2 in (4), and we use the

fact that σ is odd to obtain

σ(ω/2) = −σ(ω/2)e−
1
2 ηω+c =⇒ ec = −e

1
2 ηω,

where η := η(ω). Hence, if ω/2 ̸∈ Ω, we have

σ(z + ω)

σ(z)
= −eη(z+ω/2).

On the other hand, for any ω ∈ Ω, let

ε(ω) :=
σ(z + ω)

σ(z)
e−η(z+ω/2)

so that ε(ω) = −1 if ω/2 ̸∈ Ω. Then,

σ(z + 2ω)

σ(z)
=

σ(z + 2ω)

σ(z + ω)

σ(z + ω)

σ(z)
=⇒ ε(2ω) = ε(ω)2

for all ω ∈ Ω. Therefore, if ω/2 ∈ Ω, then

ε(ω) = ε(ω/2)2 = ε(ω/4)4 = · · · = (−1)2n = 1.

Theorem 8.7

We have
σ(z + ω)

σ(z)
= ε(ω) exp

(
η(ω) · (z + ω

2
)
)

,
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where

ε(ω) :=

1 ω/2 ∈ Ω

−1 ω/2 ̸∈ Ω.

Moreover, if ω = mω1 + nω2, then

ε(ω) = (−1)mn+m+n.

Proof. Above.

We return to the problem of finding f ∈ M(Ω) with [a1], . . . , [ar] and [b1], . . . , [bs] as its congru-

ence classes of zeros and poles, with multiplicities k1, . . . , kr and ℓ1, . . . , ℓs respectively. We already

have the necessary conditions

(i) ∑r
j=1 k j = ∑s

i=1 ℓi.

(ii) The sets [a1], . . . , [ar] and [b1], . . . , [bs] are disjoint.

(iii) ∑r
j=1 k jaj ≡ ∑s

j=1 ℓjbj (mod Ω).

Theorem 8.8

If conditions (i)-(iii) above hold, then there exists an elliptic function, unique up to scalar

multiple, with exactly the wanted zeros and poles.

Proof. Let n = ∑r
j=1 k j = ∑s

i=1 ℓi. Write u1, . . . , un for the classes [a1], . . . , [ar], with ai taken ki

times, and similarly write v1, . . . , vn for [b1], . . . , [bs]. Then, condition (iii) says
n

∑
j=1

(uj − vj) = ω ∈ Ω,

so we may replace u1 by u1 + ω, so that
n

∑
j=1

uj =
n

∑
j=1

vj.

Let

f (z) :=
σ(z − u1) · · · σ(z − un)

σ(z − v1) · · · σ(z − vn)
,

where σ is the σ-function associated to the lattice Ω. Note that f is meromorphic on C. Now,

since ω1/2 ̸∈ Ω, we know

σ(z − uj + ω1) = −σ(z − uj) exp
(
η1 · (z − uj + ω1/2)

)
σ(z − vj + ω1) = −σ(z − vj) exp

(
η1 · (z − vj + ω1/2)

)
for all j = 1, . . . , n, and similarly for ω2. Therefore, for i = 1, 2,

f (z + ωi) = f (z) exp

(
ηi

n

∑
j=1

(vj − uj)

)
= f (z),

and so f (z) ∈ M(Ω).



§9. Several Complex Variables 24

Corollary 8.9

For any a ∈ C not in Ω, we have

℘(z)− ℘(a) = −σ(z − a)σ(z + a)
σ2(z)σ2(a)

Proof. The function ℘(z) − ℘(a) has zeros at a and −a, and a double pole at 0. Hence, by the

theorem and its proof,

℘(z)− ℘(a) = c
σ(z − a)σ(z + a)

σ2(z)

for some c ∈ C. Multiply by z2 and let z → 0. Using that σ2(z)
z2 → 1 and z2℘(z) → 1, we have

c =
1

σ(a)σ(−a)
= − 1

σ2(a)
as desired.

9. Several Complex Variables

Recall the Cauchy-Riemann equations in 1-variable: if f : U → C with is continuous on U ⊂ C

open, and has all its first partial derivatives, then we set

∂ f
∂z

(a) :=
1
2

(
∂ f
∂x

(a)− i
∂ f
∂y

(a)
)

∂ f
∂z

(a) :=
1
2

(
∂ f
∂x

(a) + i
∂ f
∂y

(a)
)

.

Then, f is holomorphic on U if and only if the Cauchy-Riemann equations hold, which we can

write as
∂ f
∂z

(a) = 0, ∀a ∈ U.

Note that size z = x + iy and z = x − iy, then x = z+z
2 and y = z−z

2i , so the formulas for ∂ f
∂z and ∂ f

∂z

are just the chain rule.

Now, let Ω be open in Cn.

Definition 9.1

A function f : Ω → C is holomorphic if for every point a := (a1, . . . , an) ∈ Ω, there exists a

neighborhood U of a and constants cα := cα1,...,αn , αj ∈ Z≥0 such that

f (z) = ∑
α

cα(z1 − a1)
α1 · · · (zn − an)

αn , z ∈ U. (5)

If this series (5) converges for z = w := (w1, . . . , wn), then it converges uniformly on compact

subsets of the polydisk {
z
∣∣ |zj − aj| < |wj − aj|, 1 ≤ j ≤ n

}
.

One can show that (5) can be differentiated termwise. Hence,

cα =
1
α!

Dα f (a),

where α! = α1! · · · αn!, and Dα = ∂|α|

∂
α1
z1 ···∂

αn
zn

, and |α| := α1 + · · ·+ αn.
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Theorem 9.2

Let Ω ⊂ Cn be open, and f : Ω → C be continuous. Suppose that for any a ∈ Ω, the partial

derivatives
∂ f
∂zj

:=
1
2

(
∂ f
∂xj

+ i
∂ f
∂yj

)
exists at a, and ∂ f

∂zj
(a) = 0 for j = 1, . . . , n. Then f is holomorphic on Ω.

Proof. Let r > 0 be such that the closed polydisk

P(a, r) :=
n

∏
j=1

D(aj, r) =
{

z
∣∣ |zj − aj| < r, 1 ≤ j ≤ n

}
is contained in Ω. For w1 ∈ D(a1, r) and z2, . . . , zn fixed, Cauchy’s formula gives

f (w1, z2, . . . , zn) =
1

2πi

∫
C1

f (z1, . . . , zn)

z1 − w1
dz1,

where C1 is the circle t 7→ a1 + re2πit, t ∈ [0, 1]. Let Cj be the circle t 7→ aj + re2πit, and iterate

Cauchy’s formula to get

f (w1, . . . , wn) =
1

(2πi)n

∫
C1

· · ·
∫

Cn

f (z1, . . . , zn)

∏n
j=1(zj − wj)

dzn · · · dz1

for |wj − aj| < r, 1 ≤ j ≤ n. Since f is continuous, f is bounded on P(a, r). We may expand for

each j, and see that

− 1
zj − wj

=
1

(zj − aj)− (wj − aj)
=

∞

∑
m=0

(wj − aj)
m

(zj − aj)m+1 ,

which converges uniformly on compact subsets of D(aj, r). Hence, f (w) = ∑α cα(w − a)α with

cα =
1

(2πi)n

∫
C1

· · ·
∫

Cn

f (z1, . . . , zn)

∏n
j=1(zj − aj)

αj+1 dz1 · · · dzn,

so f is holomorphic.

Properties of Holomorphic Functions on Cn 9.3

Holomorphic functions on Cn satisfy the principle of analytic continuation, the open mapping

theorem, Cauchy’s formula for a polydisk, Cauchy’s inequalities, and theorems of Weierstrass

and Montel.

There are also some properties from single complex analysis that fail in several complex variables.

Hartogs’ Theorem, 1905 9.4

If n ≥ 2, then a holomorphic function f : Cn → C has no isolated singularities.

Proof. In fact, something stronger is true: Let Ω = B1 \ B2, where B1, B2 are open balls with

B2 ⊂ B1. Then, if f ∈ O(Ω) is holomorphic, then there exists unique F ∈ O(B1) such that

F|Ω = f . In particular, an isolated singularity B2 = {w} can always be filled in.
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The Riemann Mapping Theorem Fails 9.5

There does not exists a holomorphic non-constant f from a ball to a polydisk in C2. In fact,

there’s not even a proper map.

10. The Riemann Surface of an Algebraic Function

Why did we discuss several complex variables? Well, one of our main motivators is zero sets of

polynomials. If our polynomial has more than one variable (which they usually do), then this

induces a surface in several complex variables.

Suppose p ∈ C[x, y] is an irreducible polynomial with degy P = n > 0, so

P(x, y) = a0(x)yn + · · ·+ an−1(x)y + an(x). (6)

Intuitively, the equation P(x, y) = 0 defines an algebraic function y = y(x). We want to make this

precise.

Implicit Function Theorem 10.1

Let f (x, y) be a holomorphic function of 2 complex variables x and y, defined on the polydisk

{|x| < r1, |y| < r2} ⊂ C2

such that f (0, 0) = 0 and ∂ f
∂y (0, 0) ̸= 0. Then, there exists ε, δ > 0 such that for any x ∈

D(0, ε) = {z ∈ C | |z| < ε}, there is a unique solution y(x) to the equation f (x, y) = 0 with

|y(x)| < δ. The function x 7→ y(x) is holomorphic.

Proof. Since ∂ f
∂y (0, 0) ̸= 0, we can choose δ > 0 such that f (0, y) ̸= 0 for 0 < |y| ≤ δ. Now, choose

ε > 0 such that f (x, y) ̸= 0 for all |x| ≤ ε and |y| = δ. This is possible, since f is continuous and

does not vanish on the compact set {0} × {|y| = δ}. By the argument principle, if |x| < ε, then

the integral

1
2πi

∫
|y|=δ

fy(x, y)
f (x, y)

dy (7)

is an integer n(x) equal to the number of zeros of the function y 7→ f (x, y) in {|y| < δ}. Moreover,

our initial choice of δ implies n(0) = 1. Since f (x, y) ̸= 0 for |x| ≤ ε and |y| = δ, the integral (7)

is a continuous function on x for |x| < ε. Hence, n(x) = 1 for |x| < ε. Therefore, there exists a

unique zero y(x) of f (x, y) with |y(x)| < δ. Finally, the residue theorem implies that

y(x) =
1

2πi

∫
|y|=δ

y
∂ f
∂y (x, y)

f (x, y)
dy,

and it follows that x 7→ y(x) is a holomorphic map.

Lemma 10.2

Let P(x, y) = a0(x)yn + · · ·+ an(x), and a ∈ C be such that a0(a) ̸= 0, and there is no b ∈ C

such that P(a, b) = ∂P
∂y (a, b) = 0. Then, there exists ε > 0 and n holomorphic functions
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y1(x), . . . , yn(x) for x ∈ D(a, ε) such that

(i) yi(x) ̸= yj(x′) if i ̸= j, x, x′ ∈ D(a, ε), and P(x, yj(x)) = 0 for x ∈ D(a, ε), j = 1, . . . , n.

(ii) If z ∈ C and P(x, z) = 0 for some x ∈ D(0, ε), then z = yj(x) for a unique j ∈ [1, n].

Proof. Since ∂P
∂y (a, b) ̸= 0 for all solutions b of P(a, b) = 0, the polynomial P(a, y) has exactly

n roots, say b1, . . . , bn. Take ε > 0 small and for each i, let yi(x) be the holomorphic function

on D(a, ε) with yi(a) = bi and P(x, yi(x)) = 0 (which exists by the implicit function theorem

Theorem 10.1). Then, for small enough ε > 0, the yi have the sequence properties (the second

follows since the equation P(x, y) = 0 has ≤ n solutions).

Proposition 10.3

Let P(x, y) be as in (6). Then, there are only finitely many x ∈ C such that the equations

P(x, y) = 0 and ∂P
∂y (x, y) = 0 have a simultaneous solutions y ∈ C.

Proof. Set Q := ∂P
∂y . By Euclidean division, there exists k0 ≥ 1 so that if b0(x) = a0(x)k0 , we have

b0(x)P = h0(x, y)Q + Q1,

where degy Q1 < degy Q = n − 1. Similarly, there exists polynomials bj(x) such that

b1(x)Q = h1(x, y)Q1 + Q2, degy Q2 < degy Q1, . . .

br(x)Qr−1 = hr(x, y)Qr + Qr+1 degy Qr+1 < degy Qr.

We may assume degy Qr+1 = 0, otherwise we continue the division process.

Claim 10.4. Qr + 1 ̸≡ 0.

Proof. Indeed, if Qr+1 = 0, then Qr | br(x)Qr−1, so if f is an irreducible factor of Qr with degy f >

0, f must divide Qr−1. Iteration shows that f | Q and f | P, contradicting the irreducibility of

P.

Finally, if (a, b) ∈ C2 is such that P(a, b) = 0 = Q(a, b), then Qr+1(a) = 0. As Qr+1 ̸≡ 0, we have

{a ∈ C | ∃b ∈ C with P(a, b) = 0 = Q(a, b)} ⊂ {a ∈ C | Qr+1(a) = 0}

is finite.

Definition 10.5

We write,

S0 := {x ∈ C | a0(x) = 0},

S1 :=
ß

x ∈ C | ∃y ∈ C, P(x, y) =
∂P
∂y

(x, y) = 0
™

,

S := S0 ∪ S1 ∪ {∞}.

Then, S ⊂ P1 is called the set of critical points of x. Note that S is finite by Proposition 10.3.
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Proposition 10.6

Let P(x, y) be as in (6), and assume a0(x) ̸≡ 0. Let

V := V(P) := {(x, y) ∈ C2 | P(x, y) = 0},

and π : V → C sending (x, y) 7→ x be the first projection. Then, the map

π|π−1(C\S0) : π−1(C \ S0) → C \ S0

is proper.

Proof. We use a lemma which gives a bound on the roots of a polynomial in terms of its coeffi-

cients.

Lemma 10.7

Let c1, . . . , cn ∈ C, and suppose wn + c1wn−1 + · · ·+ cn = 0. Then, |w| < 2 maxi |ci|1/i, unless

ci = 0 for all i.

Proof. Let c := maxi |ci|1/i > 0, and set z := w/c. Then, we have zn + c1
c zn−1 + · · ·+ cn

cn = 0. It

now suffices to show |z| < 2.

Indeed, since |ci| ≤ ci for all i, we have |z|n ≤ |z|n−1 + · · ·+ |z|+ 1. If |z| ≥ 2. Thus, if |z| ≥ 2,

then

1 ≤ 1
|z| + · · ·+ 1

|z|n ≤ 1
2
+ · · ·+ 1

2n < 1,

a contradiction.

Now, suppose K ⊂ C \ S0 is compact. Then, there exists δ > 0 such that |a0(x)| ≥ δ, and

|ai(x)| ≤ 1/δ for all i ≥ 1 and x ∈ K. If (x, y) ∈ V and x ∈ K, then

yn +
a1(x)
a0(x)

yn−1 + · · ·+ an(x)
a0(x)

= 0,

and
∣∣∣ ai(x)

a0(x)

∣∣∣ ≤ 1/δ2 for all i. By Lemma 10.7, |y| ≤ 2 maxi(1/δ2/i), hence π−1(K) is bounded.

Moreover, π−1(K) = (K × C) ∩ V is closed in C2, so π−1(K) is compact.

Corollary 10.8

Let P(x, y) ∈ C[x, y] be irreducible, V := V(P) ⊂ C2, and π := pr1 |V . Then, for S the set of

critical points of x, the map

π|π−1(P1\S) : π−1(P1 \ S) → P1 \ S

is a finite sheeted covering map.

Proof. By Proposition 10.6, π is a proper map. The result then follows from the Implicit Function

Theorem (Theorem 10.1), which gives that π is a local homeomorphism.

Remark 10.9. The space Y := π−1(P1 \ S) carries the structure of a Riemann surface in a natural way,
so that π is holomorphic.
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Indeed, if Z is a Riemann surface, X is a connected real 2 dimensional manifold, and p : X → Z
is a local homeomorphism, then there is a unique complex structure on X such that p is holomor-

phic.

For U any open set in X such that p|U is a homeomorphism onto an open set V ⊂ Z with V ⊂ Vj

for a chart (ψj, Vj) of Z, let φU : U → C be the map φU := ψj ◦ p. One checks that (U, φU) and

(U′, φU′) are compatible, so we get a complex structure on X for which p is holomorphic.

We now complete the space Y to obtain a compact Riemann surface X, with a holomorphic map

to P1 as follows: recall π : Y → P1 \ S is a finite covering, with say n sheets. We’ve removed the

problem points S, which can be non-locally Euclidean, or have 0 tangent. Our process will look

like this:

a1 a2 a1 a2

Explicitly: Choose a point a ∈ S, and let ∆ = ∆ε be a small disk around a with ∆ ∩ S = {a}. If

a = ∞, set ∆ε = {|z| > 1/ε} ∪ {∞}. Then,

π−1(∆∗) = U1 ∪ · · · ∪ Uk

has finitely many connected components Uj, j = 1, . . . , k. Let πj := π|Uj : Uj → ∆∗ be a covering

map for all j. By the theory of covering spaces, there exists positive integers m1, . . . , mk and

φj : Uj
∼−→ ∆∗ such that the diagram

Uj ∆∗

∆∗ ∆∗

φj

∼

πj z 7→zmj

id

commutes for all j = 1, . . . , k. If D ⊂ ∆ is a disk around 0, then π−1
j (D) is connected. Now, add a

point Pj,a to Y for each Uj, and define a neighborhood of Pj,a to be Vj,a := Uj ∪ {Pj,a}, with a map‹φj : Vj,a → ∆∗ ∪ {a}, Pj,a 7−→ 0

extending φj. Let X be the completed space, and define p : X → P1 by setting p|Y = π and

p(Pj,a) = a for all j, a. The complex structure on X is determined by the open covering

U := {Vj,a} ∪ {U ⊂ Y | π|U is a homeomorphism onto an open set in C}

with charts φVj,a : Vj,a → ∆ the map constructed above, and φU : U → C being π|U . Since

π : Y → P1 \ S is proper, we deduce that p : X → P1 is proper, so X is compact.

Let pr2 : V → C be the second projection, where V = V(P). Then, the function f := pr2 |Y is

holomorphic.

Claim 10.10. f extends to a meromorphic function on X.
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Proof. Let a ∈ S, x ∈ X with p(x) = a, and choose local coordinates z at x and w at a so that p
becomes z 7→ zm = w. If U is a neighborhood by x, then by definition of V and f , we have

f (z)n +
a1(w)

a0(w)
f (z)n−1 + · · ·+ an(w)

a0(w)
= 0

for z ̸= 0, w = p(z). Also, the functions ai(w)/a0(w) are clearly meromorphic at w = 0, so there

exists constant C, N > 0 such that ∣∣∣∣ ai(w)

a0(w)

∣∣∣∣ ≤ C
|w|N

near w = 0. Then, by Lemma 10.7,

| f (z)| ≤ 2 max
i

C1/i

|w|N/i ≤
C1

|z|k

for some constants C1 and k. Hence, f has a meromorphic extension to all of X.

Proposition 10.11

Y is connected, so X is as well. Therefore, X is a compact Riemann surface which carries a

meromorphic function f : X → P1. Moreover, if p : X → P1 is the extension of π : Y → P1 \ S,

then we have P(p(x), f (x)) = 0 on X.

Proof. Suppose Y is not connected, and let Y1 be a connected component of Y, Y1 ̸= Y. Then,

π1 := π|Y1 : Y1 → P1 \ S is an r-sheeted covering map for some r with 1 ≤ r < n. Let f1 := f |Y1 .

For any x ∈ P1 \ S, let eν for ν = 1, . . . , r be the νth elementary symmetric function eν(x) :=

eν(y1, . . . , yr), where y1, . . . , yr are the values taken by f1 at the r points of π−1
1 (x). By definition of

f1, the yj are are values of the 2nd projection pr2 at the points (x, y) ∈ Y, so we have P(x, yj) = 0

for 1 ≤ j ≤ r.

Claim 10.12. The eν(x) extend to meromorphic functions on P1.

Proof. Indeed, since the yj are values of the function f1, which is meromorphic on Y1, in a neigh-

borhood of any a ∈ S, since π−1
1 (x) = {P1, . . . , Pr}, we have an estimate

|eν(x)| =
∣∣∣∣∣ ∑
i1<···<iν

f1(Pi1) · · · f1(Piν
)

∣∣∣∣∣ ≤ C ∥z∥−ℓ .

Here, z = (z1, . . . , zr), where zi is a coordinate function near Pi for i = 1, . . . , r. Thus,

|eν(x)| ≤ C1|x − a|−ℓ′

(or C1|x|−ℓ if a = ∞), proving that the eν are meromorphic on P1.

This claim implies that e1(x), . . . , er(x) are rational functions of x. Let

Q(x, y) := yr − e1(x)yr−1 + · · ·+ (−1)rer(x).

Then, if x ∈ P1 \ S, the roots y1, . . . , yr of Q(x, y) are also roots of P(x, y). Hence, Q divides P
in C(x)[y], and since degy Q ≥ 1, Gauss’s Lemma implies that P is not irreducible in C[x][y], a

contradiction.
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Definition 10.13

In algebraic geometry, X is called the normalization of the algebraic curve V = V(P)

11. The Equation ∂u/∂z = f

Let R be a closed rectangle in C, and f ∈ C∞(R) (that is, f is C∞ in an open neighborhood of R).

Proposition 11.1∫∫
R

∂ f
∂z

dz ∧ dz = −
∫

∂R
f dz,

where dz ∧ dz = (dx + idy) ∧ (dx − idy) = −2i dx ∧ dy

Proof. Suppose R = [a, b]× [c, d], and parametrize the four sides of ∂R by γ1, γ2, γ3, γ4. Then,∫∫
R

∂ f
∂z

dz ∧ dz = −i
∫ d

c

∫ b

a

(
∂ f
∂x

+ i
∂ f
∂y

)
dxdy

= −i
∫ d

c
[ f (b, y)− f (a, y)] dy

= −
∫

γ2

f dz −
∫

γ4

f dz.

The rest is an exercise.

Next, let R′ and R be closed rectangles with R′ ⊂ Int(R). Choose f in some closed annulus

C∞(R \ Int(R′)).

Claim 11.2. We claim ∫∫
R\Int(R′)

∂ f
∂z

dz ∧ dz = −
∫

∂R
f dz +

∫
∂R′

f dz.

Proof. We have f ∈ C∞(U) for some open set U ⊃ R \ Int(R′). Let α ∈ C∞
0 (U) with α ≡ 1 in a

neighborhood of R \ Int(R′) (the 0 in the subscript means compactly supported). Consider

g(z) :=

α(z) f (z) z ∈ U

0 z ̸∈ U.

Then, g ∈ C∞(C). Applying Proposition 11.1 to g on R and R′, we obtain∫∫
R

∂g
∂z

dz ∧ dz = −
∫

∂R
f ,

∫∫
R′

∂g
∂z

dz ∧ dz = −
∫

∂R′
f ,

and subtracting gives the claim.

Theorem 11.3

Let f ∈ C∞
0 (C). Then, for any ω ∈ C,

f (w) =
1

2πi

∫∫
C

∂ f
∂z

(z) · 1
z − w

dz ∧ dz (8)
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Proof. Observe that the function z 7→ 1
z for 0 < |z| ≤ 1 lies in L1(D(0, 1)), i.e.∫∫

|z|≤1

1
|z|dxdy < ∞.

(Indeed, passing to polar coordinates shows that the integral equals 2π). We now change vari-

ables in (8) and consider

I :=
∫∫

C

∂ f
∂z

(z + w)
1
z

dz ∧ dz.

We claim I = 2πi f (w).

Indeed, fix w, and choose a closed rectangle R such that supp(z 7→ f (z + w)) ⊂ Int(R) and

0 ∈ R. Let Rε be a small square centered at 0 with side length ε, and Rε ⊂ R. Using Lebesgue’s

dominated convergence theorem, we have∫∫
C

∂ f
∂z

(z + w)
dz ∧ dz

z
=
∫∫

C

∂

∂z

(
f (z + w)

z

)
dz ∧ dz

= lim
ε→0

∫∫
R\Int(Rε)

∂

∂z

(
f (z + w)

z

)
dz ∧ dz

= lim
ε→0

∫
∂Rε

f (z + w)

z
dz

= 2πi f (w) + lim
ε→0

∫
∂Rε

f (z + w)− f (w)

z
dz.

Then, since f ∈ C∞
0 (C), there exists M > 0 such that | f (z + w) − f (w)| ≤ M|z| for |z| small,

hence ∣∣∣∣∫
∂Rε

f (z + w)− f (w)

z
dz
∣∣∣∣ ≤ M · 4ε → 0,

proving the claim.

Theorem 11.4

Let f ∈ C∞
0 (C), and define

u(w) :=
1

2πi

∫∫
C

f (z)
z − w

dz ∧ dz.

Then, u ∈ C∞(C), and ∂u
∂z = f on C.

Proof. We change variables in the integral so that

u(w) =
1

2πi

∫∫
C

f (z + w)

z
dz ∧ dz.

We claim
∂u
∂x

(w) =
1

2πi

∫∫
C

∂ f
∂x (z + w)

z
dz ∧ dz.

Indeed, for h ∈ R,

u(w + h)− u(w)

h
=

1
2πi

∫∫
C

f (z + w + h)− f (z + w)

h
· 1

z
dz ∧ dz.

Since f is differentiable, the first factor in the integral is a bounded function of h, and 1
z dz ∧ dz is

L1 on any compact set, so we obtain the claim by taking the limit as h → 0 (the exchange of limit

and integral is justified by the dominated convergence theorem).
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Arguing in the same way shows that ∂u
∂y (w), and in fact all derivatives of u, exist. Hence, u ∈

C∞(C). Moreover, since z = x + iy, and ∂
∂z = 1

2

(
∂

∂x + i ∂
∂y

)
, we have

∂u
∂z

(w) =
1

2πi

∫∫
C

∂ f
∂z

(z + w)
1
z

dz ∧ dz = f (w)

by Theorem 11.3.

Now, we want to show that ∂u
∂z = f has a solution for any f ∈ C∞(Ω), i.e. not necessarily compact

supported, and any open Ω. For this, we use Runge’s theorem.

Definition 11.5

Let Ω ⊂ C be open, and A ⊂ Ω be any open subset. The topological hull “AΩ of A in Ω is the

union of A with the connected components of Ω \ A which are relatively compact (closure is

compact) in Ω.

Such a connected component is called a hole of A. Intuitively, one gets “AΩ by filling the holes

of A.

Example 11.6. We have the following example:
Ω

A “AΩ

Exercise 3. If A ⊂ Ω, then
’(̂)AΩ = “AΩ ⊃ A. (Don’t know what’s going on with the TeX here, I’ll fix

it)

Exercise 4. If A ⊂ B ⊂ Ω, then “AΩ ⊂ B̂Ω.

Proposition 11.7

Let Ω ⊂ C be open and K ⊂ Ω be compact. Then, K̂Ω is again compact. Moreover, C \ K̂Ω has

only finitely many connected components

Lemma 11.8

Let Ω ⊂ C be open. Then, there exists a sequence {Kn}n≥1 of compact subsets of Ω such that

(i) Kn ⊂ Kn+1,

(ii)
⋃∞

n=1 Kn = Ω,

(iii) Kn =
(

K̂n

)
Ω

, i.e. Ω \ Kn has no connected components relatively compact to Ω.

Proof. We first construct a sequence {K′
n} satisfying the first two conditions.
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If Ω = C, just use disks Kn = D(0, n). If Ω ̸= C, then ∂Ω ̸= ∅, so set

Kn =

ß
x ∈ Ω

∣∣∣∣ dist(x, ∂Ω) ≥ 1
n

™
∩ D(0, n),

and it’s easy to show that these satisfy the first two conditions.

Now, set Kn := ‘(K′
n)Ω for all n ≥ 1, and we’re done.

Runge’s Theorem 11.9

Let Ω ⊂ C be open and K ⊂ Ω be compact. Then, any function f ∈ O(K̂Ω) can be approxi-

mated uniformly on K̂Ω, by functions holomorphic on Ω.

Theorem 11.10

Let Ω ⊂ C be open, and f ∈ C∞(Ω). Then, there exits u ∈ C∞(Ω) such that ∂u
∂z = f .

“The proof is like black magic, and it was by the master of black magic: Grothendieck”.

Proof (Grothendieck). Let {Kn}n≥1 be a sequence of compact subsets of Ω as in Lemma 11.8. For

each n, there exists un ∈ C∞
0 (Ω) such that ∂un

∂z = f in a neighborhood of Kn. Then,

∂

∂z
(un+1 − un) = f − f = 0

in a neighborhood of Kn, so un+1 − un ∈ O(Kn). By Runge’s Theorem, there exists hn ∈ O(Ω)

such that

∥un+1 − un − hn∥Kn
<

1
2n

for all n ≥ 1. Now, define u on Kn by

u := un+1 +
∞

∑
ℓ=n

(uℓ+1 − uℓ − hℓ)− h1 − h2 − · · · − hn−1, (9)

and observe that the series converges uniformly on Kn. Moreover, u is well defined on Ω, since

u = uk + ∑
ℓ≥k

(uℓ+1 − uℓ − hℓ)− ∑
j<k

hj

= uk + (uk+1 − uk − hk) + ∑
ℓ≥k+1

(uℓ+1 − uℓ − hℓ)− ∑
j<k

hk

= uk+1 + ∑
ℓ≥k+1

(uℓ+1 − uℓ − hℓ)− ∑
j<k+1

hj,

i.e. u is independent of the choice of n for Kn. Since the series converges uniformly on Kn, we

have

u − un+1 ∈ O(Kn)

and therefore
∂u
∂z

=
∂un+1

∂z
= f

on Int(Kn). Since n is arbitrary, and
⋃

n Kn = Ω, we’re done.
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12. Cohomology and the Mittag-Leffler Problem

The Mittag-Leffler Problem 12.1

Let Ω ⊂ C be open, E ⊂ Ω be discrete, and suppose that for all a ∈ E, we’re given a principal

part

pa :=
∞

∑
ν=1

cν

(z − a)ν
∈ O(C \ {a})

where the cν are some given constants.

We ask to find a function f ∈ O(Ω \ E) such that f − pa ∈ O(a) for all a ∈ E.

Here is a cohomological approach to the problem: Let U = {Ui}i∈I be a covering of Ω by open

sets such that |Ui ∩ E| ≤ 1 for all i ∈ I, and let fi be any meromorphic function that solves the

problem on Ui. Note that we can indeed solve the problem on Ui, because if Ui contains one point

a ∈ E, we can just take f = pa, and otherwise f can be anything holomorphic.

Now, define

fij := fi|Ui∩Uj − f j|Ui∩Uj ∈ O(Ui ∩ Uj).

Then, on Ui ∩ Uj ∩ Uk, we have fij + f jk + fki = 0. Thus, solving the problem globally on Ω is

equivalent to finding a family of functions {gi ∈ O(Ui)}i∈I such that fij = gj − gi on Ui ∩ Uj. for

all i, j ∈ I. Indeed, given such a family {gi}, we can define f := fi + gi on Ui, which is in fact a

globally defined function on Ω, because the definition agrees on overlaps. Then, f satisfies the

Mittag-Leffler conditions, and conversely a global solution induces such {gi}.

In the Čech cohomology theory, { fij} : fij + f jk + fki = 0 is a cocycle in Z1(U ,O), and{
{ fij}

∣∣ fij = gj − gi for some {gi}
}
= B1(U ,O)

is a coboundary group. The first Čech cohomology group

H1(U ,O) := Z1(U ,O)/B1(U ,O)

is the obstruction to solving the problem in general. The Mittag-Leffler theorem says that this

group is zero, for all Ω ⊂ C open, and for all open covers U of Ω.

13. Sheaves of Abelian Groups

”Sheaves are friends”

Definition 13.1

Let X be a topological space. A presheaf F of abelian groups of X is an assignment U 7→ F (U)

of abelian groups F (U) to each open set U ⊂ X, with F(∅) = 0, and for every pair V ⊂ U of

open sets, there are homomorphisms rU,V : F (U) → F (V) called restriction maps, satisfying

(i) rU,U = idF (U) for all U ⊂ X open

(ii) If W ⊂ V ⊂ U are three open sets, then rU,W = rV,W ◦ rU,V .
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We usually denote rU,V( f ) by f |V , as if f is a function of U and rU,V( f ) is its restriction to V.

The presheaf F is called a sheaf if for any U ⊂ X and open cover U =
⋃

i∈I Ui, we have

(i) If f , g ∈ F (U) with rU,Ui( f ) = rU,Ui(g) for all i ∈ I, then f = g.

(ii) If we are given, for each i ∈ I, an element fi ∈ F (Ui) such that rUi ,Ui∩Uj( fi) = rUj,Ui∩Uj( f j)

for all i, j ∈ I, then there exists f ∈ F (U) such that rU,Ui( f ) = fi for all i ∈ I.

An element f ∈ F (U) is called a section of F over U.

Remark 13.2. By property (i) of a sheaf, the f in (ii) is unique.

Example 13.3. Let X be a Riemann surface.

1. The sheaf of holomorphic functions O: for any open set U ⊂ X, O(U) is the group of holomor-
phic functions U → C

2. The sheaf of C∞-functions A: for any open set U ⊂ X,

A(U) = C∞(U) := { f : U → C | f is C∞}

3. The presheaf F of constant functions: F (U) = { f : U → C constant}. Note that F is not a
sheaf, as property (ii) fails: if U is disconnected, we can send one component to 0, another to 1, and
then we can’t get a constant function that restricts to 0 and 1. However, one gets a sheaf C by setting
C(U) := { f : U → C, f is locally constant}.

Definition 13.4

Let F be a presheaf on X, and fix a ∈ X. We define an equivalence relation ∼ on pairs (U, f ),
where U ⊂ X is open with a ∈ U, and f ∈ F (U) as follows: we say (U, f ) ∼ (V, g) if there

exists W open with a ∈ W ⊂ U ∩V such that f |W = g|W . The equivalence class of a pair (U, f )
is called the germ of the section f at a, denoted fa.

The set of all germs of sections at a forms an abelian group Fa called the stalk of F at a.

Note. We in fact have

Fa := ⨿
U∋a

(F (U)/ ∼) =: lim−→
U∋a

F (U)

We can associate a sheaf to any presheaf F as follows: Let |F | = ⨿a∈X Fa and p : |F | → X, fa 7→ a
be the natural projection. Define a topology on |F | as follows: for any U ⊂ X and f ∈ F (U),

let N(U, f ) := { fa | a ∈ U}, where fa is the equivalence class in Fa defined by (U, f ). The system

of sets {N(U, f )}U⊂X is a basis for a topology on |F | such that p is a local homeomorphism

(exercise).

A section of |F | over U is a continuous map s : U → |F| such that p ◦ s = idU , i.e. s(a) ∈ Fa, for

all a ∈ U. Let |F |(U) denote the set of all sections of |F | over U.

Exercise 5. |F |, together with the natural restriction maps, is a sheaf.

Exercise 6. For every a ∈ X, there is a natural isomorphism of stalks

Fa
∼−→ |F|a.
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Example 13.5. If X is a Riemann surface, and p ∈ X, we define the skyscraper sheaf Cp by

Cp(U) :=

C p ∈ U,

0 p ̸∈ U.

The stalks are

(Cp)a =

0 a ̸ ̸= p

C a = p.

14. Čech Cohomology of Sheaves

Let F be a sheaf on the topological space X, and U := {Ui}i∈I be an open cover of X.

Definition 14.1

Define cochain groups to be

C0(U ,F ) := ∏
i∈I

F (Ui) = {( fi)i∈I | fi ∈ F (Ui), ∀i ∈ I}

C1(U ,F ) := ∏
(i,j)

F (Ui ∩ Uj) =
{
( fij)i∈I

∣∣ fij ∈ F (Ui ∩ Uj), ∀i, j ∈ I
}

Let Z1(U ,F ) ⊂ C1(U ,F ) be the subgroup of 1-cocycles, consisting of families ( fij) for which

fij + f jk = fik on Ui ∩ Uj ∩ Uk, ∀i, j, k ∈ I (10)

Note that (10) implies fii = 0, and fij = − f ji for any cocycle ( fij).

Define a coboundary map δ : C0(U ,F ) → C1(U ,F ) by setting δ( fi)i∈I := ( fij), where fij :=

f j − fi on Ui ∩ Uj. Moreover, let

B1(U ,F ) := δC0(U ,F ) ⊂ Z1(U ,F ).

Then, the 1st Čech cohomology group is

H1(U ,F ) := Z1(U ,F )/B1(U ,F ).

Moreover, the 0th cohomology group is

H0(U ,F ) := ker δ ∈ C0(U ,F )

A 0-cochain ( fi) belongs to ker δ if and only if fi|Ui∩Uj = f j|Ui∩Uj for all i, j. Since F is a

sheaf, the fi’s come from the restriction of a section f ∈ F (X). Hence, there exists a natural

isomorphism

H0(U ,F )
∼−→ F (X),

so H0(U ,F ) is independent of the open cover U of X.

Goal. We aim to study, for any open sets Ω ⊂ C, the three groups H1(U ,A), H1(U ,O), and H1(U , C)

for any open cover U of Ω by disks.
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14.1. Partitions of Unity

Definition 14.2

A partition of unity relative to the open cover U := {Ui}i∈I of Ω ⊂ C is a family {φi}i∈I of

C∞ functions on Ω, such that

(i) φi : Ω → R≥0 has supp φi ⊂ Ui,

(ii) the family of closed sets {supp φi}i∈I is locally finite, i.e. for any compact set K ⊂ Ω, the

set {i ∈ I | K ∩ supp φi ̸= ∅} is finite

(iii) ∑i∈I φi = 1 on Ω.

Partitions of unity always exists for any open cover U of Ω.

Example 14.3. Let F ⊂ Ω be a closed subset and U ⊂ Ω be an open set containing F. Then, there exists
φ ∈ C∞(Ω) such that 0 ≤ φ ≤ 1, φ|F ≡ 1, and φ|Ω\U ≡ 0.

Proof. Set U1 := Ω \ F, and let {φ, φ′} be a partition of unity relative to the cover {U, U′} of Ω.

Then, φ′|F ≡ 0 =⇒ φ|F ≡ 1, so φ satisfies the required conditions.

Theorem 14.4

Let Ω ⊂ C be open and U := {Ui}i∈I be an open cover of Ω. Then,

H1(U ,A) = 0

Proof. Suppose that ( fij) ∈ Z1(U ,A), so fij + f jk = fik. We seek a family ( fi) such that fij = f j − fi

on Ui ∩ Uj for all i, j.

Let (φi)i∈I be a partition of unity relative to U . Observe that the function φi fij can be defined on

the set Uj by setting φi fij(z) := 0 for z ∈ Uj \ Ui. Now, define

f j := ∑
i∈I

φi fij ∈ A(Uj).

Then, for j, k ∈ I, we have on Uj ∩ Uk that

fk − f j = ∑
i

φi( fik − fij) = ∑
i

φi( f ji + fik) = f jk ∑
i

φi = f jk.

Hence, δ( fi) = ( fij).

Definition 14.5

A sheaf that admits of a partition of unity is called a fine sheaf. So, A is a fine sheaf.

Mittag-Leffler’s Theorem, or the 1st Cousin Problem 14.6

Let Ω be open in C, and U an open cover of Ω. Then,

H1(U ,O) = 0.

Proof. Begin with a 1-cocycle ( fij) ∈ Z1(U ,O). Let αi ∈ C∞(Ui) be such that αj − αi = fij on

Ui ∩ Uj for all i, j. Let ui := ∂αi/∂z on Ui. Then, ui − uj = 0 on Ui ∩ Uj, so there exists u ∈ C∞(Ω)
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such that u|Ui = ui for all i ∈ I.

Now, by Theorem 11.10, we know there exists A ∈ C∞(Ω) such that ∂ A
∂z = u on Ω. Define ( fi) by

fi := αi − A on Ui, for all i ∈ I. Then, on Ui ∩ Uj, f j − fi = αj − αi = fij, and ∂ fi
∂z = ui − u = 0 on

Ui for all i ∈ I.

Now, we aim to remove our choice of open cover from the definition of the Čech cohomology

groups. Namely, we want to define H1(X,F ).

Definition 14.7

Let U := {Ui}i∈I and V := {Vi}j∈J be two open covers of X. Then, V is said to be a refinement

of U if there exists a refinement map τ : J → I such that Vj ⊂ Uτ(j) for all j ∈ J. Such a map τ

induces a map

τ∗ : H1(U ,F ) → H1(V ,F )

sending ( fij) ∈ Z1(U ,F ) to (gαβ)α,β∈J , where gαβ := fτ(α)τ(β)|Vα∩Vβ
.

Check. τ∗ depends only on the covering U and V , and not the refinement map τ.

Lemma 14.8

If σ, τ : J → I are two refinement maps, so Vβ ⊂ Uσ(β) ∩ Uτ(β) for all β ∈ J, then the induced

maps

σ∗, τ∗ : H1(U ,F ) → H1(V ,F )

are equal. Moreover, if V is a refinement of U , the (now natural) morphism

H1(U ,F ) → H1(V ,F )

is injective.

Proof. Fix ( fij) ∈ Z1(U ,F ). Then, on Vβ1 ∩ Vβ2 , we have

fτ(β1)τ(β2) − fσ(β1)σ(β2) = gβ1 − gβ2 ,

where

gβ = fτ(β)σ(β)|Vβ
.

Hence, we see that ¶
fτ(β1)τ(β2) − fσ(β1)σ(β2)

©
∈ B1(V ,F ).

This proves σ∗ = τ∗. Injectivity is left as an exercise.

Suppose we have three coverings U ,V ,W , with W < V < U , where < means refinement. Write,

in general, τU ,V for the induced map τ∗. Then,

τV ,W ◦ τU ,V = τU ,W .

We can therefore define an equivalence relation σ on the disjoint union ⨿U H1(U ,F ) over all

open coverings by saying α ∈ H1(U ,F ) is equivalent to β ∈ H1(V ,F ) if there exists a further
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refinement W < U and W < V such that

τU ,W (α) = τV ,W (β).

The set of equivalence classes is in fact a group, and is the direct limit of the H1(U ,F ). We write

this as

H1(X,F ) := lim−→
U

H1(U ,F ) = ⨿
U

H1(U ,F )/ ∼ .

Then, for any open covering U of X, the canonical map H1(U ,F ) → H1(X,F ) is injective. Thus,

H1(X,F ) = 0 ⇐⇒ H1(U ,F ) = 0 for all open coverings U of X.

There is a useful criterion for when an open cover U of X is sufficient to compute H1(X,F ).

Leray’s Theorem 14.9

Let F be a sheaf of abelian groups on X, and U := {Ui}i∈I be an open cover of X such that

H1(Ui,F ) = 0 for all i ∈ I. Then,

H1(X,F ) ≃ H1(U ,F ).

Proof. It suffices to show that for any refinement V := {Vα}α∈A of U , the induced map τ∗ :

H1(U ,F ) → H1(V ,F ) is surjective. Here, τ : A → I is a refinement map such that Vα ⊂ Uτ(α) for

all α ∈ A.

Let {cαβ}α,β∈A ∈ Z1(V ,F ). Then, {
cαβ|Ui

}
∈ Z1(Ui ∩ V ,F ).

Since H1(Ui,F ) = 0, there exists a function giα ∈ F (Ui ∩ Vα) such that cαβ = giα − giβ on Ui ∩
Vα ∩ Vβ. Then, on Ui ∩ Uj ∩ Vα ∩ Vβ, we have

giα − giβ = cαβ = gjα − gjβ =⇒ giα − gjα = giβ − gjβ.

Now, since F is a sheaf, there exists γij ∈ F (Ui ∩ Uj) such that γij = giα − giβ on Ui ∩ Uj ∩ Vα for

all α ∈ A. Clearly γij + γjk = γik on Ui ∩ Uj ∩ Uk, and moreover

γτ(α)τ(β) + cαβ =
(

gτ(α)α − gτ(β)β

)
+
(

gτ(b)α − gτ(β)β

)
= −gτ(β)β + gτ(αα)

on Vα ∩ Vβ, which is a subject of Uτ(β). Then, since gτ(β)β ∈ F (Uτ(β) ∩ Vβ) = F (Vβ), this proves

(cαβ) and (−γτ(α)τ(β)) induce the same element in H1(V ,F ). But, by definition,(
−γτ(α)τ(β)

)
= τ∗(−γij).

We conclude that τ∗ is surjective, proving the theorem.

Corollary (Reformulated Mittag-Leffler) 14.10

For any open set Ω ⊂ C, we have

H1(Ω,O) = 0.
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14.2. Morphisms on Presheaves

Definition 14.11

A morphism of presheaves φ : F → G on X is an assignment, to each open set U ⊂ X, of a

map φU : F (U) → G(U) such that for any open sets V ⊂ U, the diagram

F (U) G(U)

F (V) G(V)

φU

rU,V rU,V

φV

commutes.

Any morphism φ of sheaves induces a map φ : Fa → Ga of stalks, for all a ∈ X.

Definition 14.12

A sequence

F α−→ G β−→ H

of sheaves on X is exact if, for all a ∈ X, the induced sequence

Fa
α−→ Ga

β−→ Ha

is exact.

Example 14.13. Let X = C∗, and for U ⊂ X open, let ZU be the set of locally constant integer valued
functions on U, let O(U) be the set of holomorphic functions on U, and O∗(U) be the set of nowhere zero
holomorphic functions on U.

We claim that the exponential sequence

0 → Z → O exp(2πiz)−−−−−→ O∗ → 0

is exact.

Proof. For any open set U ⊂ X, the sequence

0 → Z(U) ↪−→ O(U)
exp(2πiz)−−−−−→ O∗(U)

is exact. However, note that O(U) → O∗(U) need not be surjectitve: for instance, let U = X = C∗,

and take z ∈ O∗(U), but we know that an entire logarithm does not exist.

However, for all z ∈ C∗, exp : Oz → O∗
z is surjective: indeed, for z ̸= 0, the germ of functions

near z are holomorphic functions in a small connected domain away from the origin, where we

can define a complect logarithm.

The previous example can be generalized with the following result:

Exercise 7. Use the sheaf axioms to show that for any short exact sequence

0 → F α−→ G β−→ H → 0
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of sheaves on X, the induced sequence

0 → F (U)
αU−→ G(U)

βU−→ H(U)

is exact for any U ⊂ X open.

Theorem 14.14

Consider a short exact sequence

0 → F α−→ G β−→ H → 0 (11)

of sheaves on X. Then, the sequence naturally induces a long exact sequence of cohomology

groups:

0 → H0(X,F )
αX−→ H0(X,G) βX−→ H0(X,H)

δ−→ H1(X,F )
α1

X−→ H1(X,G)
β1

X−→ H1(X,H).

Proof. Since H0(X,F ) = F (X), and similar for G,H, the maps αX and βX are already defined. To

define α1
X, note that α : F → G induces, for any open cover U of X, a map

αU : C1(U ,F ) → C1(U ,G)

which sends cocycles to cocycles, and coboundaries to coboundaries. Hence, we obtain a map

α1
U : H1(U ,F ) → H1(U ,G).

This in turn induces a map α1
X, and β1

X is defined similarly.

Next, we define the connecting homomorphism δ : H(X) → H1(X,F ) as follows: let h ∈ H(X),

and since β : G → H is surjective, there exists an open cover U := {Ui}i∈I of X, and elements

gi ∈ G(Ui) such that βUi(gi) = h|Ui for all i ∈ I. Now,

gi − gj|Ui∩Uj ∈ ker(βUi∩Uj) = Img(αUi∩Uj),

with the last equality coming from Exercise 7. Hence, there exists fij ∈ F (Ui ∩ Uj) with

αUi∩Uj( fij) = gi − gj|Ui∩Uj .

Clearly, fij + f jk + fki maps to zero under αUi∩Uj∩Uk . Thus, again by Exercise 7, fij + f jk + fki = 0

on Ui ∩Uj ∩Uk, since the map is injective. Therefore, { fij} ∈ Z1(U ,F ), so it defines and elements

δ(h) in H1(X,F ).

Now, we need to check that δ(h) is independent of the choices of U and {gi}. Indeed, if V :=

{Vα}α∈A is a refinement of U given by the map τ : A → I, and we choose elements g′α = gτ(α)|Vα ,

we clearly obtain the same element of H1(X,F ). This is just the restriction of the cocycle { fij}
defined earlier to V . Hence, we may consider the same covering U , and possibly different g′i ∈
G(Ui) with βui(g′i) = h|Ui for all i ∈ I, As above, there exists fi ∈ F (Ui) such that αUi( fi) = g′i − gi.

Now, if f ′ij ∈ F (Ui ∩ Uj) maps to g′i − g′j on Ui ∩ Uj, then

αUi∩Uj( fi − f j) = αUi∩Uj( f ′ij − fij) =⇒ fi − f j = f ′ij − fij.

Hence, { fij} and { f ′ij} define the same element of H1(X,F ), so δ is well-defined.

Proving exactness of the long exact sequence at H0(X,H), H1(X,F ), and H1(X,G) is left as an

exercise.
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Question 14.15. When is the differentiation map d
dz : O(Ω) → O(Ω) surjective, for Ω ⊂ C open?

Example 14.16 (The Cohomology Form of Cauchy’s Theorem). Let Ω ⊂ C be connected and open.
Then, we have an exact sequence of sheaves on Ω:

0 → C → O d/dz−−→ O → 0.

Then, since H1(Ω,O) = 0 by Mittag-Leffler (Corollary 14.10), we get an induced long exact sequence

0 → C → O(Ω) → O(Ω) → H1(Ω, C) → 0

by Theorem 14.14. Thus, H1(Ω, C) measures the obstruction to solving the equation f ′ = g for g ∈
O(Ω). If Ω is simply connected, then d/dz is onto and H1(Ω, C) = 0.

In fact, one can show

H1(Ω, C) ≃ H1
sing(Ω, C),

where the RHS is singular cohomology.

Remark 14.17. See the textbook for a definition of higher cohomology groups Hk(X,F ) for any k ≥ 0.
One can show that the long exact sequence of cohomology groups extends further:

0 → F (X) → G(X) → H(X) → H1(X,F ) → H1(X,G) → H1(X,H)

→ H2(X,F ) → H2(X,G) → H2(X,H) → H3(X,F ) → · · · .

15. Vector Bundles, Line Bundles, and Divisors

Let X, E be topological spaces, and p : E → X a continuous map. We assume that for every x ∈ X,

the fiber Ex := p−1(x) has the structure of an n-dimensional complex vector space.

Definition 15.1

The map p : E → X is called a vector bundle of rank n over X if every point a ∈ X has a

neighborhood U ∋ a such that there is a homeomorphism φ : p−1(U) → U × Cn, called a

local trivialization of E over U, which is

(i) fiber preserving: the diagram

p−1(U) U × Cn

U

φ

p pr1

commutes, and

(ii) for each x ∈ U the map φ|Ex is a vector space isomorphism

Ex
∼−→ {x} × Cn ≡ Cn.

An atlas for E is a family {(Ui, φi)}i∈I of local trivializations such that
⋃

i∈I Ui = X.

A vector bundle of rank 1 is called a line bundle.
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Definition 15.2

A vector bundle E → X is said to be trivial if it has a linear trivialization E ∼−→ X × Cn. Hence,

any vector vector bundle is locally trivial by definition.

Proposition 15.3

Suppose that E
p−→ X is a rank n vector bundle over a topological space X, and suppose

φi : p−1(Ui) ≡ EUi → Ui × Cn

is an atlas on E. Then, there exists unique continuous maps

gij : Ui ∩ Uj → GLn(C) ⊂ Cn2 ≡ Mn(C).

such that the morphisms φij := φi ◦ φ−1
j : (Ui ∩ Uj)× Cn → (Ui ∩ Uj)× Cn satisfy

φij(x, t) = (x, gij(x)t), ∀(x, t) ∈ Ui ∩ Uj × Cn.

On Ui ∩ Uj ∩ Uk, the equation gijgjk = gik holds. The {gij} are called transition functions for

the vector bundle.

Proof. The map φi ◦ φ−1
j is a fiber preserving homeomorphism which, when restricted to each

fiber, is a vector space isomorphism. Hence, for all x ∈ Ui ∩ Uj, there exists a matrix gij(x) ∈
GLn(C) with φij(x, t) = (x, gij(x)t). Since φij is a homeomorphism, the map x 7→ gij(x) is contin-

uous on Ui ∩ Uj.

Remark 15.4. The converse of Proposition 15.3 also holds. Namely, given a family {gij} of continuous
maps Ui ∩ Uj → GLn C such that gijgjk = gik on Ui ∩ Uj ∩ Uk, we can construct a vector bundle with
these transition functions.

Proof. Set E′ := ⨿i∈I Ui × Cn × {i} ⊂ X × Cn × I, with the topology induced from X × Cn × I,

where I has the discrete topology. Let (x, t, i) ∼ (x′, t′, j) if and only if x = x′, and t = gij(x)t′.
Then, the cocycle condition gijgjk = gik implies that ∼ is an equivalence relation on E′. Define

E := E′/ ∼, with the projection p : E → X. If h : E′ → E is the natural quotient map h|Ui×Cn×I →
EUi is a homeomorphism, and we define φi to be the inverse of h|Ui×Cn×{i}.

Definition 15.5

Let X be a Riemann surface (or more generally a complex manifold), and E → X be a rank n
vector bundle over X. Two local trivializations (Ui, φi) and (Uj, φj) are said to be compatible

if the associated transition function gij : Ui ∩ Uj → GLn(C) is holomorphic.

Remark 15.6. If Ω ⊂ Cm is open, then a map f : Ω → Cn is holomorphic if f = ( f1, . . . , fn), with
each fi : Ω → C holomorphic.

If X has a covering by a compatible trivializations for E, in which case we say E has a holo-

morphic atlas, then E is called a holomorphic vector bundle over X.

Remark 15.7. If L → X is a holomorphic line bundle with transition functions {gij} with respect to an
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open cover U := {Ui}i∈I , then we obtain an associated element of H1(X,O∗). Indeed, GL1 C ≡ C∗, and
gij ∈ O∗(Ui ∩ Uj) satisfy the cocycle condition on Ui ∩ Uj ∩ Uk.

Definition 15.8

Let E
p−→ X and E′ p′−→ X be two vector bundles over a Riemann surface X. A morphism

u : E → E′ is a map such that the diagram

E E′

X

u

p p′

commutes (i.e. p′u = p), and u : p−1(x) → (p′)−1(x) is C-linear for all x ∈ X.

The morphism u is called continuous/C∞/holomorphic if the function u has this property. We

use this notion to define isomorphic vector bundles.

Example 15.9. E is trivial if and only if E is isomorphic to the trivial vector bundle X × Cn.

16. Sections of Vector Bundles

Definition 16.1

If p : E → X is a vector bundle, a section E is a morphism s : X → E such that s(x) ∈ Ex for

all x ∈ X. Such sections can be continuous/C∞/holomorphic as before.

If φi : p−1(Ui) → Ui × Cn are local trivialization maps for E, then φi ◦ s(x) = (x, fi(x)) for all

x ∈ Ui, where fi : Ui → Cn is a continuous/C∞/holomorphic map.

On Ui ∩ Uj, we have

φi ◦ s(x) = (x, fi(x)) = φi ◦ φ−1
j (x, f j(x)) = (x, gij(x) f j(x))

=⇒ fi(x) = gij(x) f j(x), ∀x ∈ Ui ∩ Uj. (12)

Hence, a section s of E may be identified with a family { fi}i∈I of functions fi : Ui → Cn such that

(12) holds for all i, j ∈ I. The sections of E over any open set U ⊂ X are defined analogously.

Example 16.2. A section of the trivial vector bundle E → X is just a function f : X → Cn.

Definition 16.3

Let X be a Riemann surface and π : E → X be a holomorphic vector bundle on X. Let S ⊂ X
be a discrete set, and s : X \ S → E be a holomorphic section of E over X \ S. Then, s is called a

meromorphic section if, for all a ∈ S, there exists a neighborhood U of a and a coordinate z on

U with z(a) = 0 such that U ∩ S = {a}, and for some N > 0, zNs is the restriction to U \ {a}
of a holomorphic section of E over U.
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Definition 16.4

The sheaf of holomorphic sections E of E is defined by the group

E(U) = Γ(U, E) := {holomorphic sections of E over U}.

17. Divisors and Line Bundles

Definition 17.1

Let X be a Riemann surface. A divisor on X is a map D : X → Z such that the support of D is

locally finite. That is, for every compact K ⊂ X,

{p ∈ X | D(p) ̸= 0} ∩ K is finite.

We assume now that X is compact so the support of D is finite.

Definition 17.2

The sum and difference D1 + D2 and D1 − D2 of two divisors are defined in the obvious way.

A divisor D is said to be effective if D(p) ≥ 0 for all p ∈ X. We write D1 ≥ D2 if D1 − D2 is

effective. The set {p ∈ X | D(p) ̸= 0} is called the support of D, denoted |D| or supp(D).

Recall 17.3. If f : U → P1 is a meromorphic function on a neighborhood U of a point a ∈ X, and z is a
local coordinate on U with z(a) = 0, we set

orda( f ) :=

∞ f ≡ 0 near a,

k f (z) = ∑∞
n=k anzn, ak ̸= 0.

Suppose now that s is a meromorphic section of a holomorphic vector bundle E on a Riemann

surface X, with s ̸≡ 0. For a ∈ X, choose a coordinate neighborhood (U, z) with z(a) = 0, and a

local trivialization φ : E|U → U × Cn. Then, (φ ◦ s)(x) = (x, f (x)), x ∈ U, where f = ( f1, . . . , fn),

is an n-tuple of meromorphic functions on U. There is a unique integer k such that f = zkg, where

g(a) ̸= 0, and g = (g1, . . . , gn) with each gi holomorphic near a.

Definition 17.4

We define orda(s) := k, where k is the constant above.

Exercise 8. The definition of orda(s) is well-defined, i.e. independent of the choice of chart and local
trivialization.

Definition 17.5

The divisor of s is the function a 7→ orda(s). That is,

div(s) = ∑
a∈X

orda(s)[a].

Note that this also defines the divisor div( f ) of a meromorphic function f on X, since any such

f is a meromorphic section of the trivial line bundle X × C → X.
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Lemma 17.6

Let D := ∑ np[p] be a divisor on a compact Riemann surface X. Then, D = div(s) for a

meromorphic section s of a line bundle on X, denoted L(D).

Proof. To construct L(D) and s from D, let S := |D| and (UP, zP) be a local coordinate chart at

P ∈ S with zp(P) = 0. Assume that UP ∩ UQ = ∅ for P ̸= Q in S. Set U0 := X \ S, f0 ≡ 1 on

U0, and let fP := zNp
P on UP, for all P ∈ S. Define I := {0} ⊔ S, and let gij := fi/ f j for all i, j ∈ I,

with gij defined on Ui ∩ Uj. Then, for i, j with Ui ∩ Uj ̸= ∅, gij ∈ O∗(Ui ∩ Uj), and gijgjk = gik on

Ui ∩Uj ∩Uk. So, the {gij} are the transition functions for a line bundle L(D) on X. Since fi = gij f j

on Ui ∩ Uj, the fi’s define the meromorphic section sD of L(D).

We now have orda(sD) = orda( f0) = 0 if a ∈ X \ S, and orda(sD) = ordp(z
nP
P ) = nP, if a = P ∈ S.

Hence, div(sD) = D.

Overview

Let L → P be a line bundle on a Riemann surface, and {Ui}i∈I is a trivializing open cover of

X. Then, we can identify L with a family of transition functions {gij}, with gij ∈ O∗(Ui ∩ Uj),

and gijgjk = gik on Ui ∩ Uj ∩ Uk. Moreover, if s : X → L is a section, we can identify s with

{ fi} such that fi is a function on Ui, and fi = gij f j on Ui ∩ Uj.

Remark 17.7. Let D = ∑ np[p] be a divisor on X. This associates to L(D), sD such that div(sD) = D.
The line bundle L(D) is unique up to isomorphism.

Proof. If (UP, ζP) are different local coordinate charts, then hP := (ζP/zP)
np ∈ O∗(UP) and h0 := 1

implies

gnew
ij = higold

ij h−1
j .

Definition 17.8

The section sD is called the standard section of L(D).

Remarks 17.9. 1. If s is a meromorphic section of a vector bundle E → X, s ̸≡ 0, then s is holomorphic
if and only if div(s) is effective (so s may have zeros, but no poles).

2. If D is a divisor on X, and U ⊂ X is open, we obtain a sheaf structure on X by defining

OD(U) := { f meromorphic on U | div( f ) ≥ −D}

Moreover, if Γ(U, L(D)) denotes the vector space of holomorphic sections of L(D) over U, and sD is
the standard section of L(D) with div(sD) = D, then the map

OD(U) → Γ(U, L(D))

f 7→ f sD

is an isomorphism. Hence the sheaf of holomorphic sections of L(D) can be canonically identified
with OD.
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3. If L → X is any holomorphic line bundle, and s0, s1 are two meromorphic sections of L, s0 ̸≡ 0, then
there exists a meromorphic function f on X with s1 = f s0. Indeed, s1/s0 is well-defined independent
of any local trivialization, since f 1

i = gij f 1
j and f 0

i = gij f 0
j on Ui ∩ Uj, so f 1

i / f 1
j = f 0

i / f 0
j .

18. Linear Equivalence of Divisors

Definition 18.1

Two divisors D1 and D2 are linearly equivalent if there exists a meromorphic function f on

X, not identically zero, such that div f = D1 − D2. We write D1 ∼ D2 when this is the case.

Proposition 18.2

We have D1 ∼ D2 if and only if the line bundles L(D1) and L(D2) are holomorphically iso-

morphic.

Proof. Suppose D1 − D2 = div f for some f ∈ M(X)∗. Let sD1 and sD2 be the standard sections

of L(D1) and L(D2).

Claim 18.3. We claim that the map u := sD1 7→ sD2 : L(D1) → L(D2) is a unique isomorphism.

Proof. Indeed first define u outside |div f | ∪ |D1| ∪ |D2| by

λsD1(x) 7→ λ f (x)sD2(x), λ ∈ C.

Then, u extends holomorphically to all of X, because on any open set U ⊂ X, the section x 7→
λ(x)sD1(x) is holomorphic if and only if the section x 7→ λ(x) f (x)s2(x) is holomorphic (since

div(sD1) ∩ U = div( f sD2) ∩ U).

Conversely, if u : L(D1) → L(D2) is an isomorphism, then u ◦ sD1 is a meromorphic section of

L(D2). If f is defined by u ◦ sD1 = f sD2 , then div f = D1 − D2 since orda(sD1) = orda(u ◦ sD1) for

all a ∈ X.

Remark 18.4. In terms of the sheaves OD1 and OD2 , the above isomorphism is just the map OD1(U) →
OD2(U) sending φ 7→ fφ.

19. Linear Operations on Vector Bundles

Linear operations on vector spaces/matrices can by bundle-ized, provided that they are functo-

rial. This means that they extend to give operations on vector bundles/transition functions.

Example 19.1. Suppose E → X and E′ → X are two vector bundles over the same base X, and {gij} and
{g′ij} are transition functions for E and E′ with respect to the same trivializing open cover of X.

1. Direct sum: The direct sum E ⊕ E′ of E and E′ is a vector bundle on X such that (E ⊕ E′)x =
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Ex ⊕ E′
x, and the transition functions {gE⊕E′

ij } are given by

gE⊕E′

ij = gij ⊕ g′i j =

(
gij 0

0 g′ij

)

2. Tensor product: The tensor product E ⊗ E′ has (E × E′)x = Ex ⊗ E′
x and gE×E′

ij = gij ⊗ g′ij. In
particular, if L and L′ are two line bundles on X, then L ⊗ L′ has transition functions {gij · g′ij}.
Observe that this is the group operation on H1(X,O∗).

3. Dual vector bundle E∗: If E
p−→ X is a holomorphic vector bundle, and E∗ := ⨿a∈X E∗

a , we make
E∗ into a vector bundle as follows: for a trivialization φU : p−1(U) → U × Cn of E over U ⊂ X,
define φ̃U : ⨿a∈U E∗

a → U × Cn by

φ̃U(v) =
(

a, (φU,a)
−1(v)

)
, v ∈ E∗

a .

It follows that if {gij} are the transition functions of E with respect to an open cover, then the
transition functions for E∗ are

¶
(gt

ij)
−1
©

.

4. Exterior and symmetric powers: We have the k’th symmetric power SkE, and the k’th exterior
power

∧k E, with transition functions {Skgij},
¶∧k gij

©
respectively.

5. Hom bundle: We have the vector bundle Hom(E, E′) → X, defined via the isomorphism
Hom(E, E′) ≃ E∗ ⊗ E′.

Exercise 9. Using local trivializations, show how a global section of Hom(E, E′) can be identified with a
morphism E → E′ of vector bundles.

Remark 19.2. For divisors D, D′, we have

L(D)⊗ L(D′) ≃ L(D + D′),

L(D)∗ ≡ L(−D).

Lemma 19.3

A line bundle L → X is trivial if and only if L has a holomorphic section s with s(x) ̸= 0, for

all x ∈ X.

Proof. The map X × C → L sending (x, λ) 7→ λs(x) is an isomorphism.

Corollary 19.4

If L → X is any line bundle, then L ⊗ L∗ is a trivial line bundle on X.

Proof. If v ∈ Lx, v ̸= 0, then there exists a unique ℓ ∈ L∗
x such that ℓ(v) = 1. Then, x 7→ v ⊗ ℓ

is a nowhere vanishing section of L ⊗ L∗ (indeed, the linear form corresponding to cv is 1
c ℓ for

c ∈ C∗).

Remark 19.5. Let L be a holomorphic line bundle on X, and s be a meromorphic section of L, s ̸≡ 0. Then
L ≃ L(D), where D = div(s).

Proof. If s−D is the standard section of L(−D), then s ⊗ s−D is a nowhere vanishing holomorphic

section of L⊗ L(−D). Hence, L⊗ L(−D) ≃ O (the trivial line bundle), so L ≃ O⊗ L(D) ≃ L(D).
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Alternatively, note that the isomorphism λs(x) 7→ λsD(x), which is defined outside |D|, extends

to an isomorphism L → L(D).

Definition 19.6

Let Z1(X) denote the abelian group of all divisors on X (sometimes denoted Div(X)), and

let A1(X) := Z1(X)/ ∼, where ∼ denotes linear equivalence. Let Pic(X) be the group of

isomorphism classes of line bundles on X, under the tensor product, called the Picard group.

Remark 19.7 (Homework exercise). There is a natural isomorphism

Pic(X)
∼−→ H1(X,O∗)

[L] 7→ {gij}

where {gij} are the transition functions of L with respect to a trivializing open cover of X.

Remark 19.8. There is a morphism

φ : Z1(X) → Pic(X)

D 7→ [L(D)].

This passes to linear equivalence, so we get an induced map

φ̃ : A1(X) → Pic(X).

Theorem 19.9

The map φ̃ above is surjective, so Pic(X) ≃ A1(X) for X a compact Riemann surface.

Proof. The proof of the claim relies on proving that any holomorphic line bundle L → X has a not

identically zero meromorphic section.

20. Finiteness Theorems

We now want to prove some facts about finiteness in cohomology. We first need some facts from

complex analysis.

Weierstrass’s Theorem 20.1

Let Ω ⊂ C be an open set and { fn}n≥1 be a sequence of holomorphic functions on Ω. Suppose

{ fn} converge uniformly on compact subsets of Ω to a function f : Ω → C. Then, f ∈ O(Ω),

and f ′n → f ′ uniformly on compact subsets of Ω.

Montel’s Theorem 20.2

Let Ω ⊂ C be open, and F ⊂ O(Ω) be a bounded family, i.e. for any compact set K ⊂ C, there

exists M = MK such that | f (z)| ≤ M, for all z ∈ K and f ∈ F . Then, every sequence { fn} of

elements of F contains a subsequence { fnk} that converges uniformly on compact subsets of

Ω. That is, F is precompact.
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We can now state some important finiteness theorems.

Theorem 20.3

Let X be a compact Riemann surface, and π : E → X be a holomorphic vector bundle on X.

Then, the space H0(X, E) of global holomorphic of E on X:

H0(X, E) := {s : X → E | π ◦ s = idX, s holomorphic}

is a finite dimensional C-vector space.

Proof. Choose finitely many coordinate neighborhood {(Ui, zi)}1≤i≤N on X such that

(a) zi : Ui → ∆ := {z ∈ C | |z| < 1} is a biholomorphism.

(b) If Vi := z−1
i

(
D(0, 1

2 )
)
, then

⋃N
i=1 Vi = X

(c) There are neighborhoods Wi of Ui, and trivializations of E:

φi : π−1(Wi) → Wi × Cn

with corresponding transition functions gij : Wi ∩ Wj → GLn C.

Any section s ∈ H0(X, E) is represented by a family { fi}1≤i≤n of holomorphic functions fi : Wi →
Cn such that fi(x) = gij(x) f j(x), for all x ∈ Wi ∩ Wj. Let

∥s∥U := max
i

sup
x∈Ui

| fi(x)| , ∥s∥V := max
i

sup
x∈Vi

| fi(x)|

Remark 20.4. One can quickly conclude the proof as follows: the space X := (H0(X, E), ∥·∥U) is a
Banach space, where completeness of the norm follows from Weierstrass’s theorem. Then, by Montel’s
theorem, the unit ball

BX (0, 1) :=
¶

s ∈ H0(X, E)
∣∣∣ ∥s∥U ≤ 1

©
is sequentially compact, hence compact. But a Banach space with a compact unit ball is finite dimensional.

That finishes the proof, but there’s a more explicit proof due to Siegel, which generalizes to higher

dimensions as well:

Claim 20.5. There exists a constant C > 0 such that ∥s∥U ≤ C ∥s∥V , for all s ∈ H0(X, E).

Proof. Let x0 ∈ Ui be such that | fi(x0)| = ∥s∥U . Choose j so that x0 ∈ Vj. Then we have

| fi(x)| =
∣∣gij f j(x0)

∣∣ ≤ C
∣∣ f j(x0)

∣∣ ≤ C ∥s∥V , C = max
1≤i,j≤N

{
sup

x∈Ui∩Uj

∥∥gij(x)
∥∥} ,

which proves the claim

Claim 20.6 (Schwartz’ Lemma). Let s ∈ H0(X, E), and suppose that ordai(s) ≥ k, where k ≥ 0 is a
fixed integer, and ai ∈ Ui is such that zi(ai) = 0, for all i ∈ {1, . . . , n}. Then, ∥s∥V ≤ 2−k ∥s∥U .

Proof. In fact fi/zk
i is holomorphic on Ui for all i, hence by the maximum principle

sup
Vi

∣∣∣∣∣ fi

zk
i

∣∣∣∣∣ ≤ sup
∂Ui

∣∣∣∣∣ fi

zk
i

∣∣∣∣∣ = sup
∂Ui

| fi| ≤ ∥s∥U .
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Hence if x ∈ Vi, then

| fi(x)| ≤ sup
zi∈Vi

(
|zi|k

∣∣∣∣∣ fi

zk
i

∣∣∣∣∣
)

≤ 2−k · ∥s∥U ,

proving the claim.

We deduce that if s ∈ H0(X, E) satisfies ordai(s) ≥ k for i ∈ {1, . . . , n}, the

∥s∥U ≤ C ∥s∥V ≤ C
2k ∥s∥U .

Thus, if 2k > C, we deduce that s = 0. Now, let Oai denote the ring of germs of holomorphic

functions at ai, and let mk
i be the principal ideal in Oai generated by zk

i . Then Oai /m
k
i is a C-vector

space of dimension k. If 2k > C, the map

H0(X, E)
φ−→

N⊕
i=1

Cn ⊗
(
Oai /m

k
i

)
s 7→

⊕
i

(
fi mod zk

i

)
is injective, since

ker φ = {s | ordai(s) ≥ k, ∀ i ∈ {1, . . . , N}} .

This proves the theorem.

Theorem 20.7

Let X be a compact Riemann surface, and π : E → X be a holomorphic vector bundle on X.

Then, H1(X, E) is a finite dimensional C-vector space.

Proof. Suppose that (U, φU) is a local trivialization of E, so that φU : π−1(U) → U × Cn is bi-

holomorphic. Suppose V ⊂ U is a relatively compact open subset of U (meaning V ⊂ U is

compact), and let Eb(V) denote the space of bounded holomorphic sections of E on V, i.e. all

s ∈ Γ(V, E) with φu(s(x)) = (x, f (x)) where x ∈ V, f (x) ∈ Cn, and supx∈V | f (x)| < ∞. Let

∥s∥V := supx∈V | f (x)| for s ∈ Eb(V). This norm makes Eb(V) into a Banach space.

Note. A different local trivialization φ1
U : π−1(U) → U ×Cn gives rise to an equivalent norm on Eb(V),

so our choice doesn’t matter.

Claim 20.8. If U ≃ Ω ⊂ C, with ≃ denoting biholomorphism, then H1(U, E) = 0.

Proof. Mittag-Leffler’s theorem (Corollary 14.10) asserts that H1(Ω,O) = 0, where O is the sheaf

of holomorphic functions. Now, if U ≃ Ω ⊂ C and φU : π−1(U) → U × Cn is a trivialization,

then

H1(U, E) = H1

(
U,

n⊕
O
)

≃
n⊕

H1(Ω,O) = 0

since E|U ≃ ⊕n OU .

Now, the claim implies that we can use Leray’s theorem to compute H1(X, E) via a suitable open

cover of X: choose a family {(Wi, zi)}1≤i≤N of coordinate neighborhoods on X, and trivializations

φi : π−1(Wi) → Wi × Cn of E on Wi so that
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(i) zi : Wi → D(0, 2) is a biholomorphism, and

(ii) if Ui(t) := z−1
i (D(0, t)), then

⋃N
i=1 Ui(1/2) = X.

For each t ∈ [1/2, 2], let U (t) denote the open cover {Ui(t)}1≤i≤N of X. For every x ∈ Wj and

v ∈ Ex := π−1(x), define
∣∣φj(v)

∣∣ := |w| where φj(v) = (x, w) with w ∈ Cn. We now define the

bounded cocycles/coboundaries as follows:

Z1
b(t) :=

¶
ξ ∈ Z1 (U (t), E)

∣∣∣ fij ∈ Eb
(
Ui(t) ∩ Uj(t)

)
, ∀i, j

©
.

C0
b(t) :=

¶
η ∈ C0 (U (t), E)

∣∣∣ if η = (ci), then ci ∈ Eb(Ui(t)), ∀i
©

Introduce norms ∥·∥t on Z1
b(t) and C0

b(t) by

∥ξ∥t := max
i,j

sup
x∈Ui(t)∩Uj(t)

∣∣φi( fij(x))
∣∣ , for ξ = ( fij) ∈ Z1

b(t),

∥η∥t := max
i

sup
x∈Ui(t)

|φi(ci(x))| , for η = (ci) ∈ C0
b(t).

With these normals, Z1
b(t) and C0

b(t) are Banach spaces. Let 1
2 ≤ ρ ≤ t < 1.

Claim 20.9. If η ∈ C0(U (t), E) and δη ∈ Z1
b(t), then η ∈ C0

b(t). Moreover, there exists a constant
C > 0, depending only on {Wi, zi, φi} such that

∥η∥t ≤ ∥δn∥t + C ∥η∥ρ

Proof. Suppose η = (ci) and x0 ∈ Ui(t). Choose a j so that x0 ∈ Uj(ρ). Then, we have

φi(cj(x0)) = φi ◦ φ−1
j (φj(cj(x0))) =⇒

∣∣φi(cj(x0))
∣∣ ≤ C

∣∣φj(cj(x0))
∣∣ ≤ C ∥η∥ρ

where

C := sup
i,j

x∈Ui(1)∩Uj(1)

∥∥∥φi ◦ φ−1
j (x)

∥∥∥ .

Now,

ci(x0) = (ci − cj)(x0) + cj(x0) =⇒ |φi(ci(x0))| ≤
∥∥δη

∥∥
t + C ∥η∥ρ ,

proving the claim.

Claim 20.10. Define the bounded cohomology group H1
b (t) := Z1

b(t)/δC0
b(t). Then, the natural map

H1
b (t) →

Z1(U (t), E)
δC0(U (t), E)

= H1(U (t), E) ≃ H1(X, E)

is an isomorphism for t ∈ [1/2, 1].

Proof. Claim 20.9 shows that the map is injective. For surjectivity: we may use Leray’s theorem,

which implies that the map H1(U (2), E) i−→ H1(U (t), E) is an isomorphism for all t ∈ [1/2, 1].

Notice that i factors through H1
b (t), since D(0, 1) is relatively compact in D(0, 2), implying surjec-

tivity.

Note also that the restriction map H1
b (1) → H1

b (t) is an isomorphism for all t ∈ [1/2, 1], so in

particular the map Φ : Z1
b(1) → H1

b (t) induced by the restriction Z1
b(1) → Z1

b(t) is surjective.
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Observe that Zb(1) is a Banach space, and we want to know that H1
b (t) = Z1

b(t)/δC0
b(t) is a

Banach space.

Claim 20.11.
(

H1
b (t), ∥·∥

)
is a Banach space.

Proof. Next time.
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